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Abstract
Let k be a field and consider the path algebra kQ of the quiver Q. A pair of indecomposable kQ-modules
(Y,X) is called an orthogonal exceptional pair if the modules are exceptional and Hom(X,Y ) = Hom(Y,X) =
Ext1(X,Y ) = 0. Denote by F(X, Y ) the full subcategory of objects having a filtration with factors X and Y . By
a theorem of Schofield if Z is exceptional but not simple, then Z ∈ F(X,Y ) for some orthogonal exceptional pair
(Y,X), and Z is not a simple object in F(X,Y ). In fact, there are precisely s(Z)− 1 such pairs, where s(Z) is the
support of Z (i.e. the number of nonzero components in dimZ). Whereas it is easy to construct Z given X and Y ,
there is no convenient procedure yet to determine the possible modules X (called Schofield submodules of Z) and
then Y (called Schofield factors of Z), when Z is given. We present such an explicit procedure in the tame case,
i.e. when Q is Euclidean.
Key words. Tame hereditary algebra, orthogonal exceptional pairs, Schofield pairs and sequences, Gabriel-Roiter
submodules.
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1 Introduction
Let k be a field and consider the path algebra kQ of the quiver Q. A pair of indecomposable kQ-modules (Y,X) is
called an orthogonal exceptional pair if the modules are exceptional (i.e. without self extension) and Hom(X,Y ) =
Hom(Y,X) = Ext1(X,Y ) = 0. Denote by F(X,Y ) the full subcategory of objects having a filtration with factors
X and Y . Observe that F(X,Y ) is an exact, hereditary, abelian subcategory equivalent to the category of finite
dimensional k-representations of the quiver having two vertices and d = dimk Ext
1(Y,X) identically oriented arrows.
We know due to Hubery (see [6]) that in the tame case we have dimk Ext
1(Y,X) ≤ 2; moreover, if equality holds
then dim(X ⊕ Y ) = δ and ∂Y = 1. Thus in the case when dimk Ext
1(Y,X) = 2 we have X = P indecomposable
preprojective of defect −1 and Y = I indecomposable preinjective having dimension vector δ − dimP and defect
1. This pair (I, P ) is then called a Kronecker pair since the category F(P, I) is equivalent to the category of finite
dimensional k-representations of the Kronecker quiver K.
The following theorem by Schofield (see [9, 11]) makes it possible to construct exceptional modules as extensions
of smaller exceptional ones. This procedure is generally called Schofield induction and it is a very useful tool in
representation theory of algebras.
Theorem 1. (Schofield, [6, 9, 11]) If Z is exceptional but not simple, then Z ∈ F(X,Y ) for some orthogonal
exceptional pair (Y,X), and Z is not a simple object in F(X,Y ). In fact, there are precisely s(Z) − 1 such pairs,
where s(Z) is the support of Z (i.e. s(Z) = ♯{i ∈ Q0 | Zi 6= 0}).
Note that in the theorem above the condition requiring Z not to be a simple object in F(Y,X) is equivalent to
the existence of an exact sequence of the form 0 // uX // Z // vY // 0 with u, v positive and uniquely
determined by X,Y, Z.
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Definition 2. Consider an orthogonal exceptional pair (Y,X). A short exact sequence of the form
0 // uX // Z // vY // 0 with u, v positive integers and Z exceptional is called a Schofield sequence
and the pair (Y,X) a Schofield pair associated to Z.
As Ringel states in [10] whereas it is easy to construct Z given X and Y , there is no convenient procedure yet
to determine the possible modules X (called Schofield submodules of Z) and then Y (called Schofield factors of Z),
when Z is given. In the Dynkin case Bo Chen’s Theorem provides a method to find at least some of these modules
X , namely the Gabriel-Roiter submodules of Z (see [4, 10]).
In the present paper we describe all the tame Schofield sequences using some numerical criteria for the charac-
terization of these sequences. As a result we give in the tame cases an explicit procedure to obtain all the possible
Schofield submodules and factor modules for a given exceptional module. We will notice that all the tame Schofield
sequences are field independent, thus of purely combinatorial nature, depending only on the oriented quiver.
2 Tame quivers and roots
We begin with a short survey of the problem context. For further details we refer to [1, 2, 8, 12].
Let Q = (Q0, Q1) be a simply-laced tame quiver without oriented cycles. This means Q is a directed acyclic graph
with vertex set Q0 and arrow set Q1 and with its underlying undirected graph a so-called Euclidean (affine) diagram
of type A˜m, D˜m, E˜6, E˜7, E˜8. Suppose that the vertex set Q0 has n elements and for an arrow α ∈ Q1 we denote by
t(α), h(α) ∈ Q0 the tail, respectively the head of α.
The Euler form of Q is a bilinear form on ZQ0 ∼= Z
n given by 〈x, y〉 =
∑
i∈Q0
xiyi−
∑
α∈Q1
xt(α)yh(α). Its quadratic
form qQ (called Tits form) is independent of the orientation of Q and in the tame case it is positive semi-definite with
radical {a ∈ ZQ0|qQ(a) = 0} = Zδ, where δ is called minimal positive imaginary root of the corresponding Kac-Moody
root system (see [8]). The defect of x ∈ ZQ0 is then ∂x = 〈δ, x〉, the absolute defect being the absolute value |∂x|.
The vectors a ∈ NQ0 with qQ(a) = 1 are called positive real roots.
Below is the list of all the Euclidean diagrams marking each vertex i ∈ Q0 with the component δi (the number of
vertices being n).
Type A˜m, with m ≥ 1 (the case m = 0 having only cyclic orientation) and n = m+ 1:
1 . . . 1
❃❃
❃❃
❃❃
❃❃
1
        
❃❃
❃❃
❃❃
❃❃
1
1 . . . 1
        
The Kronecker quiver is the particular quiver of type A˜1 with non cyclic orientation
• •oo
oo
.
Type D˜m, with m ≥ 4 and n = m+ 1:
1
❃❃
❃❃
❃❃
❃❃
1
2 2 . . . 2
        
1
        
1
❃❃❃❃❃❃❃❃
2
Type E˜6, with n = 7:
1
2
1 2 3 2 1
Type E˜7, with n = 8:
2
1 2 3 4 3 2 1
Type E˜8, with n = 9:
3
2 4 6 5 4 3 2 1
3 Tame hereditary algebras. Representations of tame quivers
Let k be a field and consider the path algebra kQ of the quiver Q. The algebra kQ is a finite dimensional tame
hereditary algebra and in fact all connected elementary tame hereditary algebras have this form.
The category of finite dimensional right modules (which is abelian and Krull–Schmidt) is denoted by mod-kQ. For
a module M ∈ mod-kQ , [M ] denotes its isomorphism class, |M | its length and uM =M ⊕ · · · ⊕M (u-times).
The category mod-kQ can and will be identified with the category rep-kQ of finite dimensional k-representations
of the quiver Q. Recall that a k-representation of Q is defined as a set of finite dimensional k-spaces {Vi|i ∈ Q0}
corresponding to the vertices, together with k-linear maps Vα : Vt(α) → Vh(α) corresponding to the arrows α ∈ Q1.
The dimension vector of a module M = (Vi, Vα) ∈ mod-kQ = rep-kQ is then dimM = (dimk Vi)i∈Q0 ∈ ZQ0. For two
(dimension) vectors d, d′ ∈ ZQ0 we say that d ≤ d
′ if di ≤ d
′
i for all i ∈ Q0.
Let S(i), P (i) and I(i) be the indecomposable simple, projective and injective modules corresponding to the vertex i
and consider the Cartan matrix of the algebra kQ CQ with the j-th column being dimP (j) (see Chapter III of [1]). The
Coxeter matrix is defined as ΦQ = −C
t
QC
−1
Q . Then ΦQδ = δ and the Euler form satisfies 〈a, b〉 = aC
−t
Q b
t = −〈b,ΦQa〉,
where a, b ∈ ZQ0. Moreover, (because our algebra is hereditary) for two modules M,N ∈ mod-kQ we get
〈dimM, dimN〉 = dimk Hom(M,N)− dimk Ext
1(M,N).
Let ∂M = ∂(dimM) = 〈δ, dimM〉 = −〈dimM, δ〉 be the defect of the module M .
Consider the Auslander–Reiten translates τ = DExt1(−, kQ) and τ−1 = Ext1(D(kQ),−), where D = Homk(−, k).
An indecomposable module M is preprojective (preinjective) if there exists a positive integer m such that τm(M) =
0 (τ−m(M) = 0). Otherwise M is said to be regular. Note that an indecomposable module M is preprojective
(preinjective, regular) if and only if ∂M < 0 (∂M > 0, ∂M = 0). A module is called preprojective (preinjective,
regular) if all its indecomposable components are preprojective (preinjective, regular). We will use the notation P , I
and R in these cases.
The category mod-kQ is well known, its Auslander–Reiten quiver being completely described. The indecomposable
modules are either preprojective, preinjective or regular. Thus up to isomorphism the indecomposable preprojective
modules are P (m, i) = τ−mP (i) and the indecomposable preinjectives are I(m, i) = τmI(i) where m ∈ N and i ∈ Q0.
Note that dimP (m, i) = Φ−mQ dimP (i) and ∂P (m, i) = ∂P (i) = −δi, respectively dimI(m, i) = Φ
m
QdimI(i) and
∂I(m, i) = ∂I(i) = δi. Thus the possible defects of indecomposable preprojectives are −1 in the A˜m case, −1 or −2
in the D˜m case, −1, −2 or −3 in the E˜6 case, ranging from −4 to −1 in the E˜7 case and ranging from −6 to −1 in
the E˜8 case. Indecomposable preprojectives and preinjectives are exceptional modules (i.e. they are indecomposable
modules without self extension and with one dimensional endomorphism space), are directing (see [1] pages 357, 358
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for details) and also uniquely determined up to isomorphism by their dimension vectors which are positive real roots,
so they can be considered independently from the field k.
The category of regular modules is an abelian, exact subcategory which decomposes into a direct sum of serial
categories with Auslander–Reiten quiver of the form ZA∞/m, called tubes of rank m. These tubes are indexed by the
scheme theoretic, closed points of the projective line P1k, the degree of such a point being da = [κ(a) : k] (where κ(a)
is the residue field at the point a). A tube of rank 1 is called homogeneous, otherwise it is called non-homogeneous or
exceptional. We have at most 3 non-homogeneous tubes indexed by points a of degree da = 1. All the other tubes are
homogeneous. We assume that the non-homogeneous tubes are labeled by the elements of some subset E of {0, 1,∞},
whereas the homogeneous tubes are labeled by the points of the scheme Hk = HZ ⊗ k for some open subscheme
HZ ⊂ P
1
Z
. For x ∈ Hk the indecomposables on a homogeneous tube Tx are denoted by Rx(1) ⊂ Rx(2) ⊂ . . . . Note that
these modules depend on the field k (sometimes this being emphasized by the notation Rkx(t)) and dimRx(t) = tdxδ.
The module Rx(1) is called homogeneous regular simple and t is called the regular length of Rx(t). The homogeneous
regular simple Rx(1) is the regular socle and also the regular top of Rx(t). For a partition λ = (λ1, . . . , λn) let
Rx(λ) = Rx(λ1) ⊕ · · · ⊕ Rx(λn). The indecomposable modules on the mouth of the non-homogeneous tube Te of
rank m (where e ∈ E) are labeled Rle(1) (l ∈ {1, . . . ,m}) and are called non-homogeneous regular simples. We have
τRle(1) = R
l−1
e (1) for l ≥ 2, τR
1
e(1) = R
m
e (1) and
∑m
l=1 dimR
l
e(1) = δ. We denote by R
l
e(t) the non-homogeneous
indecomposable regular with regular socle Rle(1) and regular length t (and regular top R
l
e(t)/R
l
e(t − 1) = R
l′
e (1)).
Note that Rle(t) is uniquely determined by the values e, l and t thus can be treated field independently; moreover,
dimRle(t) is a positive real root (uniquely corresponding to the module) unless t is a multiple of m. Finally note that
dimRle(sm) = sδ.
We should remark here that for any positive real root a we have a unique indecomposable module of dimension
vector a (see [8, 5]).
We list below some known facts on morphisms and extensions (see [13] for all the details).
Lemma 3. i) For P preprojective, I preinjective, R regular module we have Hom(R,P ) = Hom(I, P ) =
Hom(I, R) = Ext1(P,R) = Ext1(P, I) = Ext1(R, I) = 0.
ii) If x 6= x′ and Rx (respectively Rx′) is a regular with components from the tube Tx (respectively Tx′), then
Hom(Rx, Rx′) = Ext
1(Rx, Rx′) = 0.
iii) For Tx homogeneous and Rx(t), Rx(t
′) indecomposables from Tx we have dimk Hom(Rx(t), Rx(t
′)) =
dimk Ext
1(Rx(t), Rx(t
′)) = min(t, t′)dx.
iv) For Te non-homogeneous of rank m and R
l
e(t) an indecomposable from Te we have dimk End(R
l
e(t)) = s+ 1 for
sm < t ≤ (s+1)m and dimk Ext
1(Rle(t), R
l
e(t)) = s for sm ≤ t < (s+1)m, thus R
l
e(t) is exceptional if and only
if 0 < t < m. Moreover, in this case Rle(t) is uniquely determined by its unique regular composition series, with
distinct regular composition factors.
v) For P indecomposable preprojective and I indecomposable preinjective modules we have dimk End(P ) =
dimk End(I) = 1 and Ext
1(P, P ) = Ext1(I, I) = 0, so they are exceptional modules. Moreover, they are also
directing.
Lemma 4. ([13]) Let P be a preprojective indecomposable with defect ∂P = −1, P ′ a preprojective module and R a
regular indecomposable. Then we have:
i) Every nonzero morphism f : P → P ′ is a monomorphism.
ii) For every nonzero morphism f : P → R, f is either a monomorphism or Im f is regular. In particular, if R is
regular simple and Im f is regular then f is an epimorphism.
iii) Suppose that dimP > δ. Then P projects to a unique regular simple RPe (1) from the mouth of each non-
homogeneous tube Te; moreover, dimk Hom(P,R
P
e (1)) = 〈dimP, dimR
P
e (1)〉 = 1.
iv) Suppose that dimP < δ. Then, depending on its dimension vector, P embeds in or projects onto a unique regular
simple RPe (1) from each non-homogeneous tube Te; moreover, dimk Hom(P,R
P
e (1)) = 〈dimP, dimR
P
e (1)〉 = 1.
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Lemma 5. ([13]) Let I be an indecomposable preinjective of defect 1, P an indecomposable preprojective of defect −1
and X ≇ P ⊕ I. There exists a short exact sequence 0→ P → X → I → 0 iff X satisfies the following conditions:
i) X is a regular module with dimX = dimI + dimP ;
ii) if X has an indecomposable component from a non-homogeneous tube Te, then the regular top of this component
is RPe (1);
iii) the indecomposable components of X are taken from pairwise different tubes.
We end this section with some facts on reflections.
Let i be a sink in the quiver Q. Denote by si the reflection induced by the vertex i and by σiQ the quiver obtained
by reversing all arrows involving i. Let mod-kQ〈i〉 be the full subcategory of modules not containing the simple module
corresponding to the vertex i as a direct summand.
We consider the reflection functors S+i : mod-kQ → mod-kσiQ and S
−
i : mod-kσiQ → mod-kQ. For all details
concerning reflection functors we refer the reader to [3, 1]. It is well known that for an indecomposable M we have
S+i M 6= 0 iff M ≇ S(i), where S(i) is the projective simple corresponding to the sink i. Moreover, in this case S
+
i M
is indecomposable and dimS+i M = si(dimM). Also the functors S
+
i , S
−
i induce quasi-inverse equivalences between
mod-kQ〈i〉 and mod-kσQ〈i〉. It is easy to see that for M ∈ mod-kQ〈i〉 indecomposable we have that ∂S+i M = ∂M
and if R is a simple homogeneous (respectively non-homogeneous) regular, then so is S+i R.
The following lemma is taken from [1].
Lemma 6. Let Q, Q′ be trees having the same underlying graph. There exists a sequence i1, ..., it of vertices of Q
such that for each s ∈ {1, . . . , t} the vertex is is a sink in σis−1 . . . σi1Q and σit . . . σi1Q = Q
′.
All the information above can be dualized for sources instead of sinks.
4 Tame Schofield sequences
We begin with a numerical criterion characterizing tame Schofield sequences.
Proposition 7. Suppose X, Y , Z are exceptional indecomposables such that udimX+vdimY = dimZ. Then we have
a Schofield sequence
0 // uX // Z // vY // 0
if and only if 〈dimX, dimY 〉 = 0. Moreover, in this case either u = v = 1 or |u− v| = 1 with ∂X = −1, ∂Y = 1,
dimX +dimY = δ and ∂Z = ±1. In the latter case we will speak about a special Schofield sequence. Finally u, v and
thus Y are uniquely determined by X, Z and also u, v and thus X are uniquely determined by Z, Y .
Proof. The necessity is trivial. For the converse, note that we cannot have simultaneously Hom(X,Y ) 6= 0 and
Ext1(X,Y ) 6= 0. By Lemma 3 this is trivial ifX and Y are not of the same type (preprojective, regular or preinjective).
If both X and Y are preprojective (respectively preinjective), they are directing, hence the assertion is true. If both
X and Y are regular (non-homogeneous exceptional) then we must have u = v = 1 and also Hom(X,Y ) = 0. This
holds because Z being a regular exceptional, by Lemma 3 iii) it has a unique regular composition series with distinct
regular composition factors. Hence this is true also for X and Y ; moreover, there is no common regular composition
factor for X and Y . In case of a nonzero morphism f : X → Y , X would project onto the regular module f(X) ⊆ Y ,
so the regular composition factors of f(X) would appear in both X and Y , which is impossible.
Since 0 = 〈dimX, dimY 〉 = dimk Hom(X,Y ) − dimk Ext
1(X,Y ), it follows that Hom(X,Y ) = Ext1(X,Y ) = 0
using the previous observation.
Since dimZ, dimX and dimY are all positive roots and udimX + vdimY = dimZ it follows that
1 = 〈dimZ, dimZ〉
= u2 〈dimX, dimX〉+ uv 〈dimX, dimY 〉+ uv 〈dimY, dimX〉+ v2 〈dimY, dimY 〉
= u2 + v2 + uv 〈dimX, dimY 〉+ uv 〈dimY, dimX〉
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= u2 + v2 + uv 〈dimY, dimX〉 .
So 〈dimY, dimX〉 = 1−u
2
−v2
uv
< 0 (here u, v ≥ 1), which implies that Hom(Y,X) = 0 (using the fact proven above that
Hom(Y,X) and Ext1(Y,X) can’t both be nonzero) and dimk Ext
1(Y,X) = −1+u
2+v2
uv
. So we already have that X and
Y form an orthogonal exceptional pair; therefore, by using Lemma 2 from [7] we get that the value of dimk Ext
1(Y,X)
is either 1 or 2. Moreover, if the value is 2 we must have ∂X = −1 and dimX + dimY = δ.
In the case when dimk Ext
1(Y,X) = 1 = −1+u
2+v2
uv
, we must have u = v = 1, so dimZ = dimX + dimY and
we know (by [7]) that F(Y,X) is an exact, hereditary, abelian subcategory equivalent to the category of modules
over the finite dimensional path algebra of the Dynkin quiver of type A1 ( • •oo ) over k (X,Y corresponding
to the simple Dynkin modules). Knowing the Auslander-Reiten quiver of this Dynkin algebra and the fact that
dimZ = dimX +dimY it follows that there is an Auslander-Reiten sequence 0→ X → Z → Y → 0, which will be our
Schofield sequence.
In case dimk Ext
1(Y,X) = 2, we have (u−v)2 = 1, so |u− v| = 1, ∂X = −1, dimX+dimY = δ. We also know (by
[7]) that in this case F(Y,X) is an exact, hereditary, abelian subcategory equivalent to the category of modules over
the Kronecker algebra kK, where K is the Kronecker quiver (X,Y corresponding to the simple Kronecker modules).
Knowing the Auslander-Reiten quiver of the Kronecker algebra and the fact that dimZ = udimX + vdimY it follows
that there is a short exact sequence 0→ uX → Z → vY → 0, which will be our Schofield sequence.
Note that u, v and thus Y are uniquely determined by X , Z. Indeed using the results above it is enough to consider
the case ∂X = −1 and ∂Z = ±1. If we have two Schofield sequences, a special one 0 → (u ∓ 1)X → Z → uY ′ → 0
with dimY ′ = δ − dimX and a non-special one 0→ X → Z → Y → 0, then ∂Y = 2 or 0 and
1 = 〈dimZ, dimZ〉
= 〈dimZ, (u∓ 1)dimX + udimY ′〉
= 〈dimX + dimY, uδ ∓ dimX〉
= u 〈dimX, δ〉 ∓ 〈dimX, dimX〉+ u 〈dimY, δ〉 ∓ 〈dimY, dimX〉
= u(1− ∂Y ).
It follows that either u = −1, a contradiction or u = 1 which is again impossible (since then dimY = dimZ−dimX = δ).
Similarly follows that u, v and thus X are uniquely determined by Z and Y .
We can deduce from the proof above that:
Corollary 8. Suppose X, Y , Z are exceptional indecomposables such that dimX+dimY = dimZ. Then the following
are equivalent:
i) we have a non-special Schofield sequence
0 // X // Z // Y // 0;
ii) dimk Ext
1(Y,X) = 1;
iii) in case X and Z are not both regular dimk Hom(X,Z) = 1 and in case X and Z are both regular they share the
same regular socle;
iv) in case Y and Z are not both regular dimk Hom(Z, Y ) = 1 and in case Y and Z are both regular they share the
same regular top.
Proof. i)⇒ ii) Use the proof of the previous proposition.
ii) ⇒ i) Note that dimk Ext
1(Y,X) = 1 implies 〈dimY, dimX〉 = −1, so because 1 = 〈dimZ, dimZ〉 =
〈dimX, dimX〉+ 〈dimX, dimY 〉+ 〈dimY, dimX〉+ 〈dimY, dimY 〉 = 1 + 〈dimX, dimY 〉, we obtain 〈dimX, dimY 〉 = 0.
i) ⇒ iii) In case X ,Z are not both regular, from 0 = 〈dimX, dimY 〉 = 〈dimX, dimZ − dimX〉 it follows that
〈dimX, dimZ〉 = 〈dimX, dimX〉 = 1. Also by Lemma 3 Hom(X,Z) and Ext1(X,Z) can’t be both nonzero, so the
assertion follows.
In case X , Z are both regular the assertion follows, since we have a monomorphism X → Z.
iii) ⇒ i) If dimk Hom(X,Z) = 1 and X , Z are not both regular exceptional modules, then by Lemma 3
Ext1(X,Z) = 0, which means that 1 = 〈dimX, dimZ〉 = 〈dimX, dimX + dimY 〉 = 1 + 〈dimX, dimY 〉, that is
〈dimX, dimY 〉 = 0.
If both X and Z are regular sharing the same regular socle then we will have a unique regular short exact sequence
(due to uniseriality) 0→ X → Z → Y → 0, thus we have the long Hom sequences
0→ Hom(Z,X)→ Hom(Z,Z)→ Hom(Z, Y )→ Ext1(Z,X)→ Ext1(Z,Z)→ Ext1(Z, Y )→ 0,
0→ Hom(Y, Y )→ Hom(Z, Y )→ Hom(X,Y )→ Ext1(Y, Y )→ Ext1(Z, Y )→ Ext1(X,Y )→ 0.
Knowing that the modules are exceptional we obtain that Ext1(Z, Y ) = Ext1(X,Y ) = 0. Using the previous proof we
have Hom(X,Y ) = 0, so we get 〈dimX, dimY 〉 = 0.
Dually we obtain that i)⇔ iv).
Concerning the special Schofield sequences we can prove the following:
Proposition 9. Let Z be an exceptional indecomposable of defect −1 (i.e. preprojective) with dimZ > δ. Then it has
a unique special Schofield sequence which is of the form
0 // (u+ 1)X // Z // uY // 0
with ∂X = −1, dimX + dimY = δ and thus dimZ = uδ + dimX.
Dually, let Z be an exceptional indecomposable of defect 1 (i.e. preinjective) with dimZ > δ. Then it has a unique
special Schofield sequence which is of the form
0 // vX // Z // (v + 1)Y // 0
with ∂X = −1, dimX + dimY = δ and thus dimZ = vδ + dimY .
Proof. For the existence, write dimZ as dimZ = uδ + x, where x < δ. Since 〈x, x〉 = 〈dimZ − uδ, dimZ − uδ〉 = 1, x
is a positive real root, so there exists a unique indecomposable X such that dimX = x; moreover, since ∂x = 〈δ, x〉 =
〈δ, dimZ − uδ〉 = ∂Z = −1 it follows that X is an exceptional preprojective (of defect −1). Since δ−x is also a positive
real root, let Y be the unique indecomposable with dimY = δ − x. We have that ∂Y = 1, hence Y is a preinjective
indecomposable, thus exceptional. Of course we have dimX +dimY = δ; moreover, 〈x, δ − x〉 = −∂x− 1 = 1− 1 = 0.
Therefore, 〈dimX, dimY 〉 = 0 and dimZ = (u+1) ·dimX+u ·dimY and by the previous theorem we have the required
short exact sequence.
For the uniqueness, if there is another sequence 0→ (u′ + 1)X ′ → Z → u′Y ′ → 0 fulfilling the requirements, then
dimZ = u′δ + dimX ′ with dimX ′ < δ, ∂X ′ = −1, so u′ = u and dimX ′ = x = dimX .
We will describe now some non-special Schofield sequences associated to Z of defect ±1 or 0.
Proposition 10. If Z is a preprojective indecomposable of defect −1, R is an exceptional regular module having regular
top RZe (1) and dimZ > dimR, then R is a non-special Schofield factor of Z. A dual statement can be formulated for
the case when Z is preinjective of defect 1.
Proof. By Lemma 4 we obtain that there is a projection Z → RZe (1) and dimk Hom(Z,R
Z
e (1)) = dimk Hom(Z,R) = 1.
If f : Z → R is a nonzero morphism then by Lemma 4 Im f is regular exceptional. In case Im f 6= R, then the regular
composition series of Im f does not contain RZe (1), so dimk Hom(Z, Im f) = 0, a contradiction. Therefore, f must be
an epimorphism, but then ∂Ker f = −1, so Ker f is a preprojective indecomposable of defect −1. Applying Corollary
8 iv) we are done.
Corollary 11. i) In case ∂Z = −1 and dimZ > δ, all its non-special Schofield factors are the regular exceptionals
having regular top RZe (1) for e ∈ E. A dual statement is true for ∂Z = 1.
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ii) If Q is of A˜m type then the statement formulated in a) is valid for any indecomposable Z of defect ∂Z = ±1.
Proof. i) We know that we have s(Z)− 2 = |Q0| − 2 different non-special Schofield factors, since dimZ > δ. But the
number of the specified regular exceptionals matches this number (just look at the rank of the non-homogeneous tubes
in all the cases, the exceptional regulars being all the non-homogeneous regular indecomposables of dimension vector
less than δ).
ii) Just note that in the A˜m case the absolute defect is at most 1, so a Schofield factor in case of ∂Z = −1 must
be regular exceptional with top RZe (1).
Proposition 12. Suppose Z is an exceptional regular from the non-homogeneous tube Te and P is an indecomposable
preprojective of defect −1. Then P is a non-special Schofield submodule in Z iff the regular top of Z is RPe (1) and
dimP < dimZ.
Proof. Using Lemma 5 the necessity follows. For the sufficiency suppose the regular top of Z is RPe (1) and dimP <
dimZ. Then dimk Hom(P,Z) = 1 and if Z
′ ⊂ Z is the regular radical of Z (i.e. Z/Z ′ = RPe (1)) we have that
Hom(P,Z ′) = 0. By Lemma 4 this means that nonzero morphisms from Hom(P,Z) are monomorphisms. So consider
f : P → Z such a monomorphism. Then Z/P has defect 1 and we show that we can’t have regular components
in it. Indeed the projection from Z to such a component would have a proper regular exceptional kernel containing
Im f = P , which is impossible due to Hom(P,Z ′) = 0. So Z/P is preinjective indecomposable and we are done.
Corollary 13. In the A˜m case consider the regular exceptional Re(t) with regular top R0. Then its non-special
Schofield submodules are the regulars Re(t
′) with t′ < t and the indecomposable preprojectives P of defect −1, having
dimension vector less than dimRe(t) and satisfying R
P
e (1) = R0 (i.e. dimk Hom(P,R0) = 1).
By Corollaries 11 and 13 we already know all the Schofield pairs associated to exceptional modules in the A˜m case.
In the other tame cases (when the quiver is a tree) we will use reflections and AR-translations in order to obtain
all the Schofield pairs over any orientation.
The following proposition is the result of the general compatibility of exact sequences with reflections.
Proposition 14. Consider the sink i, its reflection functor S+i and suppose X is an indecomposable module which is
not the projective simple corresponding to the sink i. If 0 → uX → Z → vY → 0 is a Schofield sequence, then so is
0→ uS+i X → S
+
i Z → vS
+
i Y → 0. The assertion remains valid also for the functor S
−
i , in the case i is a source and
Y is not the injective simple corresponding to i. Moreover, we obtain the same result for the AR-translations τ (in
the case X is not an indecomposable projective) and τ−1 (in the case Y is not an indecomposable injective)
As we can see from the proposition above a Schofield sequence 0 → uX → Z → vY → 0 vanishes under the
reflection S+i in the case X is the projective simple corresponding to the sink i. This might suggest that the set of
all the Schofield pairs associated to Z is not compatible with reflections. However, for non-special Schofield pairs the
contrary is true.
Proposition 15. Consider the sink i and its reflection functor S+i . If M = {(Yj , Xj)|j ∈ J} is the set of all non-
special Schofield pairs associated to Z, then S+i M = {(S
+
i Yj , S
+
i Xj)|j ∈ J, S
+
i Xj 6= 0} is the set of all non-special
Schofield pairs associated to S+i Z. Dually if i is a source and M = {(Yj , Xj)|j ∈ J} is the set of all non-special
Schofield pairs associated to Z, then S−i M = {(S
−
i Yj , S
−
i Xj)|j ∈ J, S
−
i Yj 6= 0} is the set of all non-special Schofield
pairs associated to S−i Z.
Proof. Suppose S+i Xj = 0 for some j. It follows that Xj = S(i) is the projective simple corresponding to the sink i
and, moreover, due to Proposition 7 we have a single Schofield pair with this second term. Suppose this pair (Yj , Xj)
with Xj = S(i) is not special. Since 〈dimYj , dimS(i)〉 = −1, we have (dimYj)i −
∑
t(dimYj)t = −1 (where t are the
neighbours of i in the quiver), so (dimS+i Z)i = −(dimZ)i +
∑
t(dimZ)t = 0 < (dimZ)i and (dimS
+
i Z)l = (dimZ)l
(for l 6= i). This means that s(S+i Z) = s(Z) − 1, so the number of Schofield pairs associated to S
+
i Z (which equals
s(S+i Z)− 1 by Theorem 1) is one less than the number of Schofield pairs associated to Z (which equals s(Z)− 1).
Theorem 16. In case of a canonically oriented tame tree quiver, for a given exceptional module Z all its Schofield
pairs are listed in the Appendix (Section 5).
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Proof. Let Q be a canonically oriented Euclidean quiver (the canonical orientations correspond to those given in [12]
and are also shown in this document). We determine the dimension vectors of all exceptional modules, falling below
(at least) 3δ. Say M is such an exceptional module, which is not simple. Then, we perform an “exhaustive search”
for non-special Schofield pairs (Y,X) using the criterion 〈dimX, dimY 〉 = 0 from Proposition 7, finding in this way
exactly s(Z)− 1 pairs (if |∂Z| > 1 or |∂Z| = 1 and dimZ < δ), respectively s(Z)− 2 pairs (if |∂Z| = 1 and dimZ > δ).
But this is exactly the number of different Schofield pairs possible under Theorem 1, with the additional information
on special Schofield pairs provided by Proposition 9. The cases dimZ > 3δ will easily follow using AR-translations
and Proposition 14.
The computations required in the previous proof were carried out using the computer algebra system GAP (see [14])
but any other computer algebra system, standalone implementation in any programming language, or considerable
amounts of paper, spare time and patience may be used to verify the results, since only vector and matrix operations
are needed, over small integers.
We are ready now to describe the procedure of obtaining all the Schofield pairs of any exceptional module Z over
any tame quiver not of type A˜m (this type being already discussed).
Consider the tame tree quiver Q and denote by Q′ the canonically oriented quiver having the same underlying
graph.
Case 1 If Z is preinjective or regular.
We know by Lemma 6 that there exists a sequence i1, . . . , it of vertices in Q such that for each s ∈ {1, . . . , t} the
vertex is is a sink in σis−1 . . . σi1Q and σit . . . σi1Q = Q
′. We perform the following steps:
Step 1. We fix the special Schofield pair associated to Z (if dimZ > δ) using Proposition 9.
Step 2. To determine the non-special Schofield pairs associated to Z consider the reflected exceptional module
S+it . . . S
+
i1
Z in the canonically oriented quiver Q′ = σit . . . σi1Q. Note that since Z is not preprojective
S+it . . . S
+
i1
Z 6= 0.
Step 3. Using Theorem 16 and the Appendix we determine the non-special Schofield pairs of S+it . . . S
+
i1
Z in Q′.
Step 4. Reflect back these Schofield pairs using the functor S−i1 . . . S
−
it
. By Proposition 15 these pairs will be all the
non-special Schofield pairs of Z.
Case 2 If Z is preprojective.
We know by Lemma 6 that there exists a sequence i1, . . . , it of vertices in Q such that for each s ∈ {1, . . . , t} the
vertex is is a source in σis−1 . . . σi1Q and σit . . . σi1Q = Q
′. We perform the following steps:
Step 1. We fix the special Schofield pair associated to Z (if dimZ > δ) using Proposition 9.
Step 2. To determine the non-special Schofield pairs associated to Z consider the reflected exceptional mod-
ule S−it . . . S
−
i1
Z in the canonically oriented quiver Q′ = σit . . . σi1Q. Note that since Z is not preinjective
S−it . . . S
−
i1
Z 6= 0.
Step 3. Using Theorem 16 and the Appendix we determine the non-special Schofield pairs of S−it . . . S
−
i1
Z in Q′.
Step 4. Reflect back these Schofield pairs using the functor S+i1 . . . S
+
it
. By Proposition 15 these pairs will be all the
non-special Schofield pairs of Z.
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5 Appendix
In this part we present the list of Schofield pairs of canonically oriented tame quivers (see Theorem 16). Following
[12] we denote by ∆(A˜p,q), ∆(D˜m), ∆(E˜6), ∆(E˜7), ∆(E˜8) the canonically orientated quivers.
For every considered canonically oriented quiver ∆(Q), the corresponding data about the Schofield pairs is to be
found in the subsection with the title “Schofield pairs for the quiver ∆(Q) – δ = . . . ” where δ is the minimal radical
vector in the case of Q. Each subsection begins with a drawing of ∆(Q) to specify the node labeling and we also
give the Cartan and Coxeter matrices denoted by C∆(Q), respectively Φ∆(Q). Then there will be three subdivisions
(“Schofield pairs associated to preprojective exceptional modules”, “Schofield pairs associated to preinjective exceptional
modules” and “Schofield pairs associated to regular exceptional modules”) containing the drawing of the corresponding
part of the Auslander–Reiten quiver and the computed list of Schofield pairs associated to preprojective, preinjective,
respectively regular exceptionals. On the graphical representation of the AR quiver, blue arrows show the existence of
a so-called irreducible monomorphism, while red arrows represent the existence of irreducible epimorphisms between
suitable indecomposable modules (for details see [1]). In case of each indecomposable on the Auslander–Reiten quiver,
we show its dimension vector, since this is the only information needed to determine the Schofield sequences.
For any given M ∈ mod-kQ exceptional with s(M) = s we enlist all the s− 1 Schofield pairs associated to M as
M :
(
Y1, X1
)
,
(
Y2, X2
)
, . . .
(
Ys−1, Xs−1
)
,
when there are no special pairs associated to M , respectively
M :
(
Y1, X1
)
, . . . ,
(
Ys−2, Xs−2
)
,
(
uI, (u+ 1)P
)
,
when M is a preprojective indecomposable with ∂M = −1 and
M :
(
Y1, X1
)
, . . . ,
(
Ys−2, Xs−2
)
,
(
(v + 1)I, vP
)
,
when M is a preinjective indecomposable with ∂M = 1. Note that for every M with ∂M = ±1, its associated special
Schofield pair may be obtained using Proposition 9 (therefore, in the general formulas we just mark their presence).
We group the modules M according to the vertices of the Auslander–Reiten quiver. Thus for every vertex i ∈ Q0
we will have groups entitled “Modules of the form P (n, i)” enlisting Schofield pairs associated to families of pre-
projective exceptionals and “Modules of the form I(n, i)” with Schofield pairs associated to families of preinjective
exceptionals. The regular exceptional modules are grouped by their non-homogeneous tubes. On the drawings de-
picting non-homogeneous tubes, the exceptional regulars are marked with green background color. We have marked
with pink background the preprojectives and the preinjectives beyond which all Schofield sequences may be obtained
by Auslander–Reiten translation (inverse translation in the case of preprojectives).
Although using Corollaries 11 and 13 the Schofield pairs are completely described in the case of quiver of type
Am, we compute and enlist concretely the Schofield pairs for the quivers ∆(A1,2), ∆(A1,3), ∆(A1,4), ∆(A2,2), ∆(A2,3),
∆(A2,4), ∆(A3,3), ∆(A3,4) and ∆(A3,5). We also list the pairs for ∆(D4), ∆(D5) and ∆(D6) as examples before giving
the general formulas for ∆(Dm), m ≥ 4. The Appendix ends with the complete lists for ∆(E6), ∆(E7) and ∆(E8).
The computations were performed by a software implemented in the computer algebra system GAP (see [14]),
which also generated the LATEX source for this part (including the drawings of the various Auslander–Reiten quivers).
11
5.1 Schofield pairs for the quiver ∆(A˜1,2) – δ = 1 11
1 3oo
    
  
  
  
2
^^❃❃❃❃❃❃❃❃
C∆(A˜1,2) =


1 1 2
0 1 1
0 0 1

 Φ∆(A˜1,2) =


−1 1 1
−1 0 2
−2 1 2


5.1.1 Schofield pairs associated to preprojective exceptional modules
1 0
0
P (0, 1)
1 0
1
P (0, 2)
2 1
1
P (0, 3)
2 1
2
P (1, 1)
3 2
2
P (1, 2)
3 2
3
P (1, 3)
4 3
3
P (2, 1)
4 3
4
P (2, 2)
5 4
4
P (2, 3)
5 4
5
P (3, 1)
6 5
5
P (3, 2)
6 5
6
P (3, 3)
• • •
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
Modules of the form P (n, 1)
Defect: ∂P (n, 1) = −1, for n ≥ 0.
P (0, 1) : −
P (1, 1) :
(
R10(1), P (0, 3)
)
,
(
I(0, 3), 2P (0, 2)
)
P (n, 1) :
(
R
(n−1) mod 2+1
0 (1), P (n− 1, 3)
)
,
(
uI, (u+ 1)P
)
, n > 1
Modules of the form P (n, 2)
Defect: ∂P (n, 2) = −1, for n ≥ 0.
P (0, 2) :
(
R10(1), P (0, 1)
)
P (1, 2) :
(
R20(1), P (1, 1)
)
,
(
2I(0, 2), 3P (0, 1)
)
P (n, 2) :
(
Rn mod 2+10 (1), P (n, 1)
)
,
(
uI, (u+ 1)P
)
, n > 1
Modules of the form P (n, 3)
Defect: ∂P (n, 3) = −1, for n ≥ 0.
P (0, 3) :
(
R20(1), P (0, 2)
)
,
(
I(0, 2), 2P (0, 1)
)
P (n, 3) :
(
R
(n+1) mod 2+1
0 (1), P (n, 2)
)
,
(
uI, (u+ 1)P
)
, n > 0
5.1.2 Schofield pairs associated to preinjective exceptional modules
Modules of the form I(n, 1)
Defect: ∂I(n, 1) = 1, for n ≥ 0.
I(0, 1) :
(
I(0, 2), R20(1)
)
,
(
2I(0, 3), P (0, 2)
)
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1 2
1
I(0, 1)
0 1
1
I(0, 2)
0 1
0
I(0, 3)
2 3
3
I(1, 1)
2 3
2
I(1, 2)
1 2
2
I(1, 3)
4 5
4
I(2, 1)
3 4
4
I(2, 2)
3 4
3
I(2, 3)
5 6
6
I(3, 1)
5 6
5
I(3, 2)
4 5
5
I(3, 3)
• • •
τ
τ
τ
τ
τ
τ
τ
τ
τ
I(n, 1) :
(
I(n, 2), R
(−n+1) mod 2+1
0 (1)
)
,
(
(v + 1)I, vP
)
, n > 0
Modules of the form I(n, 2)
Defect: ∂I(n, 2) = 1, for n ≥ 0.
I(0, 2) :
(
I(0, 3), R10(1)
)
I(1, 2) :
(
I(1, 3), R20(1)
)
,
(
3I(0, 3), 2P (0, 2)
)
I(n, 2) :
(
I(n, 3), R
(−n+2) mod 2+1
0 (1)
)
,
(
(v + 1)I, vP
)
, n > 1
Modules of the form I(n, 3)
Defect: ∂I(n, 3) = 1, for n ≥ 0.
I(0, 3) : −
I(1, 3) :
(
I(0, 1), R10(1)
)
,
(
2I(0, 2), P (0, 1)
)
I(n, 3) :
(
I(n− 1, 1), R
(−n+1) mod 2+1
0 (1)
)
,
(
(v + 1)I, vP
)
, n > 1
5.1.3 Schofield pairs associated to regular exceptional modules
The non-homogeneous tube T
∆(A˜1,2)
0
T
∆(A˜1,2)
0
0 0
1
R10(1)
1 1
0
R20(1)
0 0
1
R10(1)
1 1
1
R10(2)
1 1
1
R20(2)
2 2
1
R20(3)
1 1
2
R10(3)
2 2
1
R20(3)
τ−1
τ−1
τ−1
τ−1
τ−1 τ−1
R10(1) : −
R20(1) :
(
I(0, 3), P (0, 1)
)
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5.2 Schofield pairs for the quiver ∆(A˜1,3) – δ = 1 11 1
1 4oo
    
  
  
  
2
^^❃❃❃❃❃❃❃❃
3oo
C∆(A˜1,3) =


1 1 1 2
0 1 1 1
0 0 1 1
0 0 0 1

 Φ∆(A˜1,3) =


−1 1 0 1
−1 0 1 1
−1 0 0 2
−2 1 0 2


5.2.1 Schofield pairs associated to preprojective exceptional modules
1 0
0 0
P(0, 1)
1 0
1 0
P(0, 2)
1 0
1 1
P(0, 3)
2 1
1 1
P(0, 4)
2 1
2 1
P(1, 1)
2 1
2 2
P(1, 2)
3 2
2 2
P(1, 3)
3 2
3 2
P(1, 4)
3 2
3 3
P(2, 1)
4 3
3 3
P(2, 2)
4 3
4 3
P(2, 3)
4 3
4 4
P(2, 4)
5 4
4 4
P(3, 1)
5 4
5 4
P(3, 2)
5 4
5 5
P(3, 3)
6 5
5 5
P(3, 4)
• • •
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
Modules of the form P (n, 1)
Defect: ∂P (n, 1) = −1, for n ≥ 0.
P (0, 1) : −
P (1, 1) :
(
R20(2), P (0, 3)
)
,
(
R30(1), P (0, 4)
)
,
(
I(0, 3), 2P (0, 2)
)
P (n, 1) :
(
Rn mod 3+10 (2), P (n− 1, 3)
)
,
(
R
(n+1) mod 3+1
0 (1), P (n− 1, 4)
)
,
(
uI, (u+ 1)P
)
, n > 1
Modules of the form P (n, 2)
Defect: ∂P (n, 2) = −1, for n ≥ 0.
P (0, 2) :
(
R30(1), P (0, 1)
)
P (1, 2) :
(
R30(2), P (0, 4)
)
,
(
R10(1), P (1, 1)
)
,
(
I(0, 4), 2P (0, 3)
)
P (n, 2) :
(
R
(n+1) mod 3+1
0 (2), P (n− 1, 4)
)
,
(
R
(n−1) mod 3+1
0 (1), P (n, 1)
)
,
(
uI, (u+ 1)P
)
, n > 1
Modules of the form P (n, 3)
Defect: ∂P (n, 3) = −1, for n ≥ 0.
P (0, 3) :
(
R30(2), P (0, 1)
)
,
(
R10(1), P (0, 2)
)
P (1, 3) :
(
R10(2), P (1, 1)
)
,
(
R20(1), P (1, 2)
)
,
(
2I(0, 2), 3P (0, 1)
)
P (n, 3) :
(
R
(n−1) mod 3+1
0 (2), P (n, 1)
)
,
(
Rn mod 3+10 (1), P (n, 2)
)
,
(
uI, (u+ 1)P
)
, n > 1
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Modules of the form P (n, 4)
Defect: ∂P (n, 4) = −1, for n ≥ 0.
P (0, 4) :
(
R10(2), P (0, 2)
)
,
(
R20(1), P (0, 3)
)
,
(
I(0, 2), 2P (0, 1)
)
P (n, 4) :
(
Rn mod 3+10 (2), P (n, 2)
)
,
(
R
(n+1) mod 3+1
0 (1), P (n, 3)
)
,
(
uI, (u+ 1)P
)
, n > 0
5.2.2 Schofield pairs associated to preinjective exceptional modules
1 2
1 1
I(0, 1)
0 1
1 1
I(0, 2)
0 1
0 1
I(0, 3)
0 1
0 0
I(0, 4)
2 3
2 3
I(1, 1)
2 3
2 2
I(1, 2)
1 2
2 2
I(1, 3)
1 2
1 2
I(1, 4)
3 4
4 4
I(2, 1)
3 4
3 4
I(2, 2)
3 4
3 3
I(2, 3)
2 3
3 3
I(2, 4)
5 6
5 5
I(3, 1)
4 5
5 5
I(3, 2)
4 5
4 5
I(3, 3)
4 5
4 4
I(3, 4)
• • •
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
Modules of the form I(n, 1)
Defect: ∂I(n, 1) = 1, for n ≥ 0.
I(0, 1) :
(
I(0, 2), R20(1)
)
,
(
I(0, 3), R20(2)
)
,
(
2I(0, 4), P (0, 3)
)
I(n, 1) :
(
I(n, 2), R
(−n+1) mod 3+1
0 (1)
)
,
(
I(n, 3), R
(−n+1) mod 3+1
0 (2)
)
,
(
(v + 1)I, vP
)
, n > 0
Modules of the form I(n, 2)
Defect: ∂I(n, 2) = 1, for n ≥ 0.
I(0, 2) :
(
I(0, 3), R30(1)
)
,
(
I(0, 4), R30(2)
)
I(1, 2) :
(
I(1, 3), R20(1)
)
,
(
I(1, 4), R20(2)
)
,
(
3I(0, 4), 2P (0, 3)
)
I(n, 2) :
(
I(n, 3), R
(−n+2) mod 3+1
0 (1)
)
,
(
I(n, 4), R
(−n+2) mod 3+1
0 (2)
)
,
(
(v + 1)I, vP
)
, n > 1
Modules of the form I(n, 3)
Defect: ∂I(n, 3) = 1, for n ≥ 0.
I(0, 3) :
(
I(0, 4), R10(1)
)
I(1, 3) :
(
I(0, 1), R30(2)
)
,
(
I(1, 4), R30(1)
)
,
(
2I(0, 2), P (0, 1)
)
I(n, 3) :
(
I(n− 1, 1), R
(−n+3) mod 3+1
0 (2)
)
,
(
I(n, 4), R
(−n+3) mod 3+1
0 (1)
)
,
(
(v + 1)I, vP
)
, n > 1
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Modules of the form I(n, 4)
Defect: ∂I(n, 4) = 1, for n ≥ 0.
I(0, 4) : −
I(1, 4) :
(
I(0, 1), R10(1)
)
,
(
I(0, 2), R10(2)
)
,
(
2I(0, 3), P (0, 2)
)
I(n, 4) :
(
I(n− 1, 1), R
(−n+1) mod 3+1
0 (1)
)
,
(
I(n− 1, 2), R
(−n+1) mod 3+1
0 (2)
)
,
(
(v + 1)I, vP
)
, n > 1
5.2.3 Schofield pairs associated to regular exceptional modules
The non-homogeneous tube T
∆(A˜1,3)
0
T
∆(A˜1,3)
0
0 0
0 1
R10(1)
1 1
0 0
R20(1)
0 0
1 0
R30(1)
0 0
0 1
R10(1)
1 1
0 1
R10(2)
1 1
1 0
R20(2)
0 0
1 1
R30(2)
1 1
1 1
R30(3)
1 1
1 1
R10(3)
1 1
1 1
R20(3)
1 1
1 1
R30(3)
1 1
2 1
R30(4)
1 1
1 2
R10(4)
2 2
1 1
R20(4)
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
R10(1) : −
R10(2) :
(
R20(1), R
1
0(1)
)
,
(
I(0, 3), P (0, 1)
)
R20(1) :
(
I(0, 4), P (0, 1)
)
R20(2) :
(
R30(1), R
2
0(1)
)
,
(
I(0, 4), P (0, 2)
)
R30(1) : −
R30(2) :
(
R10(1), R
3
0(1)
)
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5.3 Schofield pairs for the quiver ∆(A˜1,4) – δ = 1 11 1 1
1 5oo
    
  
  
  
2
^^❃❃❃❃❃❃❃❃
3oo 4oo
C∆(A˜1,4) =


1 1 1 1 2
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1


Φ∆(A˜1,4) =


−1 1 0 0 1
−1 0 1 0 1
−1 0 0 1 1
−1 0 0 0 2
−2 1 0 0 2


5.3.1 Schofield pairs associated to preprojective exceptional modules
1 0
0 0 0
P(0, 1)
1 0
1 0 0
P(0, 2)
1 0
1 1 0
P(0, 3)
1 0
1 1 1
P(0, 4)
2 1
1 1 1
P(0, 5)
2 1
2 1 1
P(1, 1)
2 1
2 2 1
P(1, 2)
2 1
2 2 2
P(1, 3)
3 2
2 2 2
P(1, 4)
3 2
3 2 2
P(1, 5)
3 2
3 3 2
P(2, 1)
3 2
3 3 3
P(2, 2)
4 3
3 3 3
P(2, 3)
4 3
4 3 3
P(2, 4)
4 3
4 4 3
P(2, 5)
4 3
4 4 4
P(3, 1)
5 4
4 4 4
P(3, 2)
5 4
5 4 4
P(3, 3)
5 4
5 5 4
P(3, 4)
5 4
5 5 5
P(3, 5)
• • •
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
Modules of the form P (n, 1)
Defect: ∂P (n, 1) = −1, for n ≥ 0.
P (0, 1) : −
P (1, 1) :
(
R10(3), P (0, 3)
)
,
(
R20(2), P (0, 4)
)
,
(
R30(1), P (0, 5)
)
,
(
I(0, 3), 2P (0, 2)
)
P (n, 1) :
(
R
(n−1) mod 4+1
0 (3), P (n− 1, 3)
)
,
(
Rn mod 4+10 (2), P (n− 1, 4)
)
,
(
R
(n+1) mod 4+1
0 (1), P (n− 1, 5)
)
(
uI, (u+ 1)P
)
, n > 1
Modules of the form P (n, 2)
Defect: ∂P (n, 2) = −1, for n ≥ 0.
P (0, 2) :
(
R30(1), P (0, 1)
)
P (1, 2) :
(
R20(3), P (0, 4)
)
,
(
R30(2), P (0, 5)
)
,
(
R40(1), P (1, 1)
)
,
(
I(0, 4), 2P (0, 3)
)
P (n, 2) :
(
Rn mod 4+10 (3), P (n− 1, 4)
)
,
(
R
(n+1) mod 4+1
0 (2), P (n− 1, 5)
)
,
(
R
(n+2) mod 4+1
0 (1), P (n, 1)
)
(
uI, (u+ 1)P
)
, n > 1
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Modules of the form P (n, 3)
Defect: ∂P (n, 3) = −1, for n ≥ 0.
P (0, 3) :
(
R30(2), P (0, 1)
)
,
(
R40(1), P (0, 2)
)
P (1, 3) :
(
R30(3), P (0, 5)
)
,
(
R40(2), P (1, 1)
)
,
(
R10(1), P (1, 2)
)
,
(
I(0, 5), 2P (0, 4)
)
P (n, 3) :
(
R
(n+1) mod 4+1
0 (3), P (n− 1, 5)
)
,
(
R
(n+2) mod 4+1
0 (2), P (n, 1)
)
,
(
R
(n−1) mod 4+1
0 (1), P (n, 2)
)
(
uI, (u+ 1)P
)
, n > 1
Modules of the form P (n, 4)
Defect: ∂P (n, 4) = −1, for n ≥ 0.
P (0, 4) :
(
R30(3), P (0, 1)
)
,
(
R40(2), P (0, 2)
)
,
(
R10(1), P (0, 3)
)
P (1, 4) :
(
R40(3), P (1, 1)
)
,
(
R10(2), P (1, 2)
)
,
(
R20(1), P (1, 3)
)
,
(
2I(0, 2), 3P (0, 1)
)
P (n, 4) :
(
R
(n+2) mod 4+1
0 (3), P (n, 1)
)
,
(
R
(n−1) mod 4+1
0 (2), P (n, 2)
)
,
(
Rn mod 4+10 (1), P (n, 3)
)
(
uI, (u+ 1)P
)
, n > 1
Modules of the form P (n, 5)
Defect: ∂P (n, 5) = −1, for n ≥ 0.
P (0, 5) :
(
R40(3), P (0, 2)
)
,
(
R10(2), P (0, 3)
)
,
(
R20(1), P (0, 4)
)
,
(
I(0, 2), 2P (0, 1)
)
P (n, 5) :
(
R
(n+3) mod 4+1
0 (3), P (n, 2)
)
,
(
Rn mod 4+10 (2), P (n, 3)
)
,
(
R
(n+1) mod 4+1
0 (1), P (n, 4)
)
(
uI, (u+ 1)P
)
, n > 0
5.3.2 Schofield pairs associated to preinjective exceptional modules
1 2
1 1 1
I(0, 1)
0 1
1 1 1
I(0, 2)
0 1
0 1 1
I(0, 3)
0 1
0 0 1
I(0, 4)
0 1
0 0 0
I(0, 5)
2 3
2 2 3
I(1, 1)
2 3
2 2 2
I(1, 2)
1 2
2 2 2
I(1, 3)
1 2
1 2 2
I(1, 4)
1 2
1 1 2
I(1, 5)
3 4
3 4 4
I(2, 1)
3 4
3 3 4
I(2, 2)
3 4
3 3 3
I(2, 3)
2 3
3 3 3
I(2, 4)
2 3
2 3 3
I(2, 5)
4 5
5 5 5
I(3, 1)
4 5
4 5 5
I(3, 2)
4 5
4 4 5
I(3, 3)
4 5
4 4 4
I(3, 4)
3 4
4 4 4
I(3, 5)
• • •
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
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Modules of the form I(n, 1)
Defect: ∂I(n, 1) = 1, for n ≥ 0.
I(0, 1) :
(
I(0, 2), R20(1)
)
,
(
I(0, 3), R20(2)
)
,
(
I(0, 4), R20(3)
)
,
(
2I(0, 5), P (0, 4)
)
I(n, 1) :
(
I(n, 2), R
(−n+1) mod 4+1
0 (1)
)
,
(
I(n, 3), R
(−n+1) mod 4+1
0 (2)
)
,
(
I(n, 4), R
(−n+1) mod 4+1
0 (3)
)
(
(v + 1)I, vP
)
, n > 0
Modules of the form I(n, 2)
Defect: ∂I(n, 2) = 1, for n ≥ 0.
I(0, 2) :
(
I(0, 3), R30(1)
)
,
(
I(0, 4), R30(2)
)
,
(
I(0, 5), R30(3)
)
I(1, 2) :
(
I(1, 3), R20(1)
)
,
(
I(1, 4), R20(2)
)
,
(
I(1, 5), R20(3)
)
,
(
3I(0, 5), 2P (0, 4)
)
I(n, 2) :
(
I(n, 3), R
(−n+2) mod 4+1
0 (1)
)
,
(
I(n, 4), R
(−n+2) mod 4+1
0 (2)
)
,
(
I(n, 5), R
(−n+2) mod 4+1
0 (3)
)
(
(v + 1)I, vP
)
, n > 1
Modules of the form I(n, 3)
Defect: ∂I(n, 3) = 1, for n ≥ 0.
I(0, 3) :
(
I(0, 4), R40(1)
)
,
(
I(0, 5), R40(2)
)
I(1, 3) :
(
I(0, 1), R30(3)
)
,
(
I(1, 4), R30(1)
)
,
(
I(1, 5), R30(2)
)
,
(
2I(0, 2), P (0, 1)
)
I(n, 3) :
(
I(n− 1, 1), R
(−n+3) mod 4+1
0 (3)
)
,
(
I(n, 4), R
(−n+3) mod 4+1
0 (1)
)
,
(
I(n, 5), R
(−n+3) mod 4+1
0 (2)
)
(
(v + 1)I, vP
)
, n > 1
Modules of the form I(n, 4)
Defect: ∂I(n, 4) = 1, for n ≥ 0.
I(0, 4) :
(
I(0, 5), R10(1)
)
I(1, 4) :
(
I(0, 1), R40(2)
)
,
(
I(0, 2), R40(3)
)
,
(
I(1, 5), R40(1)
)
,
(
2I(0, 3), P (0, 2)
)
I(n, 4) :
(
I(n− 1, 1), R
(−n+4) mod 4+1
0 (2)
)
,
(
I(n− 1, 2), R
(−n+4) mod 4+1
0 (3)
)
,
(
I(n, 5), R
(−n+4) mod 4+1
0 (1)
)
(
(v + 1)I, vP
)
, n > 1
Modules of the form I(n, 5)
Defect: ∂I(n, 5) = 1, for n ≥ 0.
I(0, 5) : −
I(1, 5) :
(
I(0, 1), R10(1)
)
,
(
I(0, 2), R10(2)
)
,
(
I(0, 3), R10(3)
)
,
(
2I(0, 4), P (0, 3)
)
I(n, 5) :
(
I(n− 1, 1), R
(−n+1) mod 4+1
0 (1)
)
,
(
I(n− 1, 2), R
(−n+1) mod 4+1
0 (2)
)
,
(
I(n− 1, 3), R
(−n+1) mod 4+1
0 (3)
)
(
(v + 1)I, vP
)
, n > 1
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T
∆(A˜1,4)
0
0 0
0 0 1
R10(1)
1 1
0 0 0
R20(1)
0 0
1 0 0
R30(1)
0 0
0 1 0
R40(1)
0 0
0 0 1
R10(1)
1 1
0 0 1
R10(2)
1 1
1 0 0
R20(2)
0 0
1 1 0
R30(2)
0 0
0 1 1
R40(2)
1 1
0 1 1
R40(3)
1 1
1 0 1
R10(3)
1 1
1 1 0
R20(3)
0 0
1 1 1
R30(3)
1 1
0 1 1
R40(3)
1 1
1 1 1
R40(4)
1 1
1 1 1
R10(4)
1 1
1 1 1
R20(4)
1 1
1 1 1
R30(4)
1 1
2 1 1
R30(5)
1 1
1 2 1
R40(5)
1 1
1 1 2
R10(5)
2 2
1 1 1
R20(5)
1 1
2 1 1
R30(5)
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1 τ−1 τ−1 τ−1
5.3.3 Schofield pairs associated to regular exceptional modules
The non-homogeneous tube T
∆(A˜1,4)
0
R10(1) : −
R10(2) :
(
R20(1), R
1
0(1)
)
,
(
I(0, 4), P (0, 1)
)
R20(1) :
(
I(0, 5), P (0, 1)
)
R20(2) :
(
R30(1), R
2
0(1)
)
,
(
I(0, 5), P (0, 2)
)
R30(1) : −
R30(2) :
(
R40(1), R
3
0(1)
)
R40(1) : −
R40(2) :
(
R10(1), R
4
0(1)
)
R40(3) :
(
R10(2), R
4
0(1)
)
,
(
R20(1), R
4
0(2)
)
,
(
I(0, 3), P (0, 1)
)
R10(3) :
(
R20(2), R
1
0(1)
)
,
(
R30(1), R
1
0(2)
)
,
(
I(0, 4), P (0, 2)
)
R20(3) :
(
R30(2), R
2
0(1)
)
,
(
R40(1), R
2
0(2)
)
,
(
I(0, 5), P (0, 3)
)
R30(3) :
(
R40(2), R
3
0(1)
)
,
(
R10(1), R
3
0(2)
)
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5.4 Schofield pairs for the quiver ∆(A˜2,2) – δ =
1
1 1
1
2
    
  
  
  
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C∆(A˜2,2) =


1 1 1 2
0 1 0 1
0 0 1 1
0 0 0 1

 Φ∆(A˜2,2) =


−1 1 1 0
−1 0 1 1
−1 1 0 1
−2 1 1 1


5.4.1 Schofield pairs associated to preprojective exceptional modules
0
1 0
0
P(0, 1)
1
1 0
0
P(0, 2)
0
1 0
1
P(0, 3)
1
2 1
1
P(0, 4)
1
1 0
1
P(1, 1)
1
2 1
2
P(1, 2)
2
2 1
1
P(1, 3)
2
2 1
2
P(1, 4)
2
3 2
2
P(2, 1)
3
3 2
2
P(2, 2)
2
3 2
3
P(2, 3)
3
4 3
3
P(2, 4)
3
3 2
3
P(3, 1)
3
4 3
4
P(3, 2)
4
4 3
3
P(3, 3)
4
4 3
4
P(3, 4)
• • •
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
Modules of the form P (n, 1)
Defect: ∂P (n, 1) = −1, for n ≥ 0.
P (0, 1) : −
P (1, 1) :
(
R10(1), P (0, 2)
)
,
(
R1
∞
(1), P (0, 3)
)
P (2, 1) :
(
R20(1), P (1, 2)
)
,
(
R2
∞
(1), P (1, 3)
)
,
(
2I(1, 4), 3P (0, 1)
)
P (n, 1) :
(
R
(n−1) mod 2+1
0 (1), P (n− 1, 2)
)
,
(
R(n−1) mod 2+1
∞
(1), P (n− 1, 3)
)
,
(
uI, (u+ 1)P
)
, n > 2
Modules of the form P (n, 2)
Defect: ∂P (n, 2) = −1, for n ≥ 0.
P (0, 2) :
(
R1
∞
(1), P (0, 1)
)
P (1, 2) :
(
R10(1), P (0, 4)
)
,
(
R2
∞
(1), P (1, 1)
)
,
(
I(0, 2), 2P (0, 3)
)
P (n, 2) :
(
R
(n−1) mod 2+1
0 (1), P (n− 1, 4)
)
,
(
Rn mod 2+1
∞
(1), P (n, 1)
)
,
(
uI, (u+ 1)P
)
, n > 1
Modules of the form P (n, 3)
Defect: ∂P (n, 3) = −1, for n ≥ 0.
P (0, 3) :
(
R10(1), P (0, 1)
)
P (1, 3) :
(
R1
∞
(1), P (0, 4)
)
,
(
R20(1), P (1, 1)
)
,
(
I(0, 3), 2P (0, 2)
)
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P (n, 3) :
(
R(n−1) mod 2+1
∞
(1), P (n− 1, 4)
)
,
(
Rn mod 2+10 (1), P (n, 1)
)
,
(
uI, (u+ 1)P
)
, n > 1
Modules of the form P (n, 4)
Defect: ∂P (n, 4) = −1, for n ≥ 0.
P (0, 4) :
(
R2
∞
(1), P (0, 2)
)
,
(
R20(1), P (0, 3)
)
,
(
I(1, 4), 2P (0, 1)
)
P (n, 4) :
(
R(n+1) mod 2+1
∞
(1), P (n, 2)
)
,
(
R
(n+1) mod 2+1
0 (1), P (n, 3)
)
,
(
uI, (u+ 1)P
)
, n > 0
5.4.2 Schofield pairs associated to preinjective exceptional modules
1
1 2
1
I(0, 1)
1
0 1
0
I(0, 2)
0
0 1
1
I(0, 3)
0
0 1
0
I(0, 4)
2
1 2
2
I(1, 1)
1
1 2
2
I(1, 2)
2
1 2
1
I(1, 3)
1
0 1
1
I(1, 4)
3
3 4
3
I(2, 1)
3
2 3
2
I(2, 2)
2
2 3
3
I(2, 3)
2
2 3
2
I(2, 4)
4
3 4
4
I(3, 1)
3
3 4
4
I(3, 2)
4
3 4
3
I(3, 3)
3
2 3
3
I(3, 4)
• • •
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
Modules of the form I(n, 1)
Defect: ∂I(n, 1) = 1, for n ≥ 0.
I(0, 1) :
(
I(0, 2), R2
∞
(1)
)
,
(
I(0, 3), R20(1)
)
,
(
2I(0, 4), P (1, 1)
)
I(n, 1) :
(
I(n, 2), R(−n+1) mod 2+1
∞
(1)
)
,
(
I(n, 3), R
(−n+1) mod 2+1
0 (1)
)
,
(
(v + 1)I, vP
)
, n > 0
Modules of the form I(n, 2)
Defect: ∂I(n, 2) = 1, for n ≥ 0.
I(0, 2) :
(
I(0, 4), R1
∞
(1)
)
I(1, 2) :
(
I(0, 1), R10(1)
)
,
(
I(1, 4), R2
∞
(1)
)
,
(
2I(0, 3), P (0, 2)
)
I(n, 2) :
(
I(n− 1, 1), R
(−n+1) mod 2+1
0 (1)
)
,
(
I(n, 4), R(−n+2) mod 2+1
∞
(1)
)
,
(
(v + 1)I, vP
)
, n > 1
Modules of the form I(n, 3)
Defect: ∂I(n, 3) = 1, for n ≥ 0.
I(0, 3) :
(
I(0, 4), R10(1)
)
I(1, 3) :
(
I(0, 1), R1
∞
(1)
)
,
(
I(1, 4), R20(1)
)
,
(
2I(0, 2), P (0, 3)
)
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I(n, 3) :
(
I(n− 1, 1), R(−n+1) mod 2+1
∞
(1)
)
,
(
I(n, 4), R
(−n+2) mod 2+1
0 (1)
)
,
(
(v + 1)I, vP
)
, n > 1
Modules of the form I(n, 4)
Defect: ∂I(n, 4) = 1, for n ≥ 0.
I(0, 4) : −
I(1, 4) :
(
I(0, 2), R10(1)
)
,
(
I(0, 3), R1
∞
(1)
)
I(2, 4) :
(
I(1, 2), R20(1)
)
,
(
I(1, 3), R2
∞
(1)
)
,
(
3I(0, 4), 2P (1, 1)
)
I(n, 4) :
(
I(n− 1, 2), R
(−n+3) mod 2+1
0 (1)
)
,
(
I(n− 1, 3), R(−n+3) mod 2+1
∞
(1)
)
,
(
(v + 1)I, vP
)
, n > 2
5.4.3 Schofield pairs associated to regular exceptional modules
The non-homogeneous tube T
∆(A˜2,2)
0
T
∆(A˜2,2)
0
0
0 0
1
R10(1)
1
1 1
0
R20(1)
0
0 0
1
R10(1)
1
1 1
1
R10(2)
1
1 1
1
R20(2)
2
2 2
1
R20(3)
1
1 1
2
R10(3)
2
2 2
1
R20(3)
τ−1
τ−1
τ−1
τ−1
τ−1 τ−1
R10(1) : −
R20(1) :
(
I(0, 2), P (0, 1)
)
,
(
I(0, 4), P (0, 2)
)
The non-homogeneous tube T
∆(A˜2,2)
∞
T
∆(A˜2,2)
∞
1
0 0
0
R1
∞
(1)
0
1 1
1
R2
∞
(1)
1
0 0
0
R1
∞
(1)
1
1 1
1
R1
∞
(2)
1
1 1
1
R2
∞
(2)
1
2 2
2
R2
∞
(3)
2
1 1
1
R1
∞
(3)
1
2 2
2
R2
∞
(3)
τ−1
τ−1
τ−1
τ−1
τ−1 τ−1
R1
∞
(1) : −
R2
∞
(1) :
(
I(0, 3), P (0, 1)
)
,
(
I(0, 4), P (0, 3)
)
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5.5 Schofield pairs for the quiver ∆(A˜2,3) – δ =
1
1 1
1 1
2
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C∆(A˜2,3) =


1 1 1 1 2
0 1 0 0 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1


Φ∆(A˜2,3) =


−1 1 1 0 0
−1 0 1 0 1
−1 1 0 1 0
−1 1 0 0 1
−2 1 1 0 1


5.5.1 Schofield pairs associated to preprojective exceptional modules
0
1 0
0 0
P (0, 1)
1
1 0
0 0
P (0, 2)
0
1 0
1 0
P (0, 3)
0
1 0
1 1
P (0, 4)
1
2 1
1 1
P (0, 5)
1
1 0
1 0
P (1, 1)
1
2 1
2 1
P (1, 2)
1
1 0
1 1
P (1, 3)
2
2 1
1 1
P (1, 4)
2
2 1
2 1
P (1, 5)
1
2 1
2 2
P (2, 1)
2
2 1
2 2
P (2, 2)
2
3 2
2 2
P (2, 3)
2
3 2
3 2
P (2, 4)
2
3 2
3 3
P (2, 5)
3
3 2
2 2
P (3, 1)
3
4 3
3 3
P (3, 2)
3
3 2
3 2
P (3, 3)
3
3 2
3 3
P (3, 4)
4
4 3
3 3
P (3, 5)
• • •
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
Modules of the form P (n, 1)
Defect: ∂P (n, 1) = −1, for n ≥ 0.
P (0, 1) : −
P (1, 1) :
(
R30(1), P (0, 2)
)
,
(
R1
∞
(1), P (0, 3)
)
P (2, 1) :
(
R30(2), P (0, 5)
)
,
(
R10(1), P (1, 2)
)
,
(
R2
∞
(1), P (1, 3)
)
,
(
I(0, 2), 2P (0, 4)
)
P (n, 1) :
(
Rn mod 3+10 (2), P (n− 2, 5)
)
,
(
R
(n−2) mod 3+1
0 (1), P (n− 1, 2)
)
,
(
R(n−1) mod 2+1
∞
(1), P (n− 1, 3)
)
(
uI, (u+ 1)P
)
, n > 2
Modules of the form P (n, 2)
Defect: ∂P (n, 2) = −1, for n ≥ 0.
P (0, 2) :
(
R1
∞
(1), P (0, 1)
)
P (1, 2) :
(
R20(2), P (0, 4)
)
,
(
R30(1), P (0, 5)
)
,
(
R2
∞
(1), P (1, 1)
)
,
(
I(1, 5), 2P (0, 3)
)
P (n, 2) :
(
Rn mod 3+10 (2), P (n− 1, 4)
)
,
(
R
(n+1) mod 3+1
0 (1), P (n− 1, 5)
)
,
(
Rn mod 2+1
∞
(1), P (n, 1)
)
(
uI, (u+ 1)P
)
, n > 1
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Modules of the form P (n, 3)
Defect: ∂P (n, 3) = −1, for n ≥ 0.
P (0, 3) :
(
R30(1), P (0, 1)
)
P (1, 3) :
(
R30(2), P (0, 2)
)
,
(
R1
∞
(1), P (0, 4)
)
,
(
R10(1), P (1, 1)
)
P (2, 3) :
(
R10(2), P (1, 2)
)
,
(
R2
∞
(1), P (1, 4)
)
,
(
R20(1), P (2, 1)
)
,
(
2I(1, 4), 3P (0, 1)
)
P (n, 3) :
(
R
(n−2) mod 3+1
0 (2), P (n− 1, 2)
)
,
(
R(n−1) mod 2+1
∞
(1), P (n− 1, 4)
)
,
(
R
(n−1) mod 3+1
0 (1), P (n, 1)
)
(
uI, (u+ 1)P
)
, n > 2
Modules of the form P (n, 4)
Defect: ∂P (n, 4) = −1, for n ≥ 0.
P (0, 4) :
(
R30(2), P (0, 1)
)
,
(
R10(1), P (0, 3)
)
P (1, 4) :
(
R1
∞
(1), P (0, 5)
)
,
(
R10(2), P (1, 1)
)
,
(
R20(1), P (1, 3)
)
,
(
I(0, 3), 2P (0, 2)
)
P (n, 4) :
(
R(n−1) mod 2+1
∞
(1), P (n− 1, 5)
)
,
(
R
(n−1) mod 3+1
0 (2), P (n, 1)
)
,
(
Rn mod 3+10 (1), P (n, 3)
)
(
uI, (u+ 1)P
)
, n > 1
Modules of the form P (n, 5)
Defect: ∂P (n, 5) = −1, for n ≥ 0.
P (0, 5) :
(
R2
∞
(1), P (0, 2)
)
,
(
R10(2), P (0, 3)
)
,
(
R20(1), P (0, 4)
)
,
(
I(1, 4), 2P (0, 1)
)
P (n, 5) :
(
R(n+1) mod 2+1
∞
(1), P (n, 2)
)
,
(
Rn mod 3+10 (2), P (n, 3)
)
,
(
R
(n+1) mod 3+1
0 (1), P (n, 4)
)
(
uI, (u+ 1)P
)
, n > 0
5.5.2 Schofield pairs associated to preinjective exceptional modules
1
1 2
1 1
I(0, 1)
1
0 1
0 0
I(0, 2)
0
0 1
1 1
I(0, 3)
0
0 1
0 1
I(0, 4)
0
0 1
0 0
I(0, 5)
2
1 2
1 2
I(1, 1)
1
1 2
1 2
I(1, 2)
2
1 2
1 1
I(1, 3)
1
0 1
1 1
I(1, 4)
1
0 1
0 1
I(1, 5)
2
2 3
3 3
I(2, 1)
2
1 2
2 2
I(2, 2)
2
2 3
2 3
I(2, 3)
2
2 3
2 2
I(2, 4)
1
1 2
2 2
I(2, 5)
4
3 4
3 3
I(3, 1)
3
3 4
3 3
I(3, 2)
3
2 3
3 3
I(3, 3)
3
2 3
2 3
I(3, 4)
3
2 3
2 2
I(3, 5)
• • •
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
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Modules of the form I(n, 1)
Defect: ∂I(n, 1) = 1, for n ≥ 0.
I(0, 1) :
(
I(0, 2), R2
∞
(1)
)
,
(
I(0, 3), R20(1)
)
,
(
I(0, 4), R20(2)
)
,
(
2I(0, 5), P (1, 3)
)
I(n, 1) :
(
I(n, 2), R(−n+1) mod 2+1
∞
(1)
)
,
(
I(n, 3), R
(−n+1) mod 3+1
0 (1)
)
,
(
I(n, 4), R
(−n+1) mod 3+1
0 (2)
)
(
(v + 1)I, vP
)
, n > 0
Modules of the form I(n, 2)
Defect: ∂I(n, 2) = 1, for n ≥ 0.
I(0, 2) :
(
I(0, 5), R1
∞
(1)
)
I(1, 2) :
(
I(0, 1), R10(1)
)
,
(
I(0, 3), R10(2)
)
,
(
I(1, 5), R2
∞
(1)
)
,
(
2I(0, 4), P (1, 1)
)
I(n, 2) :
(
I(n− 1, 1), R
(−n+1) mod 3+1
0 (1)
)
,
(
I(n− 1, 3), R
(−n+1) mod 3+1
0 (2)
)
,
(
I(n, 5), R(−n+2) mod 2+1
∞
(1)
)
(
(v + 1)I, vP
)
, n > 1
Modules of the form I(n, 3)
Defect: ∂I(n, 3) = 1, for n ≥ 0.
I(0, 3) :
(
I(0, 4), R30(1)
)
,
(
I(0, 5), R30(2)
)
I(1, 3) :
(
I(0, 1), R1
∞
(1)
)
,
(
I(1, 4), R20(1)
)
,
(
I(1, 5), R20(2)
)
,
(
2I(0, 2), P (0, 4)
)
I(n, 3) :
(
I(n− 1, 1), R(−n+1) mod 2+1
∞
(1)
)
,
(
I(n, 4), R
(−n+2) mod 3+1
0 (1)
)
,
(
I(n, 5), R
(−n+2) mod 3+1
0 (2)
)
(
(v + 1)I, vP
)
, n > 1
Modules of the form I(n, 4)
Defect: ∂I(n, 4) = 1, for n ≥ 0.
I(0, 4) :
(
I(0, 5), R10(1)
)
I(1, 4) :
(
I(0, 2), R30(2)
)
,
(
I(0, 3), R1
∞
(1)
)
,
(
I(1, 5), R30(1)
)
I(2, 4) :
(
I(1, 2), R20(2)
)
,
(
I(1, 3), R2
∞
(1)
)
,
(
I(2, 5), R20(1)
)
,
(
3I(0, 5), 2P (1, 3)
)
I(n, 4) :
(
I(n− 1, 2), R
(−n+3) mod 3+1
0 (2)
)
,
(
I(n− 1, 3), R(−n+3) mod 2+1
∞
(1)
)
,
(
I(n, 5), R
(−n+3) mod 3+1
0 (1)
)
(
(v + 1)I, vP
)
, n > 2
Modules of the form I(n, 5)
Defect: ∂I(n, 5) = 1, for n ≥ 0.
I(0, 5) : −
I(1, 5) :
(
I(0, 2), R10(1)
)
,
(
I(0, 4), R1
∞
(1)
)
I(2, 5) :
(
I(0, 1), R30(2)
)
,
(
I(1, 2), R30(1)
)
,
(
I(1, 4), R2
∞
(1)
)
,
(
2I(0, 3), P (0, 2)
)
I(n, 5) :
(
I(n− 2, 1), R
(−n+4) mod 3+1
0 (2)
)
,
(
I(n− 1, 2), R
(−n+4) mod 3+1
0 (1)
)
,
(
I(n− 1, 4), R(−n+3) mod 2+1
∞
(1)
)
(
(v + 1)I, vP
)
, n > 2
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5.5.3 Schofield pairs associated to regular exceptional modules
The non-homogeneous tube T
∆(A˜2,3)
0
T
∆(A˜2,3)
0
0
0 0
0 1
R10(1)
1
1 1
0 0
R20(1)
0
0 0
1 0
R30(1)
0
0 0
0 1
R10(1)
1
1 1
0 1
R10(2)
1
1 1
1 0
R20(2)
0
0 0
1 1
R30(2)
1
1 1
1 1
R30(3)
1
1 1
1 1
R10(3)
1
1 1
1 1
R20(3)
1
1 1
1 1
R30(3)
1
1 1
2 1
R30(4)
1
1 1
1 2
R10(4)
2
2 2
1 1
R20(4)
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
R10(1) : −
R10(2) :
(
R20(1), R
1
0(1)
)
,
(
I(1, 5), P (0, 1)
)
,
(
I(0, 4), P (0, 2)
)
R20(1) :
(
I(0, 2), P (0, 1)
)
,
(
I(0, 5), P (0, 2)
)
R20(2) :
(
R30(1), R
2
0(1)
)
,
(
I(0, 2), P (0, 3)
)
,
(
I(0, 5), P (1, 1)
)
R30(1) : −
R30(2) :
(
R10(1), R
3
0(1)
)
The non-homogeneous tube T
∆(A˜2,3)
∞
T
∆(A˜2,3)
∞
1
0 0
0 0
R1
∞
(1)
0
1 1
1 1
R2
∞
(1)
1
0 0
0 0
R1
∞
(1)
1
1 1
1 1
R1
∞
(2)
1
1 1
1 1
R2
∞
(2)
1
2 2
2 2
R2
∞
(3)
2
1 1
1 1
R1
∞
(3)
1
2 2
2 2
R2
∞
(3)
τ−1
τ−1
τ−1
τ−1
τ−1 τ−1
R1
∞
(1) : −
R2
∞
(1) :
(
I(0, 3), P (0, 1)
)
,
(
I(0, 4), P (0, 3)
)
,
(
I(0, 5), P (0, 4)
)
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5.6 Schofield pairs for the quiver ∆(A˜2,4) – δ =
1
1 1
1 1 1
2
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C∆(A˜2,4) =


1 1 1 1 1 2
0 1 0 0 0 1
0 0 1 1 1 1
0 0 0 1 1 1
0 0 0 0 1 1
0 0 0 0 0 1


Φ∆(A˜2,4) =


−1 1 1 0 0 0
−1 0 1 0 0 1
−1 1 0 1 0 0
−1 1 0 0 1 0
−1 1 0 0 0 1
−2 1 1 0 0 1


5.6.1 Schofield pairs associated to preprojective exceptional modules
0
1 0
0 0 0
P (0, 1)
1
1 0
0 0 0
P (0, 2)
0
1 0
1 0 0
P (0, 3)
0
1 0
1 1 0
P (0, 4)
0
1 0
1 1 1
P (0, 5)
1
2 1
1 1 1
P (0, 6)
1
1 0
1 0 0
P (1, 1)
1
2 1
2 1 1
P (1, 2)
1
1 0
1 1 0
P (1, 3)
1
1 0
1 1 1
P (1, 4)
2
2 1
1 1 1
P (1, 5)
2
2 1
2 1 1
P (1, 6)
1
2 1
2 2 1
P (2, 1)
2
2 1
2 2 1
P (2, 2)
1
2 1
2 2 2
P (2, 3)
2
3 2
2 2 2
P (2, 4)
2
3 2
3 2 2
P (2, 5)
2
3 2
3 3 2
P (2, 6)
2
2 1
2 2 2
P (3, 1)
2
3 2
3 3 3
P (3, 2)
3
3 2
2 2 2
P (3, 3)
3
3 2
3 2 2
P (3, 4)
3
3 2
3 3 2
P (3, 5)
3
3 2
3 3 3
P (3, 6)
• • •
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
Modules of the form P (n, 1)
Defect: ∂P (n, 1) = −1, for n ≥ 0.
P (0, 1) : −
P (1, 1) :
(
R30(1), P (0, 2)
)
,
(
R1
∞
(1), P (0, 3)
)
P (2, 1) :
(
R20(3), P (0, 5)
)
,
(
R30(2), P (0, 6)
)
,
(
R40(1), P (1, 2)
)
,
(
R2
∞
(1), P (1, 3)
)
,
(
I(1, 6), 2P (0, 4)
)
P (n, 1) :
(
R
(n−1) mod 4+1
0 (3), P (n− 2, 5)
)
,
(
Rn mod 4+10 (2), P (n− 2, 6)
)
,
(
R
(n+1) mod 4+1
0 (1), P (n− 1, 2)
)
(
R(n−1) mod 2+1
∞
(1), P (n− 1, 3)
)
,
(
uI, (u+ 1)P
)
, n > 2
Modules of the form P (n, 2)
Defect: ∂P (n, 2) = −1, for n ≥ 0.
P (0, 2) :
(
R1
∞
(1), P (0, 1)
)
P (1, 2) :
(
R10(3), P (0, 4)
)
,
(
R20(2), P (0, 5)
)
,
(
R30(1), P (0, 6)
)
,
(
R2
∞
(1), P (1, 1)
)
,
(
I(1, 5), 2P (0, 3)
)
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P (n, 2) :
(
R
(n−1) mod 4+1
0 (3), P (n− 1, 4)
)
,
(
Rn mod 4+10 (2), P (n− 1, 5)
)
,
(
R
(n+1) mod 4+1
0 (1), P (n− 1, 6)
)
(
Rn mod 2+1
∞
(1), P (n, 1)
)
,
(
uI, (u+ 1)P
)
, n > 1
Modules of the form P (n, 3)
Defect: ∂P (n, 3) = −1, for n ≥ 0.
P (0, 3) :
(
R30(1), P (0, 1)
)
P (1, 3) :
(
R30(2), P (0, 2)
)
,
(
R1
∞
(1), P (0, 4)
)
,
(
R40(1), P (1, 1)
)
P (2, 3) :
(
R30(3), P (0, 6)
)
,
(
R40(2), P (1, 2)
)
,
(
R2
∞
(1), P (1, 4)
)
,
(
R10(1), P (2, 1)
)
,
(
I(0, 2), 2P (0, 5)
)
P (n, 3) :
(
Rn mod 4+10 (3), P (n− 2, 6)
)
,
(
R
(n+1) mod 4+1
0 (2), P (n− 1, 2)
)
,
(
R(n−1) mod 2+1
∞
(1), P (n− 1, 4)
)
(
R
(n−2) mod 4+1
0 (1), P (n, 1)
)
,
(
uI, (u+ 1)P
)
, n > 2
Modules of the form P (n, 4)
Defect: ∂P (n, 4) = −1, for n ≥ 0.
P (0, 4) :
(
R30(2), P (0, 1)
)
,
(
R40(1), P (0, 3)
)
P (1, 4) :
(
R30(3), P (0, 2)
)
,
(
R1
∞
(1), P (0, 5)
)
,
(
R40(2), P (1, 1)
)
,
(
R10(1), P (1, 3)
)
P (2, 4) :
(
R40(3), P (1, 2)
)
,
(
R2
∞
(1), P (1, 5)
)
,
(
R10(2), P (2, 1)
)
,
(
R20(1), P (2, 3)
)
,
(
2I(1, 4), 3P (0, 1)
)
P (n, 4) :
(
R
(n+1) mod 4+1
0 (3), P (n− 1, 2)
)
,
(
R(n−1) mod 2+1
∞
(1), P (n− 1, 5)
)
,
(
R
(n−2) mod 4+1
0 (2), P (n, 1)
)
(
R
(n−1) mod 4+1
0 (1), P (n, 3)
)
,
(
uI, (u+ 1)P
)
, n > 2
Modules of the form P (n, 5)
Defect: ∂P (n, 5) = −1, for n ≥ 0.
P (0, 5) :
(
R30(3), P (0, 1)
)
,
(
R40(2), P (0, 3)
)
,
(
R10(1), P (0, 4)
)
P (1, 5) :
(
R1
∞
(1), P (0, 6)
)
,
(
R40(3), P (1, 1)
)
,
(
R10(2), P (1, 3)
)
,
(
R20(1), P (1, 4)
)
,
(
I(0, 3), 2P (0, 2)
)
P (n, 5) :
(
R(n−1) mod 2+1
∞
(1), P (n− 1, 6)
)
,
(
R
(n+2) mod 4+1
0 (3), P (n, 1)
)
,
(
R
(n−1) mod 4+1
0 (2), P (n, 3)
)
(
Rn mod 4+10 (1), P (n, 4)
)
,
(
uI, (u+ 1)P
)
, n > 1
Modules of the form P (n, 6)
Defect: ∂P (n, 6) = −1, for n ≥ 0.
P (0, 6) :
(
R2
∞
(1), P (0, 2)
)
,
(
R40(3), P (0, 3)
)
,
(
R10(2), P (0, 4)
)
,
(
R20(1), P (0, 5)
)
,
(
I(1, 4), 2P (0, 1)
)
P (n, 6) :
(
R(n+1) mod 2+1
∞
(1), P (n, 2)
)
,
(
R
(n+3) mod 4+1
0 (3), P (n, 3)
)
,
(
Rn mod 4+10 (2), P (n, 4)
)
(
R
(n+1) mod 4+1
0 (1), P (n, 5)
)
,
(
uI, (u+ 1)P
)
, n > 0
5.6.2 Schofield pairs associated to preinjective exceptional modules
Modules of the form I(n, 1)
Defect: ∂I(n, 1) = 1, for n ≥ 0.
29
1
1 2
1 1 1
I(0, 1)
1
0 1
0 0 0
I(0, 2)
0
0 1
1 1 1
I(0, 3)
0
0 1
0 1 1
I(0, 4)
0
0 1
0 0 1
I(0, 5)
0
0 1
0 0 0
I(0, 6)
2
1 2
1 1 2
I(1, 1)
1
1 2
1 1 2
I(1, 2)
2
1 2
1 1 1
I(1, 3)
1
0 1
1 1 1
I(1, 4)
1
0 1
0 1 1
I(1, 5)
1
0 1
0 0 1
I(1, 6)
2
2 3
2 3 3
I(2, 1)
2
1 2
1 2 2
I(2, 2)
2
2 3
2 2 3
I(2, 3)
2
2 3
2 2 2
I(2, 4)
1
1 2
2 2 2
I(2, 5)
1
1 2
1 2 2
I(2, 6)
3
2 3
3 3 3
I(3, 1)
2
2 3
3 3 3
I(3, 2)
3
2 3
2 3 3
I(3, 3)
3
2 3
2 2 3
I(3, 4)
3
2 3
2 2 2
I(3, 5)
2
1 2
2 2 2
I(3, 6)
• • •
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
I(0, 1) :
(
I(0, 2), R2
∞
(1)
)
,
(
I(0, 3), R20(1)
)
,
(
I(0, 4), R20(2)
)
,
(
I(0, 5), R20(3)
)
,
(
2I(0, 6), P (1, 4)
)
I(n, 1) :
(
I(n, 2), R(−n+1) mod 2+1
∞
(1)
)
,
(
I(n, 3), R
(−n+1) mod 4+1
0 (1)
)
,
(
I(n, 4), R
(−n+1) mod 4+1
0 (2)
)
(
I(n, 5), R
(−n+1) mod 4+1
0 (3)
)
,
(
(v + 1)I, vP
)
, n > 0
Modules of the form I(n, 2)
Defect: ∂I(n, 2) = 1, for n ≥ 0.
I(0, 2) :
(
I(0, 6), R1
∞
(1)
)
I(1, 2) :
(
I(0, 1), R10(1)
)
,
(
I(0, 3), R10(2)
)
,
(
I(0, 4), R10(3)
)
,
(
I(1, 6), R2
∞
(1)
)
,
(
2I(0, 5), P (1, 3)
)
I(n, 2) :
(
I(n− 1, 1), R
(−n+1) mod 4+1
0 (1)
)
,
(
I(n− 1, 3), R
(−n+1) mod 4+1
0 (2)
)
,
(
I(n− 1, 4), R
(−n+1) mod 4+1
0 (3)
)
(
I(n, 6), R(−n+2) mod 2+1
∞
(1)
)
,
(
(v + 1)I, vP
)
, n > 1
Modules of the form I(n, 3)
Defect: ∂I(n, 3) = 1, for n ≥ 0.
I(0, 3) :
(
I(0, 4), R30(1)
)
,
(
I(0, 5), R30(2)
)
,
(
I(0, 6), R30(3)
)
I(1, 3) :
(
I(0, 1), R1
∞
(1)
)
,
(
I(1, 4), R20(1)
)
,
(
I(1, 5), R20(2)
)
,
(
I(1, 6), R20(3)
)
,
(
2I(0, 2), P (0, 5)
)
I(n, 3) :
(
I(n− 1, 1), R(−n+1) mod 2+1
∞
(1)
)
,
(
I(n, 4), R
(−n+2) mod 4+1
0 (1)
)
,
(
I(n, 5), R
(−n+2) mod 4+1
0 (2)
)
(
I(n, 6), R
(−n+2) mod 4+1
0 (3)
)
,
(
(v + 1)I, vP
)
, n > 1
Modules of the form I(n, 4)
Defect: ∂I(n, 4) = 1, for n ≥ 0.
30
I(0, 4) :
(
I(0, 5), R40(1)
)
,
(
I(0, 6), R40(2)
)
I(1, 4) :
(
I(0, 2), R30(3)
)
,
(
I(0, 3), R1
∞
(1)
)
,
(
I(1, 5), R30(1)
)
,
(
I(1, 6), R30(2)
)
I(2, 4) :
(
I(1, 2), R20(3)
)
,
(
I(1, 3), R2
∞
(1)
)
,
(
I(2, 5), R20(1)
)
,
(
I(2, 6), R20(2)
)
,
(
3I(0, 6), 2P (1, 4)
)
I(n, 4) :
(
I(n− 1, 2), R
(−n+3) mod 4+1
0 (3)
)
,
(
I(n− 1, 3), R(−n+3) mod 2+1
∞
(1)
)
,
(
I(n, 5), R
(−n+3) mod 4+1
0 (1)
)
(
I(n, 6), R
(−n+3) mod 4+1
0 (2)
)
,
(
(v + 1)I, vP
)
, n > 2
Modules of the form I(n, 5)
Defect: ∂I(n, 5) = 1, for n ≥ 0.
I(0, 5) :
(
I(0, 6), R10(1)
)
I(1, 5) :
(
I(0, 2), R40(2)
)
,
(
I(0, 4), R1
∞
(1)
)
,
(
I(1, 6), R40(1)
)
I(2, 5) :
(
I(0, 1), R30(3)
)
,
(
I(1, 2), R30(2)
)
,
(
I(1, 4), R2
∞
(1)
)
,
(
I(2, 6), R30(1)
)
,
(
2I(0, 3), P (0, 2)
)
I(n, 5) :
(
I(n− 2, 1), R
(−n+4) mod 4+1
0 (3)
)
,
(
I(n− 1, 2), R
(−n+4) mod 4+1
0 (2)
)
,
(
I(n− 1, 4), R(−n+3) mod 2+1
∞
(1)
)
(
I(n, 6), R
(−n+4) mod 4+1
0 (1)
)
,
(
(v + 1)I, vP
)
, n > 2
Modules of the form I(n, 6)
Defect: ∂I(n, 6) = 1, for n ≥ 0.
I(0, 6) : −
I(1, 6) :
(
I(0, 2), R10(1)
)
,
(
I(0, 5), R1
∞
(1)
)
I(2, 6) :
(
I(0, 1), R40(2)
)
,
(
I(0, 3), R40(3)
)
,
(
I(1, 2), R40(1)
)
,
(
I(1, 5), R2
∞
(1)
)
,
(
2I(0, 4), P (1, 1)
)
I(n, 6) :
(
I(n− 2, 1), R
(−n+5) mod 4+1
0 (2)
)
,
(
I(n− 2, 3), R
(−n+5) mod 4+1
0 (3)
)
,
(
I(n− 1, 2), R
(−n+5) mod 4+1
0 (1)
)
(
I(n− 1, 5), R(−n+3) mod 2+1
∞
(1)
)
,
(
(v + 1)I, vP
)
, n > 2
5.6.3 Schofield pairs associated to regular exceptional modules
The non-homogeneous tube T
∆(A˜2,4)
0
R10(1) : −
R10(2) :
(
R20(1), R
1
0(1)
)
,
(
I(1, 6), P (0, 1)
)
,
(
I(0, 5), P (0, 2)
)
R20(1) :
(
I(0, 2), P (0, 1)
)
,
(
I(0, 6), P (0, 2)
)
R20(2) :
(
R30(1), R
2
0(1)
)
,
(
I(0, 2), P (0, 3)
)
,
(
I(0, 6), P (1, 1)
)
R30(1) : −
R30(2) :
(
R40(1), R
3
0(1)
)
R40(1) : −
R40(2) :
(
R10(1), R
4
0(1)
)
R40(3) :
(
R10(2), R
4
0(1)
)
,
(
R20(1), R
4
0(2)
)
,
(
I(1, 5), P (0, 1)
)
,
(
I(0, 4), P (0, 2)
)
R10(3) :
(
R20(2), R
1
0(1)
)
,
(
R30(1), R
1
0(2)
)
,
(
I(1, 6), P (0, 3)
)
,
(
I(0, 5), P (1, 1)
)
R20(3) :
(
R30(2), R
2
0(1)
)
,
(
R40(1), R
2
0(2)
)
,
(
I(0, 2), P (0, 4)
)
,
(
I(0, 6), P (1, 3)
)
R30(3) :
(
R40(2), R
3
0(1)
)
,
(
R10(1), R
3
0(2)
)
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T
∆(A˜2,4)
0
0
0 0
0 0 1
R10(1)
1
1 1
0 0 0
R20(1)
0
0 0
1 0 0
R30(1)
0
0 0
0 1 0
R40(1)
0
0 0
0 0 1
R10(1)
1
1 1
0 0 1
R10(2)
1
1 1
1 0 0
R20(2)
0
0 0
1 1 0
R30(2)
0
0 0
0 1 1
R40(2)
1
1 1
0 1 1
R40(3)
1
1 1
1 0 1
R10(3)
1
1 1
1 1 0
R20(3)
0
0 0
1 1 1
R30(3)
1
1 1
0 1 1
R40(3)
1
1 1
1 1 1
R40(4)
1
1 1
1 1 1
R10(4)
1
1 1
1 1 1
R20(4)
1
1 1
1 1 1
R30(4)
1
1 1
2 1 1
R30(5)
1
1 1
1 2 1
R40(5)
1
1 1
1 1 2
R10(5)
2
2 2
1 1 1
R20(5)
1
1 1
2 1 1
R30(5)
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1 τ−1 τ−1 τ−1
The non-homogeneous tube T
∆(A˜2,4)
∞
T
∆(A˜2,4)
∞
1
0 0
0 0 0
R1
∞
(1)
0
1 1
1 1 1
R2
∞
(1)
1
0 0
0 0 0
R1
∞
(1)
1
1 1
1 1 1
R1
∞
(2)
1
1 1
1 1 1
R2
∞
(2)
1
2 2
2 2 2
R2
∞
(3)
2
1 1
1 1 1
R1
∞
(3)
1
2 2
2 2 2
R2
∞
(3)
τ−1
τ−1
τ−1
τ−1
τ−1 τ−1
R1
∞
(1) : −
R2
∞
(1) :
(
I(0, 3), P (0, 1)
)
,
(
I(0, 4), P (0, 3)
)
,
(
I(0, 5), P (0, 4)
)
,
(
I(0, 6), P (0, 5)
)
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5.7 Schofield pairs for the quiver ∆(A˜3,3) – δ =
1 1
1 1
1 1
2
    
  
  
  
3oo
1 6
^^❃❃❃❃❃❃❃❃
    
  
  
  
4
^^❃❃❃❃❃❃❃❃
5oo
C∆(A˜3,3) =


1 1 1 1 1 2
0 1 1 0 0 1
0 0 1 0 0 1
0 0 0 1 1 1
0 0 0 0 1 1
0 0 0 0 0 1


Φ∆(A˜3,3) =


−1 1 0 1 0 0
−1 0 1 1 0 0
−1 0 0 1 0 1
−1 1 0 0 1 0
−1 1 0 0 0 1
−2 1 0 1 0 1


5.7.1 Schofield pairs associated to preprojective exceptional modules
0 0
1 0
0 0
P (0, 1)
1 0
1 0
0 0
P (0, 2)
1 1
1 0
0 0
P (0, 3)
0 0
1 0
1 0
P (0, 4)
0 0
1 0
1 1
P (0, 5)
1 1
2 1
1 1
P (0, 6)
1 0
1 0
1 0
P (1, 1)
1 1
1 0
1 0
P (1, 2)
1 1
2 1
2 1
P (1, 3)
1 0
1 0
1 1
P (1, 4)
2 1
2 1
1 1
P (1, 5)
2 1
2 1
2 1
P (1, 6)
1 1
1 0
1 1
P (2, 1)
1 1
2 1
2 2
P (2, 2)
2 1
2 1
2 2
P (2, 3)
2 2
2 1
1 1
P (2, 4)
2 2
2 1
2 1
P (2, 5)
2 2
2 1
2 2
P (2, 6)
2 2
3 2
2 2
P (3, 1)
3 2
3 2
2 2
P (3, 2)
3 3
3 2
2 2
P (3, 3)
2 2
3 2
3 2
P (3, 4)
2 2
3 2
3 3
P (3, 5)
3 3
4 3
3 3
P (3, 6)
• • •
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
Modules of the form P (n, 1)
Defect: ∂P (n, 1) = −1, for n ≥ 0.
P (0, 1) : −
P (1, 1) :
(
R30(1), P (0, 2)
)
,
(
R3
∞
(1), P (0, 4)
)
P (2, 1) :
(
R30(2), P (0, 3)
)
,
(
R3
∞
(2), P (0, 5)
)
,
(
R10(1), P (1, 2)
)
,
(
R1
∞
(1), P (1, 4)
)
P (3, 1) :
(
R10(2), P (1, 3)
)
,
(
R1
∞
(2), P (1, 5)
)
,
(
R20(1), P (2, 2)
)
,
(
R2
∞
(1), P (2, 4)
)
,
(
2I(2, 6), 3P (0, 1)
)
P (n, 1) :
(
R
(n−3) mod 3+1
0 (2), P (n− 2, 3)
)
,
(
R(n−3) mod 3+1
∞
(2), P (n− 2, 5)
)
,
(
R
(n−2) mod 3+1
0 (1), P (n− 1, 2)
)
(
R(n−2) mod 3+1
∞
(1), P (n− 1, 4)
)
,
(
uI, (u+ 1)P
)
, n > 3
Modules of the form P (n, 2)
Defect: ∂P (n, 2) = −1, for n ≥ 0.
P (0, 2) :
(
R3
∞
(1), P (0, 1)
)
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P (1, 2) :
(
R30(1), P (0, 3)
)
,
(
R3
∞
(2), P (0, 4)
)
,
(
R1
∞
(1), P (1, 1)
)
P (2, 2) :
(
R30(2), P (0, 6)
)
,
(
R10(1), P (1, 3)
)
,
(
R1
∞
(2), P (1, 4)
)
,
(
R2
∞
(1), P (2, 1)
)
,
(
I(0, 2), 2P (0, 5)
)
P (n, 2) :
(
Rn mod 3+10 (2), P (n− 2, 6)
)
,
(
R
(n−2) mod 3+1
0 (1), P (n− 1, 3)
)
,
(
R(n−2) mod 3+1
∞
(2), P (n− 1, 4)
)
(
R(n−1) mod 3+1
∞
(1), P (n, 1)
)
,
(
uI, (u+ 1)P
)
, n > 2
Modules of the form P (n, 3)
Defect: ∂P (n, 3) = −1, for n ≥ 0.
P (0, 3) :
(
R3
∞
(2), P (0, 1)
)
,
(
R1
∞
(1), P (0, 2)
)
P (1, 3) :
(
R20(2), P (0, 5)
)
,
(
R30(1), P (0, 6)
)
,
(
R1
∞
(2), P (1, 1)
)
,
(
R2
∞
(1), P (1, 2)
)
,
(
I(1, 3), 2P (0, 4)
)
P (n, 3) :
(
Rn mod 3+10 (2), P (n− 1, 5)
)
,
(
R
(n+1) mod 3+1
0 (1), P (n− 1, 6)
)
,
(
R(n−1) mod 3+1
∞
(2), P (n, 1)
)
(
Rn mod 3+1
∞
(1), P (n, 2)
)
,
(
uI, (u+ 1)P
)
, n > 1
Modules of the form P (n, 4)
Defect: ∂P (n, 4) = −1, for n ≥ 0.
P (0, 4) :
(
R30(1), P (0, 1)
)
P (1, 4) :
(
R30(2), P (0, 2)
)
,
(
R3
∞
(1), P (0, 5)
)
,
(
R10(1), P (1, 1)
)
P (2, 4) :
(
R3
∞
(2), P (0, 6)
)
,
(
R10(2), P (1, 2)
)
,
(
R1
∞
(1), P (1, 5)
)
,
(
R20(1), P (2, 1)
)
,
(
I(0, 4), 2P (0, 3)
)
P (n, 4) :
(
Rn mod 3+1
∞
(2), P (n− 2, 6)
)
,
(
R
(n−2) mod 3+1
0 (2), P (n− 1, 2)
)
,
(
R(n−2) mod 3+1
∞
(1), P (n− 1, 5)
)
(
R
(n−1) mod 3+1
0 (1), P (n, 1)
)
,
(
uI, (u+ 1)P
)
, n > 2
Modules of the form P (n, 5)
Defect: ∂P (n, 5) = −1, for n ≥ 0.
P (0, 5) :
(
R30(2), P (0, 1)
)
,
(
R10(1), P (0, 4)
)
P (1, 5) :
(
R2
∞
(2), P (0, 3)
)
,
(
R3
∞
(1), P (0, 6)
)
,
(
R10(2), P (1, 1)
)
,
(
R20(1), P (1, 4)
)
,
(
I(1, 5), 2P (0, 2)
)
P (n, 5) :
(
Rn mod 3+1
∞
(2), P (n− 1, 3)
)
,
(
R(n+1) mod 3+1
∞
(1), P (n− 1, 6)
)
,
(
R
(n−1) mod 3+1
0 (2), P (n, 1)
)
(
Rn mod 3+10 (1), P (n, 4)
)
,
(
uI, (u+ 1)P
)
, n > 1
Modules of the form P (n, 6)
Defect: ∂P (n, 6) = −1, for n ≥ 0.
P (0, 6) :
(
R1
∞
(2), P (0, 2)
)
,
(
R2
∞
(1), P (0, 3)
)
,
(
R10(2), P (0, 4)
)
,
(
R20(1), P (0, 5)
)
,
(
I(2, 6), 2P (0, 1)
)
P (n, 6) :
(
Rn mod 3+1
∞
(2), P (n, 2)
)
,
(
R(n+1) mod 3+1
∞
(1), P (n, 3)
)
,
(
Rn mod 3+10 (2), P (n, 4)
)
(
R
(n+1) mod 3+1
0 (1), P (n, 5)
)
,
(
uI, (u+ 1)P
)
, n > 0
5.7.2 Schofield pairs associated to preinjective exceptional modules
Modules of the form I(n, 1)
Defect: ∂I(n, 1) = 1, for n ≥ 0.
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1 1
1 2
1 1
I(0, 1)
1 1
0 1
0 0
I(0, 2)
0 1
0 1
0 0
I(0, 3)
0 0
0 1
1 1
I(0, 4)
0 0
0 1
0 1
I(0, 5)
0 0
0 1
0 0
I(0, 6)
1 2
1 2
1 2
I(1, 1)
1 1
1 2
1 2
I(1, 2)
1 1
0 1
0 1
I(1, 3)
1 2
1 2
1 1
I(1, 4)
0 1
0 1
1 1
I(1, 5)
0 1
0 1
0 1
I(1, 6)
2 2
1 2
2 2
I(2, 1)
1 2
1 2
2 2
I(2, 2)
1 1
1 2
2 2
I(2, 3)
2 2
1 2
1 2
I(2, 4)
2 2
1 2
1 1
I(2, 5)
1 1
0 1
1 1
I(2, 6)
3 3
3 4
3 3
I(3, 1)
3 3
2 3
2 2
I(3, 2)
2 3
2 3
2 2
I(3, 3)
2 2
2 3
3 3
I(3, 4)
2 2
2 3
2 3
I(3, 5)
2 2
2 3
2 2
I(3, 6)
• • •
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
I(0, 1) :
(
I(0, 2), R2
∞
(1)
)
,
(
I(0, 3), R2
∞
(2)
)
,
(
I(0, 4), R20(1)
)
,
(
I(0, 5), R20(2)
)
,
(
2I(0, 6), P (2, 1)
)
I(n, 1) :
(
I(n, 2), R(−n+1) mod 3+1
∞
(1)
)
,
(
I(n, 3), R(−n+1) mod 3+1
∞
(2)
)
,
(
I(n, 4), R
(−n+1) mod 3+1
0 (1)
)
(
I(n, 5), R
(−n+1) mod 3+1
0 (2)
)
,
(
(v + 1)I, vP
)
, n > 0
Modules of the form I(n, 2)
Defect: ∂I(n, 2) = 1, for n ≥ 0.
I(0, 2) :
(
I(0, 3), R3
∞
(1)
)
,
(
I(0, 6), R3
∞
(2)
)
I(1, 2) :
(
I(0, 1), R10(1)
)
,
(
I(0, 4), R10(2)
)
,
(
I(1, 3), R2
∞
(1)
)
,
(
I(1, 6), R2
∞
(2)
)
,
(
2I(0, 5), P (1, 2)
)
I(n, 2) :
(
I(n− 1, 1), R
(−n+1) mod 3+1
0 (1)
)
,
(
I(n− 1, 4), R
(−n+1) mod 3+1
0 (2)
)
,
(
I(n, 3), R(−n+2) mod 3+1
∞
(1)
)
(
I(n, 6), R(−n+2) mod 3+1
∞
(2)
)
,
(
(v + 1)I, vP
)
, n > 1
Modules of the form I(n, 3)
Defect: ∂I(n, 3) = 1, for n ≥ 0.
I(0, 3) :
(
I(0, 6), R1
∞
(1)
)
I(1, 3) :
(
I(0, 2), R10(1)
)
,
(
I(0, 5), R3
∞
(2)
)
,
(
I(1, 6), R3
∞
(1)
)
I(2, 3) :
(
I(0, 1), R30(2)
)
,
(
I(1, 2), R30(1)
)
,
(
I(1, 5), R2
∞
(2)
)
,
(
I(2, 6), R2
∞
(1)
)
,
(
2I(0, 4), P (0, 3)
)
I(n, 3) :
(
I(n− 2, 1), R
(−n+4) mod 3+1
0 (2)
)
,
(
I(n− 1, 2), R
(−n+4) mod 3+1
0 (1)
)
,
(
I(n− 1, 5), R(−n+3) mod 3+1
∞
(2)
)
(
I(n, 6), R(−n+3) mod 3+1
∞
(1)
)
,
(
(v + 1)I, vP
)
, n > 2
Modules of the form I(n, 4)
Defect: ∂I(n, 4) = 1, for n ≥ 0.
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I(0, 4) :
(
I(0, 5), R30(1)
)
,
(
I(0, 6), R30(2)
)
I(1, 4) :
(
I(0, 1), R1
∞
(1)
)
,
(
I(0, 2), R1
∞
(2)
)
,
(
I(1, 5), R20(1)
)
,
(
I(1, 6), R20(2)
)
,
(
2I(0, 3), P (1, 4)
)
I(n, 4) :
(
I(n− 1, 1), R(−n+1) mod 3+1
∞
(1)
)
,
(
I(n− 1, 2), R(−n+1) mod 3+1
∞
(2)
)
,
(
I(n, 5), R
(−n+2) mod 3+1
0 (1)
)
(
I(n, 6), R
(−n+2) mod 3+1
0 (2)
)
,
(
(v + 1)I, vP
)
, n > 1
Modules of the form I(n, 5)
Defect: ∂I(n, 5) = 1, for n ≥ 0.
I(0, 5) :
(
I(0, 6), R10(1)
)
I(1, 5) :
(
I(0, 3), R30(2)
)
,
(
I(0, 4), R1
∞
(1)
)
,
(
I(1, 6), R30(1)
)
I(2, 5) :
(
I(0, 1), R3
∞
(2)
)
,
(
I(1, 3), R20(2)
)
,
(
I(1, 4), R3
∞
(1)
)
,
(
I(2, 6), R20(1)
)
,
(
2I(0, 2), P (0, 5)
)
I(n, 5) :
(
I(n− 2, 1), R(−n+4) mod 3+1
∞
(2)
)
,
(
I(n− 1, 3), R
(−n+3) mod 3+1
0 (2)
)
,
(
I(n− 1, 4), R(−n+4) mod 3+1
∞
(1)
)
(
I(n, 6), R
(−n+3) mod 3+1
0 (1)
)
,
(
(v + 1)I, vP
)
, n > 2
Modules of the form I(n, 6)
Defect: ∂I(n, 6) = 1, for n ≥ 0.
I(0, 6) : −
I(1, 6) :
(
I(0, 3), R10(1)
)
,
(
I(0, 5), R1
∞
(1)
)
I(2, 6) :
(
I(0, 2), R30(2)
)
,
(
I(0, 4), R3
∞
(2)
)
,
(
I(1, 3), R30(1)
)
,
(
I(1, 5), R3
∞
(1)
)
I(3, 6) :
(
I(1, 2), R20(2)
)
,
(
I(1, 4), R2
∞
(2)
)
,
(
I(2, 3), R20(1)
)
,
(
I(2, 5), R2
∞
(1)
)
,
(
3I(0, 6), 2P (2, 1)
)
I(n, 6) :
(
I(n− 2, 2), R
(−n+4) mod 3+1
0 (2)
)
,
(
I(n− 2, 4), R(−n+4) mod 3+1
∞
(2)
)
,
(
I(n− 1, 3), R
(−n+4) mod 3+1
0 (1)
)
(
I(n− 1, 5), R(−n+4) mod 3+1
∞
(1)
)
,
(
(v + 1)I, vP
)
, n > 3
5.7.3 Schofield pairs associated to regular exceptional modules
The non-homogeneous tube T
∆(A˜3,3)
0
R10(1) : −
R10(2) :
(
R20(1), R
1
0(1)
)
,
(
I(1, 3), P (0, 1)
)
,
(
I(1, 6), P (0, 2)
)
,
(
I(0, 5), P (0, 3)
)
R20(1) :
(
I(0, 2), P (0, 1)
)
,
(
I(0, 3), P (0, 2)
)
,
(
I(0, 6), P (0, 3)
)
R20(2) :
(
R30(1), R
2
0(1)
)
,
(
I(0, 2), P (0, 4)
)
,
(
I(0, 3), P (1, 1)
)
,
(
I(0, 6), P (1, 2)
)
R30(1) : −
R30(2) :
(
R10(1), R
3
0(1)
)
The non-homogeneous tube T
∆(A˜3,3)
∞
R1
∞
(1) : −
R1
∞
(2) :
(
R2
∞
(1), R1
∞
(1)
)
,
(
I(1, 5), P (0, 1)
)
,
(
I(1, 6), P (0, 4)
)
,
(
I(0, 3), P (0, 5)
)
R2
∞
(1) :
(
I(0, 4), P (0, 1)
)
,
(
I(0, 5), P (0, 4)
)
,
(
I(0, 6), P (0, 5)
)
R2
∞
(2) :
(
R3
∞
(1), R2
∞
(1)
)
,
(
I(0, 4), P (0, 2)
)
,
(
I(0, 5), P (1, 1)
)
,
(
I(0, 6), P (1, 4)
)
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T
∆(A˜3,3)
0
0 0
0 0
0 1
R10(1)
1 1
1 1
0 0
R20(1)
0 0
0 0
1 0
R30(1)
0 0
0 0
0 1
R10(1)
1 1
1 1
0 1
R10(2)
1 1
1 1
1 0
R20(2)
0 0
0 0
1 1
R30(2)
1 1
1 1
1 1
R30(3)
1 1
1 1
1 1
R10(3)
1 1
1 1
1 1
R20(3)
1 1
1 1
1 1
R30(3)
1 1
1 1
2 1
R30(4)
1 1
1 1
1 2
R10(4)
2 2
2 2
1 1
R20(4)
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
T
∆(A˜3,3)
∞
0 1
0 0
0 0
R1
∞
(1)
0 0
1 1
1 1
R2
∞
(1)
1 0
0 0
0 0
R3
∞
(1)
0 1
0 0
0 0
R1
∞
(1)
0 1
1 1
1 1
R1
∞
(2)
1 0
1 1
1 1
R2
∞
(2)
1 1
0 0
0 0
R3
∞
(2)
1 1
1 1
1 1
R3
∞
(3)
1 1
1 1
1 1
R1
∞
(3)
1 1
1 1
1 1
R2
∞
(3)
1 1
1 1
1 1
R3
∞
(3)
2 1
1 1
1 1
R3
∞
(4)
1 2
1 1
1 1
R1
∞
(4)
1 1
2 2
2 2
R2
∞
(4)
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
R3
∞
(1) : −
R3
∞
(2) :
(
R1
∞
(1), R3
∞
(1)
)
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5.8 Schofield pairs for the quiver ∆(A˜3,4) – δ =
1 1
1 1
1 1 1
2
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5oo 6oo
C∆(A˜3,4) =


1 1 1 1 1 1 2
0 1 1 0 0 0 1
0 0 1 0 0 0 1
0 0 0 1 1 1 1
0 0 0 0 1 1 1
0 0 0 0 0 1 1
0 0 0 0 0 0 1


Φ∆(A˜3,4) =


−1 1 0 1 0 0 0
−1 0 1 1 0 0 0
−1 0 0 1 0 0 1
−1 1 0 0 1 0 0
−1 1 0 0 0 1 0
−1 1 0 0 0 0 1
−2 1 0 1 0 0 1


5.8.1 Schofield pairs associated to preprojective exceptional modules
0 0
1 0
0 0 0
P(0, 1)
1 0
1 0
0 0 0
P(0, 2)
1 1
1 0
0 0 0
P(0, 3)
0 0
1 0
1 0 0
P(0, 4)
0 0
1 0
1 1 0
P(0, 5)
0 0
1 0
1 1 1
P(0, 6)
1 1
2 1
1 1 1
P(0, 7)
1 0
1 0
1 0 0
P(1, 1)
1 1
1 0
1 0 0
P(1, 2)
1 1
2 1
2 1 1
P(1, 3)
1 0
1 0
1 1 0
P(1, 4)
1 0
1 0
1 1 1
P(1, 5)
2 1
2 1
1 1 1
P(1, 6)
2 1
2 1
2 1 1
P(1, 7)
1 1
1 0
1 1 0
P(2, 1)
1 1
2 1
2 2 1
P(2, 2)
2 1
2 1
2 2 1
P(2, 3)
1 1
1 0
1 1 1
P(2, 4)
2 2
2 1
1 1 1
P(2, 5)
2 2
2 1
2 1 1
P(2, 6)
2 2
2 1
2 2 1
P(2, 7)
1 1
2 1
2 2 2
P(3, 1)
2 1
2 1
2 2 2
P(3, 2)
2 2
2 1
2 2 2
P(3, 3)
2 2
3 2
2 2 2
P(3, 4)
2 2
3 2
3 2 2
P(3, 5)
2 2
3 2
3 3 2
P(3, 6)
2 2
3 2
3 3 3
P(3, 7)
• • •
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
Modules of the form P (n, 1)
Defect: ∂P (n, 1) = −1, for n ≥ 0.
P (0, 1) : −
P (1, 1) :
(
R30(1), P (0, 2)
)
,
(
R3
∞
(1), P (0, 4)
)
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P (2, 1) :
(
R30(2), P (0, 3)
)
,
(
R3
∞
(2), P (0, 5)
)
,
(
R40(1), P (1, 2)
)
,
(
R1
∞
(1), P (1, 4)
)
P (3, 1) :
(
R30(3), P (0, 7)
)
,
(
R40(2), P (1, 3)
)
,
(
R1
∞
(2), P (1, 5)
)
,
(
R10(1), P (2, 2)
)
,
(
R2
∞
(1), P (2, 4)
)
(
I(0, 2), 2P (0, 6)
)
P (n, 1) :
(
R
(n−1) mod 4+1
0 (3), P (n− 3, 7)
)
,
(
Rn mod 4+10 (2), P (n− 2, 3)
)
,
(
R(n−3) mod 3+1
∞
(2), P (n− 2, 5)
)
(
R
(n−3) mod 4+1
0 (1), P (n− 1, 2)
)
,
(
R(n−2) mod 3+1
∞
(1), P (n− 1, 4)
)
,
(
uI, (u+ 1)P
)
, n > 3
Modules of the form P (n, 2)
Defect: ∂P (n, 2) = −1, for n ≥ 0.
P (0, 2) :
(
R3
∞
(1), P (0, 1)
)
P (1, 2) :
(
R30(1), P (0, 3)
)
,
(
R3
∞
(2), P (0, 4)
)
,
(
R1
∞
(1), P (1, 1)
)
P (2, 2) :
(
R20(3), P (0, 6)
)
,
(
R30(2), P (0, 7)
)
,
(
R40(1), P (1, 3)
)
,
(
R1
∞
(2), P (1, 4)
)
,
(
R2
∞
(1), P (2, 1)
)
(
I(1, 3), 2P (0, 5)
)
P (n, 2) :
(
R
(n−1) mod 4+1
0 (3), P (n− 2, 6)
)
,
(
Rn mod 4+10 (2), P (n− 2, 7)
)
,
(
R
(n+1) mod 4+1
0 (1), P (n− 1, 3)
)
(
R(n−2) mod 3+1
∞
(2), P (n− 1, 4)
)
,
(
R(n−1) mod 3+1
∞
(1), P (n, 1)
)
,
(
uI, (u+ 1)P
)
, n > 2
Modules of the form P (n, 3)
Defect: ∂P (n, 3) = −1, for n ≥ 0.
P (0, 3) :
(
R3
∞
(2), P (0, 1)
)
,
(
R1
∞
(1), P (0, 2)
)
P (1, 3) :
(
R10(3), P (0, 5)
)
,
(
R20(2), P (0, 6)
)
,
(
R30(1), P (0, 7)
)
,
(
R1
∞
(2), P (1, 1)
)
,
(
R2
∞
(1), P (1, 2)
)
(
I(2, 7), 2P (0, 4)
)
P (n, 3) :
(
R
(n−1) mod 4+1
0 (3), P (n− 1, 5)
)
,
(
Rn mod 4+10 (2), P (n− 1, 6)
)
,
(
R
(n+1) mod 4+1
0 (1), P (n− 1, 7)
)
(
R(n−1) mod 3+1
∞
(2), P (n, 1)
)
,
(
Rn mod 3+1
∞
(1), P (n, 2)
)
,
(
uI, (u+ 1)P
)
, n > 1
Modules of the form P (n, 4)
Defect: ∂P (n, 4) = −1, for n ≥ 0.
P (0, 4) :
(
R30(1), P (0, 1)
)
P (1, 4) :
(
R30(2), P (0, 2)
)
,
(
R3
∞
(1), P (0, 5)
)
,
(
R40(1), P (1, 1)
)
P (2, 4) :
(
R30(3), P (0, 3)
)
,
(
R3
∞
(2), P (0, 6)
)
,
(
R40(2), P (1, 2)
)
,
(
R1
∞
(1), P (1, 5)
)
,
(
R10(1), P (2, 1)
)
P (3, 4) :
(
R40(3), P (1, 3)
)
,
(
R1
∞
(2), P (1, 6)
)
,
(
R10(2), P (2, 2)
)
,
(
R2
∞
(1), P (2, 5)
)
,
(
R20(1), P (3, 1)
)
(
2I(2, 6), 3P (0, 1)
)
P (n, 4) :
(
Rn mod 4+10 (3), P (n− 2, 3)
)
,
(
R(n−3) mod 3+1
∞
(2), P (n− 2, 6)
)
,
(
R
(n−3) mod 4+1
0 (2), P (n− 1, 2)
)
(
R(n−2) mod 3+1
∞
(1), P (n− 1, 5)
)
,
(
R
(n−2) mod 4+1
0 (1), P (n, 1)
)
,
(
uI, (u+ 1)P
)
, n > 3
Modules of the form P (n, 5)
Defect: ∂P (n, 5) = −1, for n ≥ 0.
P (0, 5) :
(
R30(2), P (0, 1)
)
,
(
R40(1), P (0, 4)
)
P (1, 5) :
(
R30(3), P (0, 2)
)
,
(
R3
∞
(1), P (0, 6)
)
,
(
R40(2), P (1, 1)
)
,
(
R10(1), P (1, 4)
)
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P (2, 5) :
(
R3
∞
(2), P (0, 7)
)
,
(
R40(3), P (1, 2)
)
,
(
R1
∞
(1), P (1, 6)
)
,
(
R10(2), P (2, 1)
)
,
(
R20(1), P (2, 4)
)
(
I(0, 4), 2P (0, 3)
)
P (n, 5) :
(
Rn mod 3+1
∞
(2), P (n− 2, 7)
)
,
(
R
(n+1) mod 4+1
0 (3), P (n− 1, 2)
)
,
(
R(n−2) mod 3+1
∞
(1), P (n− 1, 6)
)
(
R
(n−2) mod 4+1
0 (2), P (n, 1)
)
,
(
R
(n−1) mod 4+1
0 (1), P (n, 4)
)
,
(
uI, (u+ 1)P
)
, n > 2
Modules of the form P (n, 6)
Defect: ∂P (n, 6) = −1, for n ≥ 0.
P (0, 6) :
(
R30(3), P (0, 1)
)
,
(
R40(2), P (0, 4)
)
,
(
R10(1), P (0, 5)
)
P (1, 6) :
(
R2
∞
(2), P (0, 3)
)
,
(
R3
∞
(1), P (0, 7)
)
,
(
R40(3), P (1, 1)
)
,
(
R10(2), P (1, 4)
)
,
(
R20(1), P (1, 5)
)
(
I(1, 5), 2P (0, 2)
)
P (n, 6) :
(
Rn mod 3+1
∞
(2), P (n− 1, 3)
)
,
(
R(n+1) mod 3+1
∞
(1), P (n− 1, 7)
)
,
(
R
(n+2) mod 4+1
0 (3), P (n, 1)
)
(
R
(n−1) mod 4+1
0 (2), P (n, 4)
)
,
(
Rn mod 4+10 (1), P (n, 5)
)
,
(
uI, (u+ 1)P
)
, n > 1
Modules of the form P (n, 7)
Defect: ∂P (n, 7) = −1, for n ≥ 0.
P (0, 7) :
(
R1
∞
(2), P (0, 2)
)
,
(
R2
∞
(1), P (0, 3)
)
,
(
R40(3), P (0, 4)
)
,
(
R10(2), P (0, 5)
)
,
(
R20(1), P (0, 6)
)
(
I(2, 6), 2P (0, 1)
)
P (n, 7) :
(
Rn mod 3+1
∞
(2), P (n, 2)
)
,
(
R(n+1) mod 3+1
∞
(1), P (n, 3)
)
,
(
R
(n+3) mod 4+1
0 (3), P (n, 4)
)
(
Rn mod 4+10 (2), P (n, 5)
)
,
(
R
(n+1) mod 4+1
0 (1), P (n, 6)
)
,
(
uI, (u+ 1)P
)
, n > 0
5.8.2 Schofield pairs associated to preinjective exceptional modules
Modules of the form I(n, 1)
Defect: ∂I(n, 1) = 1, for n ≥ 0.
I(0, 1) :
(
I(0, 2), R2
∞
(1)
)
,
(
I(0, 3), R2
∞
(2)
)
,
(
I(0, 4), R20(1)
)
,
(
I(0, 5), R20(2)
)
,
(
I(0, 6), R20(3)
)
(
2I(0, 7), P (2, 4)
)
I(n, 1) :
(
I(n, 2), R(−n+1) mod 3+1
∞
(1)
)
,
(
I(n, 3), R(−n+1) mod 3+1
∞
(2)
)
,
(
I(n, 4), R
(−n+1) mod 4+1
0 (1)
)
(
I(n, 5), R
(−n+1) mod 4+1
0 (2)
)
,
(
I(n, 6), R
(−n+1) mod 4+1
0 (3)
)
,
(
(v + 1)I, vP
)
, n > 0
Modules of the form I(n, 2)
Defect: ∂I(n, 2) = 1, for n ≥ 0.
I(0, 2) :
(
I(0, 3), R3
∞
(1)
)
,
(
I(0, 7), R3
∞
(2)
)
I(1, 2) :
(
I(0, 1), R10(1)
)
,
(
I(0, 4), R10(2)
)
,
(
I(0, 5), R10(3)
)
,
(
I(1, 3), R2
∞
(1)
)
,
(
I(1, 7), R2
∞
(2)
)
(
2I(0, 6), P (2, 1)
)
I(n, 2) :
(
I(n− 1, 1), R
(−n+1) mod 4+1
0 (1)
)
,
(
I(n− 1, 4), R
(−n+1) mod 4+1
0 (2)
)
,
(
I(n− 1, 5), R
(−n+1) mod 4+1
0 (3)
)
(
I(n, 3), R(−n+2) mod 3+1
∞
(1)
)
,
(
I(n, 7), R(−n+2) mod 3+1
∞
(2)
)
,
(
(v + 1)I, vP
)
, n > 1
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1 1
1 2
1 1 1
I(0, 1)
1 1
0 1
0 0 0
I(0, 2)
0 1
0 1
0 0 0
I(0, 3)
0 0
0 1
1 1 1
I(0, 4)
0 0
0 1
0 1 1
I(0, 5)
0 0
0 1
0 0 1
I(0, 6)
0 0
0 1
0 0 0
I(0, 7)
1 2
1 2
1 1 2
I(1, 1)
1 1
1 2
1 1 2
I(1, 2)
1 1
0 1
0 0 1
I(1, 3)
1 2
1 2
1 1 1
I(1, 4)
0 1
0 1
1 1 1
I(1, 5)
0 1
0 1
0 1 1
I(1, 6)
0 1
0 1
0 0 1
I(1, 7)
2 2
1 2
1 2 2
I(2, 1)
1 2
1 2
1 2 2
I(2, 2)
1 1
1 2
1 2 2
I(2, 3)
2 2
1 2
1 1 2
I(2, 4)
2 2
1 2
1 1 1
I(2, 5)
1 1
0 1
1 1 1
I(2, 6)
1 1
0 1
0 1 1
I(2, 7)
2 2
2 3
3 3 3
I(3, 1)
2 2
1 2
2 2 2
I(3, 2)
1 2
1 2
2 2 2
I(3, 3)
2 2
2 3
2 3 3
I(3, 4)
2 2
2 3
2 2 3
I(3, 5)
2 2
2 3
2 2 2
I(3, 6)
1 1
1 2
2 2 2
I(3, 7)
• • •
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
Modules of the form I(n, 3)
Defect: ∂I(n, 3) = 1, for n ≥ 0.
I(0, 3) :
(
I(0, 7), R1
∞
(1)
)
I(1, 3) :
(
I(0, 2), R10(1)
)
,
(
I(0, 6), R3
∞
(2)
)
,
(
I(1, 7), R3
∞
(1)
)
I(2, 3) :
(
I(0, 1), R40(2)
)
,
(
I(0, 4), R40(3)
)
,
(
I(1, 2), R40(1)
)
,
(
I(1, 6), R2
∞
(2)
)
,
(
I(2, 7), R2
∞
(1)
)
(
2I(0, 5), P (1, 2)
)
I(n, 3) :
(
I(n− 2, 1), R
(−n+5) mod 4+1
0 (2)
)
,
(
I(n− 2, 4), R
(−n+5) mod 4+1
0 (3)
)
,
(
I(n− 1, 2), R
(−n+5) mod 4+1
0 (1)
)
(
I(n− 1, 6), R(−n+3) mod 3+1
∞
(2)
)
,
(
I(n, 7), R(−n+3) mod 3+1
∞
(1)
)
,
(
(v + 1)I, vP
)
, n > 2
Modules of the form I(n, 4)
Defect: ∂I(n, 4) = 1, for n ≥ 0.
I(0, 4) :
(
I(0, 5), R30(1)
)
,
(
I(0, 6), R30(2)
)
,
(
I(0, 7), R30(3)
)
I(1, 4) :
(
I(0, 1), R1
∞
(1)
)
,
(
I(0, 2), R1
∞
(2)
)
,
(
I(1, 5), R20(1)
)
,
(
I(1, 6), R20(2)
)
,
(
I(1, 7), R20(3)
)
(
2I(0, 3), P (1, 5)
)
I(n, 4) :
(
I(n− 1, 1), R(−n+1) mod 3+1
∞
(1)
)
,
(
I(n− 1, 2), R(−n+1) mod 3+1
∞
(2)
)
,
(
I(n, 5), R
(−n+2) mod 4+1
0 (1)
)
(
I(n, 6), R
(−n+2) mod 4+1
0 (2)
)
,
(
I(n, 7), R
(−n+2) mod 4+1
0 (3)
)
,
(
(v + 1)I, vP
)
, n > 1
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Modules of the form I(n, 5)
Defect: ∂I(n, 5) = 1, for n ≥ 0.
I(0, 5) :
(
I(0, 6), R40(1)
)
,
(
I(0, 7), R40(2)
)
I(1, 5) :
(
I(0, 3), R30(3)
)
,
(
I(0, 4), R1
∞
(1)
)
,
(
I(1, 6), R30(1)
)
,
(
I(1, 7), R30(2)
)
I(2, 5) :
(
I(0, 1), R3
∞
(2)
)
,
(
I(1, 3), R20(3)
)
,
(
I(1, 4), R3
∞
(1)
)
,
(
I(2, 6), R20(1)
)
,
(
I(2, 7), R20(2)
)
(
2I(0, 2), P (0, 6)
)
I(n, 5) :
(
I(n− 2, 1), R(−n+4) mod 3+1
∞
(2)
)
,
(
I(n− 1, 3), R
(−n+3) mod 4+1
0 (3)
)
,
(
I(n− 1, 4), R(−n+4) mod 3+1
∞
(1)
)
(
I(n, 6), R
(−n+3) mod 4+1
0 (1)
)
,
(
I(n, 7), R
(−n+3) mod 4+1
0 (2)
)
,
(
(v + 1)I, vP
)
, n > 2
Modules of the form I(n, 6)
Defect: ∂I(n, 6) = 1, for n ≥ 0.
I(0, 6) :
(
I(0, 7), R10(1)
)
I(1, 6) :
(
I(0, 3), R40(2)
)
,
(
I(0, 5), R1
∞
(1)
)
,
(
I(1, 7), R40(1)
)
I(2, 6) :
(
I(0, 2), R30(3)
)
,
(
I(0, 4), R3
∞
(2)
)
,
(
I(1, 3), R30(2)
)
,
(
I(1, 5), R3
∞
(1)
)
,
(
I(2, 7), R30(1)
)
I(3, 6) :
(
I(1, 2), R20(3)
)
,
(
I(1, 4), R2
∞
(2)
)
,
(
I(2, 3), R20(2)
)
,
(
I(2, 5), R2
∞
(1)
)
,
(
I(3, 7), R20(1)
)
(
3I(0, 7), 2P (2, 4)
)
I(n, 6) :
(
I(n− 2, 2), R
(−n+4) mod 4+1
0 (3)
)
,
(
I(n− 2, 4), R(−n+4) mod 3+1
∞
(2)
)
,
(
I(n− 1, 3), R
(−n+4) mod 4+1
0 (2)
)
(
I(n− 1, 5), R(−n+4) mod 3+1
∞
(1)
)
,
(
I(n, 7), R
(−n+4) mod 4+1
0 (1)
)
,
(
(v + 1)I, vP
)
, n > 3
Modules of the form I(n, 7)
Defect: ∂I(n, 7) = 1, for n ≥ 0.
I(0, 7) : −
I(1, 7) :
(
I(0, 3), R10(1)
)
,
(
I(0, 6), R1
∞
(1)
)
I(2, 7) :
(
I(0, 2), R40(2)
)
,
(
I(0, 5), R3
∞
(2)
)
,
(
I(1, 3), R40(1)
)
,
(
I(1, 6), R3
∞
(1)
)
I(3, 7) :
(
I(0, 1), R30(3)
)
,
(
I(1, 2), R30(2)
)
,
(
I(1, 5), R2
∞
(2)
)
,
(
I(2, 3), R30(1)
)
,
(
I(2, 6), R2
∞
(1)
)
(
2I(0, 4), P (0, 3)
)
I(n, 7) :
(
I(n− 3, 1), R
(−n+5) mod 4+1
0 (3)
)
,
(
I(n− 2, 2), R
(−n+5) mod 4+1
0 (2)
)
,
(
I(n− 2, 5), R(−n+4) mod 3+1
∞
(2)
)
(
I(n− 1, 3), R
(−n+5) mod 4+1
0 (1)
)
,
(
I(n− 1, 6), R(−n+4) mod 3+1
∞
(1)
)
,
(
(v + 1)I, vP
)
, n > 3
5.8.3 Schofield pairs associated to regular exceptional modules
The non-homogeneous tube T
∆(A˜3,4)
0
R10(1) : −
R10(2) :
(
R20(1), R
1
0(1)
)
,
(
I(1, 3), P (0, 1)
)
,
(
I(1, 7), P (0, 2)
)
,
(
I(0, 6), P (0, 3)
)
R20(1) :
(
I(0, 2), P (0, 1)
)
,
(
I(0, 3), P (0, 2)
)
,
(
I(0, 7), P (0, 3)
)
R20(2) :
(
R30(1), R
2
0(1)
)
,
(
I(0, 2), P (0, 4)
)
,
(
I(0, 3), P (1, 1)
)
,
(
I(0, 7), P (1, 2)
)
R30(1) : −
R30(2) :
(
R40(1), R
3
0(1)
)
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T
∆(A˜3,4)
0
0 0
0 0
0 0 1
R10(1)
1 1
1 1
0 0 0
R20(1)
0 0
0 0
1 0 0
R30(1)
0 0
0 0
0 1 0
R40(1)
0 0
0 0
0 0 1
R10(1)
1 1
1 1
0 0 1
R10(2)
1 1
1 1
1 0 0
R20(2)
0 0
0 0
1 1 0
R30(2)
0 0
0 0
0 1 1
R40(2)
1 1
1 1
0 1 1
R40(3)
1 1
1 1
1 0 1
R10(3)
1 1
1 1
1 1 0
R20(3)
0 0
0 0
1 1 1
R30(3)
1 1
1 1
0 1 1
R40(3)
1 1
1 1
1 1 1
R40(4)
1 1
1 1
1 1 1
R10(4)
1 1
1 1
1 1 1
R20(4)
1 1
1 1
1 1 1
R30(4)
1 1
1 1
2 1 1
R30(5)
1 1
1 1
1 2 1
R40(5)
1 1
1 1
1 1 2
R10(5)
2 2
2 2
1 1 1
R20(5)
1 1
1 1
2 1 1
R30(5)
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1 τ−1 τ−1 τ−1
R40(1) : −
R40(2) :
(
R10(1), R
4
0(1)
)
R40(3) :
(
R10(2), R
4
0(1)
)
,
(
R20(1), R
4
0(2)
)
,
(
I(2, 7), P (0, 1)
)
,
(
I(1, 6), P (0, 2)
)
,
(
I(0, 5), P (0, 3)
)
R10(3) :
(
R20(2), R
1
0(1)
)
,
(
R30(1), R
1
0(2)
)
,
(
I(1, 3), P (0, 4)
)
,
(
I(1, 7), P (1, 1)
)
,
(
I(0, 6), P (1, 2)
)
R20(3) :
(
R30(2), R
2
0(1)
)
,
(
R40(1), R
2
0(2)
)
,
(
I(0, 2), P (0, 5)
)
,
(
I(0, 3), P (1, 4)
)
,
(
I(0, 7), P (2, 1)
)
R30(3) :
(
R40(2), R
3
0(1)
)
,
(
R10(1), R
3
0(2)
)
The non-homogeneous tube T
∆(A˜3,4)
∞
T
∆(A˜3,4)
∞
0 1
0 0
0 0 0
R1
∞
(1)
0 0
1 1
1 1 1
R2
∞
(1)
1 0
0 0
0 0 0
R3
∞
(1)
0 1
0 0
0 0 0
R1
∞
(1)
0 1
1 1
1 1 1
R1
∞
(2)
1 0
1 1
1 1 1
R2
∞
(2)
1 1
0 0
0 0 0
R3
∞
(2)
1 1
1 1
1 1 1
R3
∞
(3)
1 1
1 1
1 1 1
R1
∞
(3)
1 1
1 1
1 1 1
R2
∞
(3)
1 1
1 1
1 1 1
R3
∞
(3)
2 1
1 1
1 1 1
R3
∞
(4)
1 2
1 1
1 1 1
R1
∞
(4)
1 1
2 2
2 2 2
R2
∞
(4)
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
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R1
∞
(1) : −
R1
∞
(2) :
(
R2
∞
(1), R1
∞
(1)
)
,
(
I(1, 5), P (0, 1)
)
,
(
I(1, 6), P (0, 4)
)
,
(
I(1, 7), P (0, 5)
)
,
(
I(0, 3), P (0, 6)
)
R2
∞
(1) :
(
I(0, 4), P (0, 1)
)
,
(
I(0, 5), P (0, 4)
)
,
(
I(0, 6), P (0, 5)
)
,
(
I(0, 7), P (0, 6)
)
R2
∞
(2) :
(
R3
∞
(1), R2
∞
(1)
)
,
(
I(0, 4), P (0, 2)
)
,
(
I(0, 5), P (1, 1)
)
,
(
I(0, 6), P (1, 4)
)
,
(
I(0, 7), P (1, 5)
)
R3
∞
(1) : −
R3
∞
(2) :
(
R1
∞
(1), R3
∞
(1)
)
44
5.9 Schofield pairs for the quiver ∆(A˜3,5) – δ =
1 1
1 1
1 1 1 1
2
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C∆(A˜3,5) =


1 1 1 1 1 1 1 2
0 1 1 0 0 0 0 1
0 0 1 0 0 0 0 1
0 0 0 1 1 1 1 1
0 0 0 0 1 1 1 1
0 0 0 0 0 1 1 1
0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 1


Φ∆(A˜3,5) =


−1 1 0 1 0 0 0 0
−1 0 1 1 0 0 0 0
−1 0 0 1 0 0 0 1
−1 1 0 0 1 0 0 0
−1 1 0 0 0 1 0 0
−1 1 0 0 0 0 1 0
−1 1 0 0 0 0 0 1
−2 1 0 1 0 0 0 1


5.9.1 Schofield pairs associated to preprojective exceptional modules
0 0
1 0
0 0 0 0
P (0, 1)
1 0
1 0
0 0 0 0
P (0, 2)
1 1
1 0
0 0 0 0
P (0, 3)
0 0
1 0
1 0 0 0
P (0, 4)
0 0
1 0
1 1 0 0
P (0, 5)
0 0
1 0
1 1 1 0
P (0, 6)
0 0
1 0
1 1 1 1
P (0, 7)
1 1
2 1
1 1 1 1
P (0, 8)
1 0
1 0
1 0 0 0
P (1, 1)
1 1
1 0
1 0 0 0
P (1, 2)
1 1
2 1
2 1 1 1
P (1, 3)
1 0
1 0
1 1 0 0
P (1, 4)
1 0
1 0
1 1 1 0
P (1, 5)
1 0
1 0
1 1 1 1
P (1, 6)
2 1
2 1
1 1 1 1
P (1, 7)
2 1
2 1
2 1 1 1
P (1, 8)
1 1
1 0
1 1 0 0
P (2, 1)
1 1
2 1
2 2 1 1
P (2, 2)
2 1
2 1
2 2 1 1
P (2, 3)
1 1
1 0
1 1 1 0
P (2, 4)
1 1
1 0
1 1 1 1
P (2, 5)
2 2
2 1
1 1 1 1
P (2, 6)
2 2
2 1
2 1 1 1
P (2, 7)
2 2
2 1
2 2 1 1
P (2, 8)
1 1
2 1
2 2 2 1
P (3, 1)
2 1
2 1
2 2 2 1
P (3, 2)
2 2
2 1
2 2 2 1
P (3, 3)
1 1
2 1
2 2 2 2
P (3, 4)
2 2
3 2
2 2 2 2
P (3, 5)
2 2
3 2
3 2 2 2
P (3, 6)
2 2
3 2
3 3 2 2
P (3, 7)
2 2
3 2
3 3 3 2
P (3, 8)
• • •
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
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Modules of the form P (n, 1)
Defect: ∂P (n, 1) = −1, for n ≥ 0.
P (0, 1) : −
P (1, 1) :
(
R30(1), P (0, 2)
)
,
(
R3
∞
(1), P (0, 4)
)
P (2, 1) :
(
R30(2), P (0, 3)
)
,
(
R3
∞
(2), P (0, 5)
)
,
(
R40(1), P (1, 2)
)
,
(
R1
∞
(1), P (1, 4)
)
P (3, 1) :
(
R20(4), P (0, 7)
)
,
(
R30(3), P (0, 8)
)
,
(
R40(2), P (1, 3)
)
,
(
R1
∞
(2), P (1, 5)
)
,
(
R50(1), P (2, 2)
)
(
R2
∞
(1), P (2, 4)
)
,
(
I(1, 3), 2P (0, 6)
)
P (n, 1) :
(
R
(n−2) mod 5+1
0 (4), P (n− 3, 7)
)
,
(
R
(n−1) mod 5+1
0 (3), P (n− 3, 8)
)
,
(
Rn mod 5+10 (2), P (n− 2, 3)
)
(
R(n−3) mod 3+1
∞
(2), P (n− 2, 5)
)
,
(
R
(n+1) mod 5+1
0 (1), P (n− 1, 2)
)
,
(
R(n−2) mod 3+1
∞
(1), P (n− 1, 4)
)
(
uI, (u+ 1)P
)
, n > 3
Modules of the form P (n, 2)
Defect: ∂P (n, 2) = −1, for n ≥ 0.
P (0, 2) :
(
R3
∞
(1), P (0, 1)
)
P (1, 2) :
(
R30(1), P (0, 3)
)
,
(
R3
∞
(2), P (0, 4)
)
,
(
R1
∞
(1), P (1, 1)
)
P (2, 2) :
(
R10(4), P (0, 6)
)
,
(
R20(3), P (0, 7)
)
,
(
R30(2), P (0, 8)
)
,
(
R40(1), P (1, 3)
)
,
(
R1
∞
(2), P (1, 4)
)
(
R2
∞
(1), P (2, 1)
)
,
(
I(2, 8), 2P (0, 5)
)
P (n, 2) :
(
R
(n−2) mod 5+1
0 (4), P (n− 2, 6)
)
,
(
R
(n−1) mod 5+1
0 (3), P (n− 2, 7)
)
,
(
Rn mod 5+10 (2), P (n− 2, 8)
)
(
R
(n+1) mod 5+1
0 (1), P (n− 1, 3)
)
,
(
R(n−2) mod 3+1
∞
(2), P (n− 1, 4)
)
,
(
R(n−1) mod 3+1
∞
(1), P (n, 1)
)
(
uI, (u+ 1)P
)
, n > 2
Modules of the form P (n, 3)
Defect: ∂P (n, 3) = −1, for n ≥ 0.
P (0, 3) :
(
R3
∞
(2), P (0, 1)
)
,
(
R1
∞
(1), P (0, 2)
)
P (1, 3) :
(
R50(4), P (0, 5)
)
,
(
R10(3), P (0, 6)
)
,
(
R20(2), P (0, 7)
)
,
(
R30(1), P (0, 8)
)
,
(
R1
∞
(2), P (1, 1)
)
(
R2
∞
(1), P (1, 2)
)
,
(
I(2, 7), 2P (0, 4)
)
P (n, 3) :
(
R
(n+3) mod 5+1
0 (4), P (n− 1, 5)
)
,
(
R
(n−1) mod 5+1
0 (3), P (n− 1, 6)
)
,
(
Rn mod 5+10 (2), P (n− 1, 7)
)
(
R
(n+1) mod 5+1
0 (1), P (n− 1, 8)
)
,
(
R(n−1) mod 3+1
∞
(2), P (n, 1)
)
,
(
Rn mod 3+1
∞
(1), P (n, 2)
)
(
uI, (u+ 1)P
)
, n > 1
Modules of the form P (n, 4)
Defect: ∂P (n, 4) = −1, for n ≥ 0.
P (0, 4) :
(
R30(1), P (0, 1)
)
P (1, 4) :
(
R30(2), P (0, 2)
)
,
(
R3
∞
(1), P (0, 5)
)
,
(
R40(1), P (1, 1)
)
P (2, 4) :
(
R30(3), P (0, 3)
)
,
(
R3
∞
(2), P (0, 6)
)
,
(
R40(2), P (1, 2)
)
,
(
R1
∞
(1), P (1, 5)
)
,
(
R50(1), P (2, 1)
)
P (3, 4) :
(
R30(4), P (0, 8)
)
,
(
R40(3), P (1, 3)
)
,
(
R1
∞
(2), P (1, 6)
)
,
(
R50(2), P (2, 2)
)
,
(
R2
∞
(1), P (2, 5)
)
(
R10(1), P (3, 1)
)
,
(
I(0, 2), 2P (0, 7)
)
P (n, 4) :
(
R
(n−1) mod 5+1
0 (4), P (n− 3, 8)
)
,
(
Rn mod 5+10 (3), P (n− 2, 3)
)
,
(
R(n−3) mod 3+1
∞
(2), P (n− 2, 6)
)
(
R
(n+1) mod 5+1
0 (2), P (n− 1, 2)
)
,
(
R(n−2) mod 3+1
∞
(1), P (n− 1, 5)
)
,
(
R
(n−3) mod 5+1
0 (1), P (n, 1)
)
(
uI, (u+ 1)P
)
, n > 3
Modules of the form P (n, 5)
Defect: ∂P (n, 5) = −1, for n ≥ 0.
P (0, 5) :
(
R30(2), P (0, 1)
)
,
(
R40(1), P (0, 4)
)
P (1, 5) :
(
R30(3), P (0, 2)
)
,
(
R3
∞
(1), P (0, 6)
)
,
(
R40(2), P (1, 1)
)
,
(
R50(1), P (1, 4)
)
P (2, 5) :
(
R30(4), P (0, 3)
)
,
(
R3
∞
(2), P (0, 7)
)
,
(
R40(3), P (1, 2)
)
,
(
R1
∞
(1), P (1, 6)
)
,
(
R50(2), P (2, 1)
)
(
R10(1), P (2, 4)
)
P (3, 5) :
(
R40(4), P (1, 3)
)
,
(
R1
∞
(2), P (1, 7)
)
,
(
R50(3), P (2, 2)
)
,
(
R2
∞
(1), P (2, 6)
)
,
(
R10(2), P (3, 1)
)
(
R20(1), P (3, 4)
)
,
(
2I(2, 6), 3P (0, 1)
)
P (n, 5) :
(
Rn mod 5+10 (4), P (n− 2, 3)
)
,
(
R(n−3) mod 3+1
∞
(2), P (n− 2, 7)
)
,
(
R
(n+1) mod 5+1
0 (3), P (n− 1, 2)
)
(
R(n−2) mod 3+1
∞
(1), P (n− 1, 6)
)
,
(
R
(n−3) mod 5+1
0 (2), P (n, 1)
)
,
(
R
(n−2) mod 5+1
0 (1), P (n, 4)
)
(
uI, (u+ 1)P
)
, n > 3
Modules of the form P (n, 6)
Defect: ∂P (n, 6) = −1, for n ≥ 0.
P (0, 6) :
(
R30(3), P (0, 1)
)
,
(
R40(2), P (0, 4)
)
,
(
R50(1), P (0, 5)
)
P (1, 6) :
(
R30(4), P (0, 2)
)
,
(
R3
∞
(1), P (0, 7)
)
,
(
R40(3), P (1, 1)
)
,
(
R50(2), P (1, 4)
)
,
(
R10(1), P (1, 5)
)
P (2, 6) :
(
R3
∞
(2), P (0, 8)
)
,
(
R40(4), P (1, 2)
)
,
(
R1
∞
(1), P (1, 7)
)
,
(
R50(3), P (2, 1)
)
,
(
R10(2), P (2, 4)
)
(
R20(1), P (2, 5)
)
,
(
I(0, 4), 2P (0, 3)
)
P (n, 6) :
(
Rn mod 3+1
∞
(2), P (n− 2, 8)
)
,
(
R
(n+1) mod 5+1
0 (4), P (n− 1, 2)
)
,
(
R(n−2) mod 3+1
∞
(1), P (n− 1, 7)
)
(
R
(n+2) mod 5+1
0 (3), P (n, 1)
)
,
(
R
(n−2) mod 5+1
0 (2), P (n, 4)
)
,
(
R
(n−1) mod 5+1
0 (1), P (n, 5)
)
(
uI, (u+ 1)P
)
, n > 2
Modules of the form P (n, 7)
Defect: ∂P (n, 7) = −1, for n ≥ 0.
P (0, 7) :
(
R30(4), P (0, 1)
)
,
(
R40(3), P (0, 4)
)
,
(
R50(2), P (0, 5)
)
,
(
R10(1), P (0, 6)
)
P (1, 7) :
(
R2
∞
(2), P (0, 3)
)
,
(
R3
∞
(1), P (0, 8)
)
,
(
R40(4), P (1, 1)
)
,
(
R50(3), P (1, 4)
)
,
(
R10(2), P (1, 5)
)
(
R20(1), P (1, 6)
)
,
(
I(1, 5), 2P (0, 2)
)
P (n, 7) :
(
Rn mod 3+1
∞
(2), P (n− 1, 3)
)
,
(
R(n+1) mod 3+1
∞
(1), P (n− 1, 8)
)
,
(
R
(n+2) mod 5+1
0 (4), P (n, 1)
)
(
R
(n+3) mod 5+1
0 (3), P (n, 4)
)
,
(
R
(n−1) mod 5+1
0 (2), P (n, 5)
)
,
(
Rn mod 5+10 (1), P (n, 6)
)
(
uI, (u+ 1)P
)
, n > 1
Modules of the form P (n, 8)
Defect: ∂P (n, 8) = −1, for n ≥ 0.
P (0, 8) :
(
R1
∞
(2), P (0, 2)
)
,
(
R2
∞
(1), P (0, 3)
)
,
(
R40(4), P (0, 4)
)
,
(
R50(3), P (0, 5)
)
,
(
R10(2), P (0, 6)
)
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(
R20(1), P (0, 7)
)
,
(
I(2, 6), 2P (0, 1)
)
P (n, 8) :
(
Rn mod 3+1
∞
(2), P (n, 2)
)
,
(
R(n+1) mod 3+1
∞
(1), P (n, 3)
)
,
(
R
(n+3) mod 5+1
0 (4), P (n, 4)
)
(
R
(n+4) mod 5+1
0 (3), P (n, 5)
)
,
(
Rn mod 5+10 (2), P (n, 6)
)
,
(
R
(n+1) mod 5+1
0 (1), P (n, 7)
)
(
uI, (u+ 1)P
)
, n > 0
5.9.2 Schofield pairs associated to preinjective exceptional modules
1 1
1 2
1 1 1 1
I(0, 1)
1 1
0 1
0 0 0 0
I(0, 2)
0 1
0 1
0 0 0 0
I(0, 3)
0 0
0 1
1 1 1 1
I(0, 4)
0 0
0 1
0 1 1 1
I(0, 5)
0 0
0 1
0 0 1 1
I(0, 6)
0 0
0 1
0 0 0 1
I(0, 7)
0 0
0 1
0 0 0 0
I(0, 8)
1 2
1 2
1 1 1 2
I(1, 1)
1 1
1 2
1 1 1 2
I(1, 2)
1 1
0 1
0 0 0 1
I(1, 3)
1 2
1 2
1 1 1 1
I(1, 4)
0 1
0 1
1 1 1 1
I(1, 5)
0 1
0 1
0 1 1 1
I(1, 6)
0 1
0 1
0 0 1 1
I(1, 7)
0 1
0 1
0 0 0 1
I(1, 8)
2 2
1 2
1 1 2 2
I(2, 1)
1 2
1 2
1 1 2 2
I(2, 2)
1 1
1 2
1 1 2 2
I(2, 3)
2 2
1 2
1 1 1 2
I(2, 4)
2 2
1 2
1 1 1 1
I(2, 5)
1 1
0 1
1 1 1 1
I(2, 6)
1 1
0 1
0 1 1 1
I(2, 7)
1 1
0 1
0 0 1 1
I(2, 8)
2 2
2 3
2 3 3 3
I(3, 1)
2 2
1 2
1 2 2 2
I(3, 2)
1 2
1 2
1 2 2 2
I(3, 3)
2 2
2 3
2 2 3 3
I(3, 4)
2 2
2 3
2 2 2 3
I(3, 5)
2 2
2 3
2 2 2 2
I(3, 6)
1 1
1 2
2 2 2 2
I(3, 7)
1 1
1 2
1 2 2 2
I(3, 8)
• • •
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
Modules of the form I(n, 1)
Defect: ∂I(n, 1) = 1, for n ≥ 0.
I(0, 1) :
(
I(0, 2), R2
∞
(1)
)
,
(
I(0, 3), R2
∞
(2)
)
,
(
I(0, 4), R20(1)
)
,
(
I(0, 5), R20(2)
)
,
(
I(0, 6), R20(3)
)
(
I(0, 7), R20(4)
)
,
(
2I(0, 8), P (2, 5)
)
I(n, 1) :
(
I(n, 2), R(−n+1) mod 3+1
∞
(1)
)
,
(
I(n, 3), R(−n+1) mod 3+1
∞
(2)
)
,
(
I(n, 4), R
(−n+1) mod 5+1
0 (1)
)
(
I(n, 5), R
(−n+1) mod 5+1
0 (2)
)
,
(
I(n, 6), R
(−n+1) mod 5+1
0 (3)
)
,
(
I(n, 7), R
(−n+1) mod 5+1
0 (4)
)
(
(v + 1)I, vP
)
, n > 0
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Modules of the form I(n, 2)
Defect: ∂I(n, 2) = 1, for n ≥ 0.
I(0, 2) :
(
I(0, 3), R3
∞
(1)
)
,
(
I(0, 8), R3
∞
(2)
)
I(1, 2) :
(
I(0, 1), R10(1)
)
,
(
I(0, 4), R10(2)
)
,
(
I(0, 5), R10(3)
)
,
(
I(0, 6), R10(4)
)
,
(
I(1, 3), R2
∞
(1)
)
(
I(1, 8), R2
∞
(2)
)
,
(
2I(0, 7), P (2, 4)
)
I(n, 2) :
(
I(n− 1, 1), R
(−n+1) mod 5+1
0 (1)
)
,
(
I(n− 1, 4), R
(−n+1) mod 5+1
0 (2)
)
,
(
I(n− 1, 5), R
(−n+1) mod 5+1
0 (3)
)
(
I(n− 1, 6), R
(−n+1) mod 5+1
0 (4)
)
,
(
I(n, 3), R(−n+2) mod 3+1
∞
(1)
)
,
(
I(n, 8), R(−n+2) mod 3+1
∞
(2)
)
(
(v + 1)I, vP
)
, n > 1
Modules of the form I(n, 3)
Defect: ∂I(n, 3) = 1, for n ≥ 0.
I(0, 3) :
(
I(0, 8), R1
∞
(1)
)
I(1, 3) :
(
I(0, 2), R10(1)
)
,
(
I(0, 7), R3
∞
(2)
)
,
(
I(1, 8), R3
∞
(1)
)
I(2, 3) :
(
I(0, 1), R50(2)
)
,
(
I(0, 4), R50(3)
)
,
(
I(0, 5), R50(4)
)
,
(
I(1, 2), R50(1)
)
,
(
I(1, 7), R2
∞
(2)
)
(
I(2, 8), R2
∞
(1)
)
,
(
2I(0, 6), P (2, 1)
)
I(n, 3) :
(
I(n− 2, 1), R
(−n+6) mod 5+1
0 (2)
)
,
(
I(n− 2, 4), R
(−n+6) mod 5+1
0 (3)
)
,
(
I(n− 2, 5), R
(−n+6) mod 5+1
0 (4)
)
(
I(n− 1, 2), R
(−n+6) mod 5+1
0 (1)
)
,
(
I(n− 1, 7), R(−n+3) mod 3+1
∞
(2)
)
,
(
I(n, 8), R(−n+3) mod 3+1
∞
(1)
)
(
(v + 1)I, vP
)
, n > 2
Modules of the form I(n, 4)
Defect: ∂I(n, 4) = 1, for n ≥ 0.
I(0, 4) :
(
I(0, 5), R30(1)
)
,
(
I(0, 6), R30(2)
)
,
(
I(0, 7), R30(3)
)
,
(
I(0, 8), R30(4)
)
I(1, 4) :
(
I(0, 1), R1
∞
(1)
)
,
(
I(0, 2), R1
∞
(2)
)
,
(
I(1, 5), R20(1)
)
,
(
I(1, 6), R20(2)
)
,
(
I(1, 7), R20(3)
)
(
I(1, 8), R20(4)
)
,
(
2I(0, 3), P (1, 6)
)
I(n, 4) :
(
I(n− 1, 1), R(−n+1) mod 3+1
∞
(1)
)
,
(
I(n− 1, 2), R(−n+1) mod 3+1
∞
(2)
)
,
(
I(n, 5), R
(−n+2) mod 5+1
0 (1)
)
(
I(n, 6), R
(−n+2) mod 5+1
0 (2)
)
,
(
I(n, 7), R
(−n+2) mod 5+1
0 (3)
)
,
(
I(n, 8), R
(−n+2) mod 5+1
0 (4)
)
(
(v + 1)I, vP
)
, n > 1
Modules of the form I(n, 5)
Defect: ∂I(n, 5) = 1, for n ≥ 0.
I(0, 5) :
(
I(0, 6), R40(1)
)
,
(
I(0, 7), R40(2)
)
,
(
I(0, 8), R40(3)
)
I(1, 5) :
(
I(0, 3), R30(4)
)
,
(
I(0, 4), R1
∞
(1)
)
,
(
I(1, 6), R30(1)
)
,
(
I(1, 7), R30(2)
)
,
(
I(1, 8), R30(3)
)
I(2, 5) :
(
I(0, 1), R3
∞
(2)
)
,
(
I(1, 3), R20(4)
)
,
(
I(1, 4), R3
∞
(1)
)
,
(
I(2, 6), R20(1)
)
,
(
I(2, 7), R20(2)
)
(
I(2, 8), R20(3)
)
,
(
2I(0, 2), P (0, 7)
)
I(n, 5) :
(
I(n− 2, 1), R(−n+4) mod 3+1
∞
(2)
)
,
(
I(n− 1, 3), R
(−n+3) mod 5+1
0 (4)
)
,
(
I(n− 1, 4), R(−n+4) mod 3+1
∞
(1)
)
(
I(n, 6), R
(−n+3) mod 5+1
0 (1)
)
,
(
I(n, 7), R
(−n+3) mod 5+1
0 (2)
)
,
(
I(n, 8), R
(−n+3) mod 5+1
0 (3)
)
(
(v + 1)I, vP
)
, n > 2
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Modules of the form I(n, 6)
Defect: ∂I(n, 6) = 1, for n ≥ 0.
I(0, 6) :
(
I(0, 7), R50(1)
)
,
(
I(0, 8), R50(2)
)
I(1, 6) :
(
I(0, 3), R40(3)
)
,
(
I(0, 5), R1
∞
(1)
)
,
(
I(1, 7), R40(1)
)
,
(
I(1, 8), R40(2)
)
I(2, 6) :
(
I(0, 2), R30(4)
)
,
(
I(0, 4), R3
∞
(2)
)
,
(
I(1, 3), R30(3)
)
,
(
I(1, 5), R3
∞
(1)
)
,
(
I(2, 7), R30(1)
)
(
I(2, 8), R30(2)
)
I(3, 6) :
(
I(1, 2), R20(4)
)
,
(
I(1, 4), R2
∞
(2)
)
,
(
I(2, 3), R20(3)
)
,
(
I(2, 5), R2
∞
(1)
)
,
(
I(3, 7), R20(1)
)
(
I(3, 8), R20(2)
)
,
(
3I(0, 8), 2P (2, 5)
)
I(n, 6) :
(
I(n− 2, 2), R
(−n+4) mod 5+1
0 (4)
)
,
(
I(n− 2, 4), R(−n+4) mod 3+1
∞
(2)
)
,
(
I(n− 1, 3), R
(−n+4) mod 5+1
0 (3)
)
(
I(n− 1, 5), R(−n+4) mod 3+1
∞
(1)
)
,
(
I(n, 7), R
(−n+4) mod 5+1
0 (1)
)
,
(
I(n, 8), R
(−n+4) mod 5+1
0 (2)
)
(
(v + 1)I, vP
)
, n > 3
Modules of the form I(n, 7)
Defect: ∂I(n, 7) = 1, for n ≥ 0.
I(0, 7) :
(
I(0, 8), R10(1)
)
I(1, 7) :
(
I(0, 3), R50(2)
)
,
(
I(0, 6), R1
∞
(1)
)
,
(
I(1, 8), R50(1)
)
I(2, 7) :
(
I(0, 2), R40(3)
)
,
(
I(0, 5), R3
∞
(2)
)
,
(
I(1, 3), R40(2)
)
,
(
I(1, 6), R3
∞
(1)
)
,
(
I(2, 8), R40(1)
)
I(3, 7) :
(
I(0, 1), R30(4)
)
,
(
I(1, 2), R30(3)
)
,
(
I(1, 5), R2
∞
(2)
)
,
(
I(2, 3), R30(2)
)
,
(
I(2, 6), R2
∞
(1)
)
(
I(3, 8), R30(1)
)
,
(
2I(0, 4), P (0, 3)
)
I(n, 7) :
(
I(n− 3, 1), R
(−n+5) mod 5+1
0 (4)
)
,
(
I(n− 2, 2), R
(−n+5) mod 5+1
0 (3)
)
,
(
I(n− 2, 5), R(−n+4) mod 3+1
∞
(2)
)
(
I(n− 1, 3), R
(−n+5) mod 5+1
0 (2)
)
,
(
I(n− 1, 6), R(−n+4) mod 3+1
∞
(1)
)
,
(
I(n, 8), R
(−n+5) mod 5+1
0 (1)
)
(
(v + 1)I, vP
)
, n > 3
Modules of the form I(n, 8)
Defect: ∂I(n, 8) = 1, for n ≥ 0.
I(0, 8) : −
I(1, 8) :
(
I(0, 3), R10(1)
)
,
(
I(0, 7), R1
∞
(1)
)
I(2, 8) :
(
I(0, 2), R50(2)
)
,
(
I(0, 6), R3
∞
(2)
)
,
(
I(1, 3), R50(1)
)
,
(
I(1, 7), R3
∞
(1)
)
I(3, 8) :
(
I(0, 1), R40(3)
)
,
(
I(0, 4), R40(4)
)
,
(
I(1, 2), R40(2)
)
,
(
I(1, 6), R2
∞
(2)
)
,
(
I(2, 3), R40(1)
)
(
I(2, 7), R2
∞
(1)
)
,
(
2I(0, 5), P (1, 2)
)
I(n, 8) :
(
I(n− 3, 1), R
(−n+6) mod 5+1
0 (3)
)
,
(
I(n− 3, 4), R
(−n+6) mod 5+1
0 (4)
)
,
(
I(n− 2, 2), R
(−n+6) mod 5+1
0 (2)
)
(
I(n− 2, 6), R(−n+4) mod 3+1
∞
(2)
)
,
(
I(n− 1, 3), R
(−n+6) mod 5+1
0 (1)
)
,
(
I(n− 1, 7), R(−n+4) mod 3+1
∞
(1)
)
(
(v + 1)I, vP
)
, n > 3
5.9.3 Schofield pairs associated to regular exceptional modules
The non-homogeneous tube T
∆(A˜3,5)
0
R10(1) : −
50
T
∆(A˜3,5)
0
0 0
0 0
0 0 0 1
R10(1)
1 1
1 1
0 0 0 0
R20(1)
0 0
0 0
1 0 0 0
R30(1)
0 0
0 0
0 1 0 0
R40(1)
0 0
0 0
0 0 1 0
R50(1)
0 0
0 0
0 0 0 1
R10(1)
1 1
1 1
0 0 0 1
R10(2)
1 1
1 1
1 0 0 0
R20(2)
0 0
0 0
1 1 0 0
R30(2)
0 0
0 0
0 1 1 0
R40(2)
0 0
0 0
0 0 1 1
R50(2)
1 1
1 1
0 0 1 1
R50(3)
1 1
1 1
1 0 0 1
R10(3)
1 1
1 1
1 1 0 0
R20(3)
0 0
0 0
1 1 1 0
R30(3)
0 0
0 0
0 1 1 1
R40(3)
1 1
1 1
0 0 1 1
R50(3)
1 1
1 1
1 0 1 1
R50(4)
1 1
1 1
1 1 0 1
R10(4)
1 1
1 1
1 1 1 0
R20(4)
0 0
0 0
1 1 1 1
R30(4)
1 1
1 1
0 1 1 1
R40(4)
1 1
1 1
1 1 1 1
R40(5)
1 1
1 1
1 1 1 1
R50(5)
1 1
1 1
1 1 1 1
R10(5)
1 1
1 1
1 1 1 1
R20(5)
1 1
1 1
1 1 1 1
R30(5)
1 1
1 1
1 1 1 1
R40(5)
1 1
1 1
1 2 1 1
R40(6)
1 1
1 1
1 1 2 1
R50(6)
1 1
1 1
1 1 1 2
R10(6)
2 2
2 2
1 1 1 1
R20(6)
1 1
1 1
2 1 1 1
R30(6)
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
R10(2) :
(
R20(1), R
1
0(1)
)
,
(
I(1, 3), P (0, 1)
)
,
(
I(1, 8), P (0, 2)
)
,
(
I(0, 7), P (0, 3)
)
R20(1) :
(
I(0, 2), P (0, 1)
)
,
(
I(0, 3), P (0, 2)
)
,
(
I(0, 8), P (0, 3)
)
R20(2) :
(
R30(1), R
2
0(1)
)
,
(
I(0, 2), P (0, 4)
)
,
(
I(0, 3), P (1, 1)
)
,
(
I(0, 8), P (1, 2)
)
R30(1) : −
R30(2) :
(
R40(1), R
3
0(1)
)
R40(1) : −
R40(2) :
(
R50(1), R
4
0(1)
)
R50(1) : −
R50(2) :
(
R10(1), R
5
0(1)
)
R50(3) :
(
R10(2), R
5
0(1)
)
,
(
R20(1), R
5
0(2)
)
,
(
I(2, 8), P (0, 1)
)
,
(
I(1, 7), P (0, 2)
)
,
(
I(0, 6), P (0, 3)
)
R50(4) :
(
R10(3), R
5
0(1)
)
,
(
R20(2), R
5
0(2)
)
,
(
R30(1), R
5
0(3)
)
,
(
I(2, 8), P (0, 4)
)
,
(
I(1, 7), P (1, 1)
)
(
I(0, 6), P (1, 2)
)
R10(3) :
(
R20(2), R
1
0(1)
)
,
(
R30(1), R
1
0(2)
)
,
(
I(1, 3), P (0, 4)
)
,
(
I(1, 8), P (1, 1)
)
,
(
I(0, 7), P (1, 2)
)
R10(4) :
(
R20(3), R
1
0(1)
)
,
(
R30(2), R
1
0(2)
)
,
(
R40(1), R
1
0(3)
)
,
(
I(1, 3), P (0, 5)
)
,
(
I(1, 8), P (1, 4)
)
(
I(0, 7), P (2, 1)
)
R20(3) :
(
R30(2), R
2
0(1)
)
,
(
R40(1), R
2
0(2)
)
,
(
I(0, 2), P (0, 5)
)
,
(
I(0, 3), P (1, 4)
)
,
(
I(0, 8), P (2, 1)
)
R20(4) :
(
R30(3), R
2
0(1)
)
,
(
R40(2), R
2
0(2)
)
,
(
R50(1), R
2
0(3)
)
,
(
I(0, 2), P (0, 6)
)
,
(
I(0, 3), P (1, 5)
)
(
I(0, 8), P (2, 4)
)
R30(3) :
(
R40(2), R
3
0(1)
)
,
(
R50(1), R
3
0(2)
)
R30(4) :
(
R40(3), R
3
0(1)
)
,
(
R50(2), R
3
0(2)
)
,
(
R10(1), R
3
0(3)
)
R40(3) :
(
R50(2), R
4
0(1)
)
,
(
R10(1), R
4
0(2)
)
R40(4) :
(
R50(3), R
4
0(1)
)
,
(
R10(2), R
4
0(2)
)
,
(
R20(1), R
4
0(3)
)
,
(
I(2, 7), P (0, 1)
)
,
(
I(1, 6), P (0, 2)
)
(
I(0, 5), P (0, 3)
)
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The non-homogeneous tube T
∆(A˜3,5)
∞
T
∆(A˜3,5)
∞
0 1
0 0
0 0 0 0
R1
∞
(1)
0 0
1 1
1 1 1 1
R2
∞
(1)
1 0
0 0
0 0 0 0
R3
∞
(1)
0 1
0 0
0 0 0 0
R1
∞
(1)
0 1
1 1
1 1 1 1
R1
∞
(2)
1 0
1 1
1 1 1 1
R2
∞
(2)
1 1
0 0
0 0 0 0
R3
∞
(2)
1 1
1 1
1 1 1 1
R3
∞
(3)
1 1
1 1
1 1 1 1
R1
∞
(3)
1 1
1 1
1 1 1 1
R2
∞
(3)
1 1
1 1
1 1 1 1
R3
∞
(3)
2 1
1 1
1 1 1 1
R3
∞
(4)
1 2
1 1
1 1 1 1
R1
∞
(4)
1 1
2 2
2 2 2 2
R2
∞
(4)
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
R1
∞
(1) : −
R1
∞
(2) :
(
R2
∞
(1), R1
∞
(1)
)
,
(
I(1, 5), P (0, 1)
)
,
(
I(1, 6), P (0, 4)
)
,
(
I(1, 7), P (0, 5)
)
,
(
I(1, 8), P (0, 6)
)
(
I(0, 3), P (0, 7)
)
R2
∞
(1) :
(
I(0, 4), P (0, 1)
)
,
(
I(0, 5), P (0, 4)
)
,
(
I(0, 6), P (0, 5)
)
,
(
I(0, 7), P (0, 6)
)
,
(
I(0, 8), P (0, 7)
)
R2
∞
(2) :
(
R3
∞
(1), R2
∞
(1)
)
,
(
I(0, 4), P (0, 2)
)
,
(
I(0, 5), P (1, 1)
)
,
(
I(0, 6), P (1, 4)
)
,
(
I(0, 7), P (1, 5)
)
(
I(0, 8), P (1, 6)
)
R3
∞
(1) : −
R3
∞
(2) :
(
R1
∞
(1), R3
∞
(1)
)
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5.10 Schofield pairs for the quiver ∆(D˜4) – δ =
1 1
2
1 1
2 3
    
  
  
  
5
    
  
  
  
^^❃❃❃❃❃❃❃❃
1 4
^^❃❃❃❃❃❃❃❃
C∆(D˜4) =


1 0 1 1 1
0 1 1 1 1
0 0 1 0 0
0 0 0 1 0
0 0 1 1 1


Φ∆(D˜4) =


−1 0 0 0 1
0 −1 0 0 1
−1 −1 0 1 1
−1 −1 1 0 1
−1 −1 1 1 1


5.10.1 Schofield pairs associated to preprojective exceptional modules
0 0
0
1 0
P(0, 1)
1 0
0
0 0
P(0, 2)
1 1
1
1 0
P(0, 3)
1 0
1
1 1
P(0, 4)
1 0
1
1 0
P(0, 5)
1 0
1
0 0
P(1, 1)
0 0
1
1 0
P(1, 2)
1 0
2
1 1
P(1, 3)
1 1
2
1 0
P(1, 4)
2 1
3
2 1
P(1, 5)
1 1
2
2 1
P(2, 1)
2 1
2
1 1
P(2, 2)
2 2
3
2 1
P(2, 3)
2 1
3
2 2
P(2, 4)
3 2
5
3 2
P(2, 5)
2 1
3
1 1
P(3, 1)
1 1
3
2 1
P(3, 2)
2 1
4
2 2
P(3, 3)
2 2
4
2 1
P(3, 4)
4 3
7
4 3
P(3, 5)
• • •
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
Modules of the form P (n, 1)
Defect: ∂P (n, 1) = −1, for n ≥ 0.
P (0, 1) : −
P (1, 1) :
(
R11(1), P (0, 2)
)
P (2, 1) :
(
R20(1), P (0, 3)
)
,
(
R2
∞
(1), P (0, 4)
)
,
(
R21(1), P (1, 2)
)
,
(
I(1, 1), 2P (0, 1)
)
P (n, 1) :
(
R
(n−1) mod 2+1
0 (1), P (n− 2, 3)
)
,
(
R(n−1) mod 2+1
∞
(1), P (n− 2, 4)
)
,
(
R
(n−1) mod 2+1
1 (1), P (n− 1, 2)
)
(
uI, (u+ 1)P
)
, n > 2
Modules of the form P (n, 2)
Defect: ∂P (n, 2) = −1, for n ≥ 0.
P (0, 2) : −
P (1, 2) :
(
R11(1), P (0, 1)
)
P (2, 2) :
(
R1
∞
(1), P (0, 3)
)
,
(
R10(1), P (0, 4)
)
,
(
R21(1), P (1, 1)
)
,
(
I(1, 2), 2P (0, 2)
)
P (n, 2) :
(
R(n−2) mod 2+1
∞
(1), P (n− 2, 3)
)
,
(
R
(n−2) mod 2+1
0 (1), P (n− 2, 4)
)
,
(
R
(n−1) mod 2+1
1 (1), P (n− 1, 1)
)
(
uI, (u+ 1)P
)
, n > 2
Modules of the form P (n, 3)
Defect: ∂P (n, 3) = −1, for n ≥ 0.
P (0, 3) :
(
R10(1), P (0, 1)
)
,
(
R2
∞
(1), P (0, 2)
)
,
(
I(0, 3), P (0, 5)
)
P (1, 3) :
(
R11(1), P (0, 4)
)
,
(
R20(1), P (1, 1)
)
,
(
R1
∞
(1), P (1, 2)
)
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P (2, 3) :
(
R21(1), P (1, 4)
)
,
(
R10(1), P (2, 1)
)
,
(
R2
∞
(1), P (2, 2)
)
,
(
I(1, 3), 2P (0, 3)
)
P (n, 3) :
(
R
(n−1) mod 2+1
1 (1), P (n− 1, 4)
)
,
(
R
(n−2) mod 2+1
0 (1), P (n, 1)
)
,
(
R(n−1) mod 2+1
∞
(1), P (n, 2)
)
(
uI, (u+ 1)P
)
, n > 2
Modules of the form P (n, 4)
Defect: ∂P (n, 4) = −1, for n ≥ 0.
P (0, 4) :
(
R1
∞
(1), P (0, 1)
)
,
(
R20(1), P (0, 2)
)
,
(
I(0, 4), P (0, 5)
)
P (1, 4) :
(
R11(1), P (0, 3)
)
,
(
R2
∞
(1), P (1, 1)
)
,
(
R10(1), P (1, 2)
)
P (2, 4) :
(
R21(1), P (1, 3)
)
,
(
R1
∞
(1), P (2, 1)
)
,
(
R20(1), P (2, 2)
)
,
(
I(1, 4), 2P (0, 4)
)
P (n, 4) :
(
R
(n−1) mod 2+1
1 (1), P (n− 1, 3)
)
,
(
R(n−2) mod 2+1
∞
(1), P (n, 1)
)
,
(
R
(n−1) mod 2+1
0 (1), P (n, 2)
)
(
uI, (u+ 1)P
)
, n > 2
Modules of the form P (n, 5)
Defect: ∂P (n, 5) = −2, for n ≥ 0.
P (0, 5) :
(
P (1, 1), P (0, 1)
)
,
(
P (1, 2), P (0, 2)
)
P (1, 5) :
(
P (1, 3), P (0, 3)
)
,
(
P (1, 4), P (0, 4)
)
,
(
P (2, 1), P (1, 1)
)
,
(
P (2, 2), P (1, 2)
)
P (n, 5) :
(
P (n, 3), P (n− 1, 3)
)
,
(
P (n, 4), P (n− 1, 4)
)
,
(
P (n+ 1, 1), P (n, 1)
)
(
P (n+ 1, 2), P (n, 2)
)
, n > 1
5.10.2 Schofield pairs associated to preinjective exceptional modules
0 1
1
1 1
I(0, 1)
1 1
1
0 1
I(0, 2)
0 1
0
0 0
I(0, 3)
0 0
0
0 1
I(0, 4)
0 1
1
0 1
I(0, 5)
1 1
2
0 1
I(1, 1)
0 1
2
1 1
I(1, 2)
0 0
1
0 1
I(1, 3)
0 1
1
0 0
I(1, 4)
1 2
3
1 2
I(1, 5)
1 2
3
2 2
I(2, 1)
2 2
3
1 2
I(2, 2)
1 2
2
1 1
I(2, 3)
1 1
2
1 2
I(2, 4)
2 3
5
2 3
I(2, 5)
2 2
4
1 2
I(3, 1)
1 2
4
2 2
I(3, 2)
1 1
3
1 2
I(3, 3)
1 2
3
1 1
I(3, 4)
3 4
7
3 4
I(3, 5)
• • •
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
Modules of the form I(n, 1)
Defect: ∂I(n, 1) = 1, for n ≥ 0.
I(0, 1) :
(
I(0, 3), R20(1)
)
,
(
I(0, 4), R2
∞
(1)
)
,
(
I(0, 5), P (0, 1)
)
I(1, 1) :
(
I(0, 2), R11(1)
)
,
(
I(1, 3), R10(1)
)
,
(
I(1, 4), R1
∞
(1)
)
I(2, 1) :
(
I(1, 2), R21(1)
)
,
(
I(2, 3), R20(1)
)
,
(
I(2, 4), R2
∞
(1)
)
,
(
2I(0, 1), P (1, 1)
)
I(n, 1) :
(
I(n− 1, 2), R
(−n+3) mod 2+1
1 (1)
)
,
(
I(n, 3), R
(−n+3) mod 2+1
0 (1)
)
,
(
I(n, 4), R(−n+3) mod 2+1
∞
(1)
)
(
(v + 1)I, vP
)
, n > 2
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Modules of the form I(n, 2)
Defect: ∂I(n, 2) = 1, for n ≥ 0.
I(0, 2) :
(
I(0, 3), R1
∞
(1)
)
,
(
I(0, 4), R10(1)
)
,
(
I(0, 5), P (0, 2)
)
I(1, 2) :
(
I(0, 1), R11(1)
)
,
(
I(1, 3), R2
∞
(1)
)
,
(
I(1, 4), R20(1)
)
I(2, 2) :
(
I(1, 1), R21(1)
)
,
(
I(2, 3), R1
∞
(1)
)
,
(
I(2, 4), R10(1)
)
,
(
2I(0, 2), P (1, 2)
)
I(n, 2) :
(
I(n− 1, 1), R
(−n+3) mod 2+1
1 (1)
)
,
(
I(n, 3), R(−n+2) mod 2+1
∞
(1)
)
,
(
I(n, 4), R
(−n+2) mod 2+1
0 (1)
)
(
(v + 1)I, vP
)
, n > 2
Modules of the form I(n, 3)
Defect: ∂I(n, 3) = 1, for n ≥ 0.
I(0, 3) : −
I(1, 3) :
(
I(0, 4), R11(1)
)
I(2, 3) :
(
I(0, 1), R10(1)
)
,
(
I(0, 2), R2
∞
(1)
)
,
(
I(1, 4), R21(1)
)
,
(
2I(0, 3), P (1, 3)
)
I(n, 3) :
(
I(n− 2, 1), R
(−n+2) mod 2+1
0 (1)
)
,
(
I(n− 2, 2), R(−n+3) mod 2+1
∞
(1)
)
,
(
I(n− 1, 4), R
(−n+3) mod 2+1
1 (1)
)
(
(v + 1)I, vP
)
, n > 2
Modules of the form I(n, 4)
Defect: ∂I(n, 4) = 1, for n ≥ 0.
I(0, 4) : −
I(1, 4) :
(
I(0, 3), R11(1)
)
I(2, 4) :
(
I(0, 1), R1
∞
(1)
)
,
(
I(0, 2), R20(1)
)
,
(
I(1, 3), R21(1)
)
,
(
2I(0, 4), P (1, 4)
)
I(n, 4) :
(
I(n− 2, 1), R(−n+2) mod 2+1
∞
(1)
)
,
(
I(n− 2, 2), R
(−n+3) mod 2+1
0 (1)
)
,
(
I(n− 1, 3), R
(−n+3) mod 2+1
1 (1)
)
(
(v + 1)I, vP
)
, n > 2
Modules of the form I(n, 5)
Defect: ∂I(n, 5) = 2, for n ≥ 0.
I(0, 5) :
(
I(0, 3), I(1, 3)
)
,
(
I(0, 4), I(1, 4)
)
I(1, 5) :
(
I(0, 1), I(1, 1)
)
,
(
I(0, 2), I(1, 2)
)
,
(
I(1, 3), I(2, 3)
)
,
(
I(1, 4), I(2, 4)
)
I(n, 5) :
(
I(n− 1, 1), I(n, 1)
)
,
(
I(n− 1, 2), I(n, 2)
)
,
(
I(n, 3), I(n+ 1, 3)
)
(
I(n, 4), I(n+ 1, 4)
)
, n > 1
5.10.3 Schofield pairs associated to regular exceptional modules
The non-homogeneous tube T
∆(D˜4)
1
R11(1) : −
R21(1) :
(
I(0, 2), P (0, 1)
)
,
(
I(0, 1), P (0, 2)
)
,
(
I(0, 4), P (0, 3)
)
,
(
I(0, 3), P (0, 4)
)
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T
∆(D˜4)
1
0 0
1
0 0
R11(1)
1 1
1
1 1
R21(1)
0 0
1
0 0
R11(1)
1 1
2
1 1
R11(2)
1 1
2
1 1
R21(2)
2 2
3
2 2
R21(3)
1 1
3
1 1
R11(3)
2 2
3
2 2
R21(3)
τ−1
τ−1
τ−1
τ−1
τ−1 τ−1
The non-homogeneous tube T
∆(D˜4)
∞
T
∆(D˜4)
∞
1 0
1
0 1
R1
∞
(1)
0 1
1
1 0
R2
∞
(1)
1 0
1
0 1
R1
∞
(1)
1 1
2
1 1
R1
∞
(2)
1 1
2
1 1
R2
∞
(2)
1 2
3
2 1
R2
∞
(3)
2 1
3
1 2
R1
∞
(3)
1 2
3
2 1
R2
∞
(3)
τ−1
τ−1
τ−1
τ−1
τ−1 τ−1
R1
∞
(1) :
(
I(1, 3), P (0, 2)
)
,
(
I(0, 4), P (1, 1)
)
R2
∞
(1) :
(
I(1, 4), P (0, 1)
)
,
(
I(0, 3), P (1, 2)
)
The non-homogeneous tube T
∆(D˜4)
0
T
∆(D˜4)
0
1 1
1
0 0
R10(1)
0 0
1
1 1
R20(1)
1 1
1
0 0
R10(1)
1 1
2
1 1
R10(2)
1 1
2
1 1
R20(2)
1 1
3
2 2
R20(3)
2 2
3
1 1
R10(3)
1 1
3
2 2
R20(3)
τ−1
τ−1
τ−1
τ−1
τ−1 τ−1
R10(1) :
(
I(1, 4), P (0, 2)
)
,
(
I(0, 3), P (1, 1)
)
R20(1) :
(
I(1, 3), P (0, 1)
)
,
(
I(0, 4), P (1, 2)
)
56
5.11 Schofield pairs for the quiver ∆(D˜5) – δ =
1 1
2 2
1 1
2 3
    
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6oo
1 4
^^❃❃❃❃❃❃❃❃
C∆(D˜5) =


1 0 1 1 1 1
0 1 1 1 1 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 1 1 1 1
0 0 1 1 0 1


Φ∆(D˜5) =


−1 0 0 0 1 0
0 −1 0 0 1 0
−1 −1 0 1 1 0
−1 −1 1 0 1 0
−1 −1 0 0 1 1
−1 −1 1 1 1 0


5.11.1 Schofield pairs associated to preprojective exceptional modules
0 0
0 0
1 0
P (0, 1)
1 0
0 0
0 0
P (0, 2)
1 1
1 1
1 0
P (0, 3)
1 0
1 1
1 1
P (0, 4)
1 0
1 0
1 0
P (0, 5)
1 0
1 1
1 0
P (0, 6)
1 0
1 0
0 0
P (1, 1)
0 0
1 0
1 0
P (1, 2)
1 0
2 1
1 1
P (1, 3)
1 1
2 1
1 0
P (1, 4)
1 0
2 1
1 0
P (1, 5)
2 1
3 2
2 1
P (1, 6)
0 0
1 1
1 0
P (2, 1)
1 0
1 1
0 0
P (2, 2)
1 1
2 2
1 0
P (2, 3)
1 0
2 2
1 1
P (2, 4)
2 1
3 3
2 1
P (2, 5)
2 1
4 3
2 1
P (2, 6)
2 1
2 2
1 1
P (3, 1)
1 1
2 2
2 1
P (3, 2)
2 1
3 3
2 2
P (3, 3)
2 2
3 3
2 1
P (3, 4)
3 2
5 4
3 2
P (3, 5)
3 2
5 5
3 2
P (3, 6)
• • •
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
Modules of the form P (n, 1)
Defect: ∂P (n, 1) = −1, for n ≥ 0.
P (0, 1) : −
P (1, 1) :
(
R31(1), P (0, 2)
)
P (2, 1) :
(
R31(2), P (0, 1)
)
,
(
R11(1), P (1, 2)
)
P (3, 1) :
(
R1
∞
(1), P (0, 3)
)
,
(
R10(1), P (0, 4)
)
,
(
R11(2), P (1, 1)
)
,
(
R21(1), P (2, 2)
)
,
(
I(2, 1), 2P (0, 2)
)
P (n, 1) :
(
R(n−3) mod 2+1
∞
(1), P (n− 3, 3)
)
,
(
R
(n−3) mod 2+1
0 (1), P (n− 3, 4)
)
,
(
R
(n−3) mod 3+1
1 (2), P (n− 2, 1)
)
(
R
(n−2) mod 3+1
1 (1), P (n− 1, 2)
)
,
(
uI, (u+ 1)P
)
, n > 3
Modules of the form P (n, 2)
Defect: ∂P (n, 2) = −1, for n ≥ 0.
P (0, 2) : −
P (1, 2) :
(
R31(1), P (0, 1)
)
P (2, 2) :
(
R31(2), P (0, 2)
)
,
(
R11(1), P (1, 1)
)
P (3, 2) :
(
R20(1), P (0, 3)
)
,
(
R2
∞
(1), P (0, 4)
)
,
(
R11(2), P (1, 2)
)
,
(
R21(1), P (2, 1)
)
,
(
I(2, 2), 2P (0, 1)
)
P (n, 2) :
(
R
(n−2) mod 2+1
0 (1), P (n− 3, 3)
)
,
(
R(n−2) mod 2+1
∞
(1), P (n− 3, 4)
)
,
(
R
(n−3) mod 3+1
1 (2), P (n− 2, 2)
)
(
R
(n−2) mod 3+1
1 (1), P (n− 1, 1)
)
,
(
uI, (u+ 1)P
)
, n > 3
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Modules of the form P (n, 3)
Defect: ∂P (n, 3) = −1, for n ≥ 0.
P (0, 3) :
(
R10(1), P (0, 1)
)
,
(
R2
∞
(1), P (0, 2)
)
,
(
I(1, 4), P (0, 5)
)
,
(
I(0, 3), P (0, 6)
)
P (1, 3) :
(
R31(1), P (0, 4)
)
,
(
R20(1), P (1, 1)
)
,
(
R1
∞
(1), P (1, 2)
)
,
(
I(0, 4), P (1, 5)
)
P (2, 3) :
(
R31(2), P (0, 3)
)
,
(
R11(1), P (1, 4)
)
,
(
R10(1), P (2, 1)
)
,
(
R2
∞
(1), P (2, 2)
)
P (3, 3) :
(
R11(2), P (1, 3)
)
,
(
R21(1), P (2, 4)
)
,
(
R20(1), P (3, 1)
)
,
(
R1
∞
(1), P (3, 2)
)
,
(
I(2, 3), 2P (0, 4)
)
P (n, 3) :
(
R
(n−3) mod 3+1
1 (2), P (n− 2, 3)
)
,
(
R
(n−2) mod 3+1
1 (1), P (n− 1, 4)
)
,
(
R
(n−2) mod 2+1
0 (1), P (n, 1)
)
(
R(n−3) mod 2+1
∞
(1), P (n, 2)
)
,
(
uI, (u+ 1)P
)
, n > 3
Modules of the form P (n, 4)
Defect: ∂P (n, 4) = −1, for n ≥ 0.
P (0, 4) :
(
R1
∞
(1), P (0, 1)
)
,
(
R20(1), P (0, 2)
)
,
(
I(1, 3), P (0, 5)
)
,
(
I(0, 4), P (0, 6)
)
P (1, 4) :
(
R31(1), P (0, 3)
)
,
(
R2
∞
(1), P (1, 1)
)
,
(
R10(1), P (1, 2)
)
,
(
I(0, 3), P (1, 5)
)
P (2, 4) :
(
R31(2), P (0, 4)
)
,
(
R11(1), P (1, 3)
)
,
(
R1
∞
(1), P (2, 1)
)
,
(
R20(1), P (2, 2)
)
P (3, 4) :
(
R11(2), P (1, 4)
)
,
(
R21(1), P (2, 3)
)
,
(
R2
∞
(1), P (3, 1)
)
,
(
R10(1), P (3, 2)
)
,
(
I(2, 4), 2P (0, 3)
)
P (n, 4) :
(
R
(n−3) mod 3+1
1 (2), P (n− 2, 4)
)
,
(
R
(n−2) mod 3+1
1 (1), P (n− 1, 3)
)
,
(
R(n−2) mod 2+1
∞
(1), P (n, 1)
)
(
R
(n−3) mod 2+1
0 (1), P (n, 2)
)
,
(
uI, (u+ 1)P
)
, n > 3
Modules of the form P (n, 5)
Defect: ∂P (n, 5) = −2, for n ≥ 0.
P (0, 5) :
(
P (1, 1), P (0, 1)
)
,
(
P (1, 2), P (0, 2)
)
P (1, 5) :
(
R31(1), P (0, 6)
)
,
(
P (2, 1), P (1, 1)
)
,
(
P (2, 2), P (1, 2)
)
P (2, 5) :
(
P (2, 4), P (0, 3)
)
,
(
P (2, 3), P (0, 4)
)
,
(
R11(1), P (1, 6)
)
,
(
P (3, 1), P (2, 1)
)
,
(
P (3, 2), P (2, 2)
)
P (n, 5) :
(
P (n, 4), P (n− 2, 3)
)
,
(
P (n, 3), P (n− 2, 4)
)
,
(
R
(n−2) mod 3+1
1 (1), P (n− 1, 6)
)
(
P (n+ 1, 1), P (n, 1)
)
,
(
P (n+ 1, 2), P (n, 2)
)
, n > 2
Modules of the form P (n, 6)
Defect: ∂P (n, 6) = −2, for n ≥ 0.
P (0, 6) :
(
P (2, 2), P (0, 1)
)
,
(
P (2, 1), P (0, 2)
)
,
(
R11(1), P (0, 5)
)
P (1, 6) :
(
P (1, 3), P (0, 3)
)
,
(
P (1, 4), P (0, 4)
)
,
(
P (3, 2), P (1, 1)
)
,
(
P (3, 1), P (1, 2)
)
,
(
R21(1), P (1, 5)
)
P (n, 6) :
(
P (n, 3), P (n− 1, 3)
)
,
(
P (n, 4), P (n− 1, 4)
)
,
(
P (n+ 2, 2), P (n, 1)
)
(
P (n+ 2, 1), P (n, 2)
)
,
(
Rn mod 3+11 (1), P (n, 5)
)
, n > 1
5.11.2 Schofield pairs associated to preinjective exceptional modules
Modules of the form I(n, 1)
Defect: ∂I(n, 1) = 1, for n ≥ 0.
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0 1
1 1
1 1
I(0, 1)
1 1
1 1
0 1
I(0, 2)
0 1
0 0
0 0
I(0, 3)
0 0
0 0
0 1
I(0, 4)
0 1
1 1
0 1
I(0, 5)
0 1
0 1
0 1
I(0, 6)
1 1
1 2
0 1
I(1, 1)
0 1
1 2
1 1
I(1, 2)
0 0
0 1
0 1
I(1, 3)
0 1
0 1
0 0
I(1, 4)
1 2
2 3
1 2
I(1, 5)
0 1
1 2
0 1
I(1, 6)
0 1
2 2
1 1
I(2, 1)
1 1
2 2
0 1
I(2, 2)
0 1
1 1
0 0
I(2, 3)
0 0
1 1
0 1
I(2, 4)
1 2
3 4
1 2
I(2, 5)
1 2
3 3
1 2
I(2, 6)
2 2
3 3
1 2
I(3, 1)
1 2
3 3
2 2
I(3, 2)
1 1
2 2
1 2
I(3, 3)
1 2
2 2
1 1
I(3, 4)
2 3
5 5
2 3
I(3, 5)
2 3
4 5
2 3
I(3, 6)
• • •
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
I(0, 1) :
(
I(0, 3), R20(1)
)
,
(
I(0, 4), R2
∞
(1)
)
,
(
I(0, 5), P (0, 1)
)
,
(
I(0, 6), P (1, 2)
)
I(1, 1) :
(
I(0, 2), R11(1)
)
,
(
I(1, 3), R10(1)
)
,
(
I(1, 4), R1
∞
(1)
)
,
(
I(1, 6), P (0, 2)
)
I(2, 1) :
(
I(0, 1), R31(2)
)
,
(
I(1, 2), R31(1)
)
,
(
I(2, 3), R20(1)
)
,
(
I(2, 4), R2
∞
(1)
)
I(3, 1) :
(
I(1, 1), R21(2)
)
,
(
I(2, 2), R21(1)
)
,
(
I(3, 3), R10(1)
)
,
(
I(3, 4), R1
∞
(1)
)
,
(
2I(0, 2), P (2, 1)
)
I(n, 1) :
(
I(n− 2, 1), R
(−n+4) mod 3+1
1 (2)
)
,
(
I(n− 1, 2), R
(−n+4) mod 3+1
1 (1)
)
,
(
I(n, 3), R
(−n+3) mod 2+1
0 (1)
)
(
I(n, 4), R(−n+3) mod 2+1
∞
(1)
)
,
(
(v + 1)I, vP
)
, n > 3
Modules of the form I(n, 2)
Defect: ∂I(n, 2) = 1, for n ≥ 0.
I(0, 2) :
(
I(0, 3), R1
∞
(1)
)
,
(
I(0, 4), R10(1)
)
,
(
I(0, 5), P (0, 2)
)
,
(
I(0, 6), P (1, 1)
)
I(1, 2) :
(
I(0, 1), R11(1)
)
,
(
I(1, 3), R2
∞
(1)
)
,
(
I(1, 4), R20(1)
)
,
(
I(1, 6), P (0, 1)
)
I(2, 2) :
(
I(0, 2), R31(2)
)
,
(
I(1, 1), R31(1)
)
,
(
I(2, 3), R1
∞
(1)
)
,
(
I(2, 4), R10(1)
)
I(3, 2) :
(
I(1, 2), R21(2)
)
,
(
I(2, 1), R21(1)
)
,
(
I(3, 3), R2
∞
(1)
)
,
(
I(3, 4), R20(1)
)
,
(
2I(0, 1), P (2, 2)
)
I(n, 2) :
(
I(n− 2, 2), R
(−n+4) mod 3+1
1 (2)
)
,
(
I(n− 1, 1), R
(−n+4) mod 3+1
1 (1)
)
,
(
I(n, 3), R(−n+4) mod 2+1
∞
(1)
)
(
I(n, 4), R
(−n+4) mod 2+1
0 (1)
)
,
(
(v + 1)I, vP
)
, n > 3
Modules of the form I(n, 3)
Defect: ∂I(n, 3) = 1, for n ≥ 0.
I(0, 3) : −
I(1, 3) :
(
I(0, 4), R11(1)
)
I(2, 3) :
(
I(0, 3), R31(2)
)
,
(
I(1, 4), R31(1)
)
I(3, 3) :
(
I(0, 1), R1
∞
(1)
)
,
(
I(0, 2), R20(1)
)
,
(
I(1, 3), R21(2)
)
,
(
I(2, 4), R21(1)
)
,
(
2I(0, 4), P (2, 3)
)
I(n, 3) :
(
I(n− 3, 1), R(−n+3) mod 2+1
∞
(1)
)
,
(
I(n− 3, 2), R
(−n+4) mod 2+1
0 (1)
)
,
(
I(n− 2, 3), R
(−n+4) mod 3+1
1 (2)
)
(
I(n− 1, 4), R
(−n+4) mod 3+1
1 (1)
)
,
(
(v + 1)I, vP
)
, n > 3
Modules of the form I(n, 4)
Defect: ∂I(n, 4) = 1, for n ≥ 0.
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I(0, 4) : −
I(1, 4) :
(
I(0, 3), R11(1)
)
I(2, 4) :
(
I(0, 4), R31(2)
)
,
(
I(1, 3), R31(1)
)
I(3, 4) :
(
I(0, 1), R10(1)
)
,
(
I(0, 2), R2
∞
(1)
)
,
(
I(1, 4), R21(2)
)
,
(
I(2, 3), R21(1)
)
,
(
2I(0, 3), P (2, 4)
)
I(n, 4) :
(
I(n− 3, 1), R
(−n+3) mod 2+1
0 (1)
)
,
(
I(n− 3, 2), R(−n+4) mod 2+1
∞
(1)
)
,
(
I(n− 2, 4), R
(−n+4) mod 3+1
1 (2)
)
(
I(n− 1, 3), R
(−n+4) mod 3+1
1 (1)
)
,
(
(v + 1)I, vP
)
, n > 3
Modules of the form I(n, 5)
Defect: ∂I(n, 5) = 2, for n ≥ 0.
I(0, 5) :
(
I(0, 3), I(2, 4)
)
,
(
I(0, 4), I(2, 3)
)
,
(
I(0, 6), R31(1)
)
I(1, 5) :
(
I(0, 1), I(1, 1)
)
,
(
I(0, 2), I(1, 2)
)
,
(
I(1, 3), I(3, 4)
)
,
(
I(1, 4), I(3, 3)
)
,
(
I(1, 6), R21(1)
)
I(n, 5) :
(
I(n− 1, 1), I(n, 1)
)
,
(
I(n− 1, 2), I(n, 2)
)
,
(
I(n, 3), I(n+ 2, 4)
)
(
I(n, 4), I(n+ 2, 3)
)
,
(
I(n, 6), R
(−n+2) mod 3+1
1 (1)
)
, n > 1
Modules of the form I(n, 6)
Defect: ∂I(n, 6) = 2, for n ≥ 0.
I(0, 6) :
(
I(0, 3), I(1, 3)
)
,
(
I(0, 4), I(1, 4)
)
I(1, 6) :
(
I(0, 5), R11(1)
)
,
(
I(1, 3), I(2, 3)
)
,
(
I(1, 4), I(2, 4)
)
I(2, 6) :
(
I(0, 1), I(2, 2)
)
,
(
I(0, 2), I(2, 1)
)
,
(
I(1, 5), R31(1)
)
,
(
I(2, 3), I(3, 3)
)
,
(
I(2, 4), I(3, 4)
)
I(n, 6) :
(
I(n− 2, 1), I(n, 2)
)
,
(
I(n− 2, 2), I(n, 1)
)
,
(
I(n− 1, 5), R
(−n+4) mod 3+1
1 (1)
)
(
I(n, 3), I(n+ 1, 3)
)
,
(
I(n, 4), I(n+ 1, 4)
)
, n > 2
5.11.3 Schofield pairs associated to regular exceptional modules
The non-homogeneous tube T
∆(D˜5)
1
T
∆(D˜5)
1
0 0
0 1
0 0
R11(1)
1 1
1 1
1 1
R21(1)
0 0
1 0
0 0
R31(1)
0 0
0 1
0 0
R11(1)
1 1
1 2
1 1
R11(2)
1 1
2 1
1 1
R21(2)
0 0
1 1
0 0
R31(2)
1 1
2 2
1 1
R31(3)
1 1
2 2
1 1
R11(3)
1 1
2 2
1 1
R21(3)
1 1
2 2
1 1
R31(3)
1 1
3 2
1 1
R31(4)
1 1
2 3
1 1
R11(4)
2 2
3 3
2 2
R21(4)
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
R11(1) : −
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R11(2) :
(
R21(1), R
1
1(1)
)
,
(
I(1, 1), P (0, 1)
)
,
(
I(1, 2), P (0, 2)
)
,
(
I(1, 3), P (0, 3)
)
,
(
I(1, 4), P (0, 4)
)
R21(1) :
(
I(0, 2), P (0, 1)
)
,
(
I(0, 1), P (0, 2)
)
,
(
I(0, 4), P (0, 3)
)
,
(
I(0, 3), P (0, 4)
)
,
(
I(0, 6), P (0, 5)
)
R21(2) :
(
R31(1), R
2
1(1)
)
,
(
I(0, 1), P (1, 1)
)
,
(
I(0, 2), P (1, 2)
)
,
(
I(0, 3), P (1, 3)
)
,
(
I(0, 4), P (1, 4)
)
R31(1) : −
R31(2) :
(
R11(1), R
3
1(1)
)
The non-homogeneous tube T
∆(D˜5)
∞
T
∆(D˜5)
∞
1 0
1 1
0 1
R1
∞
(1)
0 1
1 1
1 0
R2
∞
(1)
1 0
1 1
0 1
R1
∞
(1)
1 1
2 2
1 1
R1
∞
(2)
1 1
2 2
1 1
R2
∞
(2)
1 2
3 3
2 1
R2
∞
(3)
2 1
3 3
1 2
R1
∞
(3)
1 2
3 3
2 1
R2
∞
(3)
τ−1
τ−1
τ−1
τ−1
τ−1 τ−1
R1
∞
(1) :
(
I(2, 4), P (0, 2)
)
,
(
I(1, 3), P (1, 1)
)
,
(
I(0, 4), P (2, 2)
)
R2
∞
(1) :
(
I(2, 3), P (0, 1)
)
,
(
I(1, 4), P (1, 2)
)
,
(
I(0, 3), P (2, 1)
)
The non-homogeneous tube T
∆(D˜5)
0
T
∆(D˜5)
0
1 1
1 1
0 0
R10(1)
0 0
1 1
1 1
R20(1)
1 1
1 1
0 0
R10(1)
1 1
2 2
1 1
R10(2)
1 1
2 2
1 1
R20(2)
1 1
3 3
2 2
R20(3)
2 2
3 3
1 1
R10(3)
1 1
3 3
2 2
R20(3)
τ−1
τ−1
τ−1
τ−1
τ−1 τ−1
R10(1) :
(
I(2, 3), P (0, 2)
)
,
(
I(1, 4), P (1, 1)
)
,
(
I(0, 3), P (2, 2)
)
R20(1) :
(
I(2, 4), P (0, 1)
)
,
(
I(1, 3), P (1, 2)
)
,
(
I(0, 4), P (2, 1)
)
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5.12 Schofield pairs for the quiver ∆(D˜6) – δ =
1 1
2 2 2
1 1
2 3
    
  
  
  
5
    
  
  
  
^^❃❃❃❃❃❃❃❃
6oo 7oo
1 4
^^❃❃❃❃❃❃❃❃
C∆(D˜6) =


1 0 1 1 1 1 1
0 1 1 1 1 1 1
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 1 1 1 1 1
0 0 1 1 0 1 1
0 0 1 1 0 0 1


Φ∆(D˜6) =


−1 0 0 0 1 0 0
0 −1 0 0 1 0 0
−1 −1 0 1 1 0 0
−1 −1 1 0 1 0 0
−1 −1 0 0 1 1 0
−1 −1 0 0 1 0 1
−1 −1 1 1 1 0 0


5.12.1 Schofield pairs associated to preprojective exceptional modules
0 0
0 0 0
1 0
P (0, 1)
1 0
0 0 0
0 0
P (0, 2)
1 1
1 1 1
1 0
P (0, 3)
1 0
1 1 1
1 1
P (0, 4)
1 0
1 0 0
1 0
P (0, 5)
1 0
1 1 0
1 0
P (0, 6)
1 0
1 1 1
1 0
P (0, 7)
1 0
1 0 0
0 0
P (1, 1)
0 0
1 0 0
1 0
P (1, 2)
1 0
2 1 1
1 1
P (1, 3)
1 1
2 1 1
1 0
P (1, 4)
1 0
2 1 0
1 0
P (1, 5)
1 0
2 1 1
1 0
P (1, 6)
2 1
3 2 2
2 1
P (1, 7)
0 0
1 1 0
1 0
P (2, 1)
1 0
1 1 0
0 0
P (2, 2)
1 1
2 2 1
1 0
P (2, 3)
1 0
2 2 1
1 1
P (2, 4)
1 0
2 2 1
1 0
P (2, 5)
2 1
3 3 2
2 1
P (2, 6)
2 1
4 3 2
2 1
P (2, 7)
1 0
1 1 1
0 0
P (3, 1)
0 0
1 1 1
1 0
P (3, 2)
1 0
2 2 2
1 1
P (3, 3)
1 1
2 2 2
1 0
P (3, 4)
2 1
3 3 3
2 1
P (3, 5)
2 1
4 3 3
2 1
P (3, 6)
2 1
4 4 3
2 1
P (3, 7)
• • •
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
• • •
1 1
2 2 2
2 1
P (4, 1)
2 1
2 2 2
1 1
P (4, 2)
2 2
3 3 3
2 1
P (4, 3)
2 1
3 3 3
2 2
P (4, 4)
3 2
5 4 4
3 2
P (4, 5)
3 2
5 5 4
3 2
P (4, 6)
3 2
5 5 5
3 2
P (4, 7)
2 1
3 2 2
1 1
P (5, 1)
1 1
3 2 2
2 1
P (5, 2)
2 1
4 3 3
2 2
P (5, 3)
2 2
4 3 3
2 1
P (5, 4)
3 2
6 5 4
3 2
P (5, 5)
3 2
6 5 5
3 2
P (5, 6)
4 3
7 6 6
4 3
P (5, 7)
1 1
3 3 2
2 1
P (6, 1)
2 1
3 3 2
1 1
P (6, 2)
2 2
4 4 3
2 1
P (6, 3)
2 1
4 4 3
2 2
P (6, 4)
3 2
6 6 5
3 2
P (6, 5)
4 3
7 7 6
4 3
P (6, 6)
4 3
8 7 6
4 3
P (6, 7)
2 1
3 3 3
1 1
P (7, 1)
1 1
3 3 3
2 1
P (7, 2)
2 1
4 4 4
2 2
P (7, 3)
2 2
4 4 4
2 1
P (7, 4)
4 3
7 7 7
4 3
P (7, 5)
4 3
8 7 7
4 3
P (7, 6)
4 3
8 8 7
4 3
P (7, 7)
• • •
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
Modules of the form P (n, 1)
Defect: ∂P (n, 1) = −1, for n ≥ 0.
P (0, 1) : −
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P (1, 1) :
(
R31(1), P (0, 2)
)
P (2, 1) :
(
R31(2), P (0, 1)
)
,
(
R41(1), P (1, 2)
)
P (3, 1) :
(
R31(3), P (0, 2)
)
,
(
R41(2), P (1, 1)
)
,
(
R11(1), P (2, 2)
)
P (4, 1) :
(
R20(1), P (0, 3)
)
,
(
R2
∞
(1), P (0, 4)
)
,
(
R41(3), P (1, 2)
)
,
(
R11(2), P (2, 1)
)
,
(
R21(1), P (3, 2)
)
(
I(3, 1), 2P (0, 1)
)
P (n, 1) :
(
R
(n−3) mod 2+1
0 (1), P (n− 4, 3)
)
,
(
R(n−3) mod 2+1
∞
(1), P (n− 4, 4)
)
,
(
R
(n−1) mod 4+1
1 (3), P (n− 3, 2)
)
(
R
(n−4) mod 4+1
1 (2), P (n− 2, 1)
)
,
(
R
(n−3) mod 4+1
1 (1), P (n− 1, 2)
)
,
(
uI, (u+ 1)P
)
, n > 4
Modules of the form P (n, 2)
Defect: ∂P (n, 2) = −1, for n ≥ 0.
P (0, 2) : −
P (1, 2) :
(
R31(1), P (0, 1)
)
P (2, 2) :
(
R31(2), P (0, 2)
)
,
(
R41(1), P (1, 1)
)
P (3, 2) :
(
R31(3), P (0, 1)
)
,
(
R41(2), P (1, 2)
)
,
(
R11(1), P (2, 1)
)
P (4, 2) :
(
R1
∞
(1), P (0, 3)
)
,
(
R10(1), P (0, 4)
)
,
(
R41(3), P (1, 1)
)
,
(
R11(2), P (2, 2)
)
,
(
R21(1), P (3, 1)
)
(
I(3, 2), 2P (0, 2)
)
P (n, 2) :
(
R(n−4) mod 2+1
∞
(1), P (n− 4, 3)
)
,
(
R
(n−4) mod 2+1
0 (1), P (n− 4, 4)
)
,
(
R
(n−1) mod 4+1
1 (3), P (n− 3, 1)
)
(
R
(n−4) mod 4+1
1 (2), P (n− 2, 2)
)
,
(
R
(n−3) mod 4+1
1 (1), P (n− 1, 1)
)
,
(
uI, (u+ 1)P
)
, n > 4
Modules of the form P (n, 3)
Defect: ∂P (n, 3) = −1, for n ≥ 0.
P (0, 3) :
(
R10(1), P (0, 1)
)
,
(
R2
∞
(1), P (0, 2)
)
,
(
I(2, 3), P (0, 5)
)
,
(
I(1, 4), P (0, 6)
)
,
(
I(0, 3), P (0, 7)
)
P (1, 3) :
(
R31(1), P (0, 4)
)
,
(
R20(1), P (1, 1)
)
,
(
R1
∞
(1), P (1, 2)
)
,
(
I(1, 3), P (1, 5)
)
,
(
I(0, 4), P (1, 6)
)
P (2, 3) :
(
R31(2), P (0, 3)
)
,
(
R41(1), P (1, 4)
)
,
(
R10(1), P (2, 1)
)
,
(
R2
∞
(1), P (2, 2)
)
,
(
I(0, 3), P (2, 5)
)
P (3, 3) :
(
R31(3), P (0, 4)
)
,
(
R41(2), P (1, 3)
)
,
(
R11(1), P (2, 4)
)
,
(
R20(1), P (3, 1)
)
,
(
R1
∞
(1), P (3, 2)
)
P (4, 3) :
(
R41(3), P (1, 4)
)
,
(
R11(2), P (2, 3)
)
,
(
R21(1), P (3, 4)
)
,
(
R10(1), P (4, 1)
)
,
(
R2
∞
(1), P (4, 2)
)
(
I(3, 3), 2P (0, 3)
)
P (n, 3) :
(
R
(n−1) mod 4+1
1 (3), P (n− 3, 4)
)
,
(
R
(n−4) mod 4+1
1 (2), P (n− 2, 3)
)
,
(
R
(n−3) mod 4+1
1 (1), P (n− 1, 4)
)
(
R
(n−4) mod 2+1
0 (1), P (n, 1)
)
,
(
R(n−3) mod 2+1
∞
(1), P (n, 2)
)
,
(
uI, (u+ 1)P
)
, n > 4
Modules of the form P (n, 4)
Defect: ∂P (n, 4) = −1, for n ≥ 0.
P (0, 4) :
(
R1
∞
(1), P (0, 1)
)
,
(
R20(1), P (0, 2)
)
,
(
I(2, 4), P (0, 5)
)
,
(
I(1, 3), P (0, 6)
)
,
(
I(0, 4), P (0, 7)
)
P (1, 4) :
(
R31(1), P (0, 3)
)
,
(
R2
∞
(1), P (1, 1)
)
,
(
R10(1), P (1, 2)
)
,
(
I(1, 4), P (1, 5)
)
,
(
I(0, 3), P (1, 6)
)
P (2, 4) :
(
R31(2), P (0, 4)
)
,
(
R41(1), P (1, 3)
)
,
(
R1
∞
(1), P (2, 1)
)
,
(
R20(1), P (2, 2)
)
,
(
I(0, 4), P (2, 5)
)
P (3, 4) :
(
R31(3), P (0, 3)
)
,
(
R41(2), P (1, 4)
)
,
(
R11(1), P (2, 3)
)
,
(
R2
∞
(1), P (3, 1)
)
,
(
R10(1), P (3, 2)
)
P (4, 4) :
(
R41(3), P (1, 3)
)
,
(
R11(2), P (2, 4)
)
,
(
R21(1), P (3, 3)
)
,
(
R1
∞
(1), P (4, 1)
)
,
(
R20(1), P (4, 2)
)
(
I(3, 4), 2P (0, 4)
)
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P (n, 4) :
(
R
(n−1) mod 4+1
1 (3), P (n− 3, 3)
)
,
(
R
(n−4) mod 4+1
1 (2), P (n− 2, 4)
)
,
(
R
(n−3) mod 4+1
1 (1), P (n− 1, 3)
)
(
R(n−4) mod 2+1
∞
(1), P (n, 1)
)
,
(
R
(n−3) mod 2+1
0 (1), P (n, 2)
)
,
(
uI, (u+ 1)P
)
, n > 4
Modules of the form P (n, 5)
Defect: ∂P (n, 5) = −2, for n ≥ 0.
P (0, 5) :
(
P (1, 1), P (0, 1)
)
,
(
P (1, 2), P (0, 2)
)
P (1, 5) :
(
R31(1), P (0, 6)
)
,
(
P (2, 1), P (1, 1)
)
,
(
P (2, 2), P (1, 2)
)
P (2, 5) :
(
R31(2), P (0, 7)
)
,
(
R41(1), P (1, 6)
)
,
(
P (3, 1), P (2, 1)
)
,
(
P (3, 2), P (2, 2)
)
P (3, 5) :
(
P (3, 3), P (0, 3)
)
,
(
P (3, 4), P (0, 4)
)
,
(
R41(2), P (1, 7)
)
,
(
R11(1), P (2, 6)
)
,
(
P (4, 1), P (3, 1)
)
(
P (4, 2), P (3, 2)
)
P (n, 5) :
(
P (n, 3), P (n− 3, 3)
)
,
(
P (n, 4), P (n− 3, 4)
)
,
(
Rn mod 4+11 (2), P (n− 2, 7)
)
(
R
(n−3) mod 4+1
1 (1), P (n− 1, 6)
)
,
(
P (n+ 1, 1), P (n, 1)
)
,
(
P (n+ 1, 2), P (n, 2)
)
, n > 3
Modules of the form P (n, 6)
Defect: ∂P (n, 6) = −2, for n ≥ 0.
P (0, 6) :
(
P (2, 2), P (0, 1)
)
,
(
P (2, 1), P (0, 2)
)
,
(
R41(1), P (0, 5)
)
P (1, 6) :
(
R31(1), P (0, 7)
)
,
(
P (3, 2), P (1, 1)
)
,
(
P (3, 1), P (1, 2)
)
,
(
R11(1), P (1, 5)
)
P (2, 6) :
(
P (2, 4), P (0, 3)
)
,
(
P (2, 3), P (0, 4)
)
,
(
R41(1), P (1, 7)
)
,
(
P (4, 2), P (2, 1)
)
,
(
P (4, 1), P (2, 2)
)
(
R21(1), P (2, 5)
)
P (n, 6) :
(
P (n, 4), P (n− 2, 3)
)
,
(
P (n, 3), P (n− 2, 4)
)
,
(
R
(n+1) mod 4+1
1 (1), P (n− 1, 7)
)
(
P (n+ 2, 2), P (n, 1)
)
,
(
P (n+ 2, 1), P (n, 2)
)
,
(
R
(n−1) mod 4+1
1 (1), P (n, 5)
)
, n > 2
Modules of the form P (n, 7)
Defect: ∂P (n, 7) = −2, for n ≥ 0.
P (0, 7) :
(
P (3, 1), P (0, 1)
)
,
(
P (3, 2), P (0, 2)
)
,
(
R41(2), P (0, 5)
)
,
(
R11(1), P (0, 6)
)
P (1, 7) :
(
P (1, 3), P (0, 3)
)
,
(
P (1, 4), P (0, 4)
)
,
(
P (4, 1), P (1, 1)
)
,
(
P (4, 2), P (1, 2)
)
,
(
R11(2), P (1, 5)
)
(
R21(1), P (1, 6)
)
P (n, 7) :
(
P (n, 3), P (n− 1, 3)
)
,
(
P (n, 4), P (n− 1, 4)
)
,
(
P (n+ 3, 1), P (n, 1)
)
(
P (n+ 3, 2), P (n, 2)
)
,
(
R
(n−1) mod 4+1
1 (2), P (n, 5)
)
,
(
Rn mod 4+11 (1), P (n, 6)
)
, n > 1
5.12.2 Schofield pairs associated to preinjective exceptional modules
Modules of the form I(n, 1)
Defect: ∂I(n, 1) = 1, for n ≥ 0.
I(0, 1) :
(
I(0, 3), R20(1)
)
,
(
I(0, 4), R2
∞
(1)
)
,
(
I(0, 5), P (0, 1)
)
,
(
I(0, 6), P (1, 2)
)
,
(
I(0, 7), P (2, 1)
)
I(1, 1) :
(
I(0, 2), R11(1)
)
,
(
I(1, 3), R10(1)
)
,
(
I(1, 4), R1
∞
(1)
)
,
(
I(1, 6), P (0, 2)
)
,
(
I(1, 7), P (1, 1)
)
I(2, 1) :
(
I(0, 1), R41(2)
)
,
(
I(1, 2), R41(1)
)
,
(
I(2, 3), R20(1)
)
,
(
I(2, 4), R2
∞
(1)
)
,
(
I(2, 7), P (0, 1)
)
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0 1
1 1 1
1 1
I(0, 1)
1 1
1 1 1
0 1
I(0, 2)
0 1
0 0 0
0 0
I(0, 3)
0 0
0 0 0
0 1
I(0, 4)
0 1
1 1 1
0 1
I(0, 5)
0 1
0 1 1
0 1
I(0, 6)
0 1
0 0 1
0 1
I(0, 7)
1 1
1 1 2
0 1
I(1, 1)
0 1
1 1 2
1 1
I(1, 2)
0 0
0 0 1
0 1
I(1, 3)
0 1
0 0 1
0 0
I(1, 4)
1 2
2 2 3
1 2
I(1, 5)
0 1
1 1 2
0 1
I(1, 6)
0 1
0 1 2
0 1
I(1, 7)
0 1
1 2 2
1 1
I(2, 1)
1 1
1 2 2
0 1
I(2, 2)
0 1
0 1 1
0 0
I(2, 3)
0 0
0 1 1
0 1
I(2, 4)
1 2
2 3 4
1 2
I(2, 5)
1 2
2 3 3
1 2
I(2, 6)
0 1
1 2 2
0 1
I(2, 7)
1 1
2 2 2
0 1
I(3, 1)
0 1
2 2 2
1 1
I(3, 2)
0 0
1 1 1
0 1
I(3, 3)
0 1
1 1 1
0 0
I(3, 4)
1 2
3 4 4
1 2
I(3, 5)
1 2
3 3 4
1 2
I(3, 6)
1 2
3 3 3
1 2
I(3, 7)
• • •
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
• • •
1 2
3 3 3
2 2
I(4, 1)
2 2
3 3 3
1 2
I(4, 2)
1 2
2 2 2
1 1
I(4, 3)
1 1
2 2 2
1 2
I(4, 4)
2 3
5 5 5
2 3
I(4, 5)
2 3
4 5 5
2 3
I(4, 6)
2 3
4 4 5
2 3
I(4, 7)
2 2
3 3 4
1 2
I(5, 1)
1 2
3 3 4
2 2
I(5, 2)
1 1
2 2 3
1 2
I(5, 3)
1 2
2 2 3
1 1
I(5, 4)
3 4
6 6 7
3 4
I(5, 5)
2 3
5 5 6
2 3
I(5, 6)
2 3
4 5 6
2 3
I(5, 7)
1 2
3 4 4
2 2
I(6, 1)
2 2
3 4 4
1 2
I(6, 2)
1 2
2 3 3
1 1
I(6, 3)
1 1
2 3 3
1 2
I(6, 4)
3 4
6 7 8
3 4
I(6, 5)
3 4
6 7 7
3 4
I(6, 6)
2 3
5 6 6
2 3
I(6, 7)
2 2
4 4 4
1 2
I(7, 1)
1 2
4 4 4
2 2
I(7, 2)
1 1
3 3 3
1 2
I(7, 3)
1 2
3 3 3
1 1
I(7, 4)
3 4
7 8 8
3 4
I(7, 5)
3 4
7 7 8
3 4
I(7, 6)
3 4
7 7 7
3 4
I(7, 7)
• • •
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
I(3, 1) :
(
I(0, 2), R31(3)
)
,
(
I(1, 1), R31(2)
)
,
(
I(2, 2), R31(1)
)
,
(
I(3, 3), R10(1)
)
,
(
I(3, 4), R1
∞
(1)
)
I(4, 1) :
(
I(1, 2), R21(3)
)
,
(
I(2, 1), R21(2)
)
,
(
I(3, 2), R21(1)
)
,
(
I(4, 3), R20(1)
)
,
(
I(4, 4), R2
∞
(1)
)
(
2I(0, 1), P (3, 1)
)
I(n, 1) :
(
I(n− 3, 2), R
(−n+5) mod 4+1
1 (3)
)
,
(
I(n− 2, 1), R
(−n+5) mod 4+1
1 (2)
)
,
(
I(n− 1, 2), R
(−n+5) mod 4+1
1 (1)
)
(
I(n, 3), R
(−n+5) mod 2+1
0 (1)
)
,
(
I(n, 4), R(−n+5) mod 2+1
∞
(1)
)
,
(
(v + 1)I, vP
)
, n > 4
Modules of the form I(n, 2)
Defect: ∂I(n, 2) = 1, for n ≥ 0.
I(0, 2) :
(
I(0, 3), R1
∞
(1)
)
,
(
I(0, 4), R10(1)
)
,
(
I(0, 5), P (0, 2)
)
,
(
I(0, 6), P (1, 1)
)
,
(
I(0, 7), P (2, 2)
)
I(1, 2) :
(
I(0, 1), R11(1)
)
,
(
I(1, 3), R2
∞
(1)
)
,
(
I(1, 4), R20(1)
)
,
(
I(1, 6), P (0, 1)
)
,
(
I(1, 7), P (1, 2)
)
I(2, 2) :
(
I(0, 2), R41(2)
)
,
(
I(1, 1), R41(1)
)
,
(
I(2, 3), R1
∞
(1)
)
,
(
I(2, 4), R10(1)
)
,
(
I(2, 7), P (0, 2)
)
I(3, 2) :
(
I(0, 1), R31(3)
)
,
(
I(1, 2), R31(2)
)
,
(
I(2, 1), R31(1)
)
,
(
I(3, 3), R2
∞
(1)
)
,
(
I(3, 4), R20(1)
)
I(4, 2) :
(
I(1, 1), R21(3)
)
,
(
I(2, 2), R21(2)
)
,
(
I(3, 1), R21(1)
)
,
(
I(4, 3), R1
∞
(1)
)
,
(
I(4, 4), R10(1)
)
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(
2I(0, 2), P (3, 2)
)
I(n, 2) :
(
I(n− 3, 1), R
(−n+5) mod 4+1
1 (3)
)
,
(
I(n− 2, 2), R
(−n+5) mod 4+1
1 (2)
)
,
(
I(n− 1, 1), R
(−n+5) mod 4+1
1 (1)
)
(
I(n, 3), R(−n+4) mod 2+1
∞
(1)
)
,
(
I(n, 4), R
(−n+4) mod 2+1
0 (1)
)
,
(
(v + 1)I, vP
)
, n > 4
Modules of the form I(n, 3)
Defect: ∂I(n, 3) = 1, for n ≥ 0.
I(0, 3) : −
I(1, 3) :
(
I(0, 4), R11(1)
)
I(2, 3) :
(
I(0, 3), R41(2)
)
,
(
I(1, 4), R41(1)
)
I(3, 3) :
(
I(0, 4), R31(3)
)
,
(
I(1, 3), R31(2)
)
,
(
I(2, 4), R31(1)
)
I(4, 3) :
(
I(0, 1), R10(1)
)
,
(
I(0, 2), R2
∞
(1)
)
,
(
I(1, 4), R21(3)
)
,
(
I(2, 3), R21(2)
)
,
(
I(3, 4), R21(1)
)
(
2I(0, 3), P (3, 3)
)
I(n, 3) :
(
I(n− 4, 1), R
(−n+4) mod 2+1
0 (1)
)
,
(
I(n− 4, 2), R(−n+5) mod 2+1
∞
(1)
)
,
(
I(n− 3, 4), R
(−n+5) mod 4+1
1 (3)
)
(
I(n− 2, 3), R
(−n+5) mod 4+1
1 (2)
)
,
(
I(n− 1, 4), R
(−n+5) mod 4+1
1 (1)
)
,
(
(v + 1)I, vP
)
, n > 4
Modules of the form I(n, 4)
Defect: ∂I(n, 4) = 1, for n ≥ 0.
I(0, 4) : −
I(1, 4) :
(
I(0, 3), R11(1)
)
I(2, 4) :
(
I(0, 4), R41(2)
)
,
(
I(1, 3), R41(1)
)
I(3, 4) :
(
I(0, 3), R31(3)
)
,
(
I(1, 4), R31(2)
)
,
(
I(2, 3), R31(1)
)
I(4, 4) :
(
I(0, 1), R1
∞
(1)
)
,
(
I(0, 2), R20(1)
)
,
(
I(1, 3), R21(3)
)
,
(
I(2, 4), R21(2)
)
,
(
I(3, 3), R21(1)
)
(
2I(0, 4), P (3, 4)
)
I(n, 4) :
(
I(n− 4, 1), R(−n+4) mod 2+1
∞
(1)
)
,
(
I(n− 4, 2), R
(−n+5) mod 2+1
0 (1)
)
,
(
I(n− 3, 3), R
(−n+5) mod 4+1
1 (3)
)
(
I(n− 2, 4), R
(−n+5) mod 4+1
1 (2)
)
,
(
I(n− 1, 3), R
(−n+5) mod 4+1
1 (1)
)
,
(
(v + 1)I, vP
)
, n > 4
Modules of the form I(n, 5)
Defect: ∂I(n, 5) = 2, for n ≥ 0.
I(0, 5) :
(
I(0, 3), I(3, 3)
)
,
(
I(0, 4), I(3, 4)
)
,
(
I(0, 6), R31(1)
)
,
(
I(0, 7), R31(2)
)
I(1, 5) :
(
I(0, 1), I(1, 1)
)
,
(
I(0, 2), I(1, 2)
)
,
(
I(1, 3), I(4, 3)
)
,
(
I(1, 4), I(4, 4)
)
,
(
I(1, 6), R21(1)
)
(
I(1, 7), R21(2)
)
I(n, 5) :
(
I(n− 1, 1), I(n, 1)
)
,
(
I(n− 1, 2), I(n, 2)
)
,
(
I(n, 3), I(n+ 3, 3)
)
(
I(n, 4), I(n+ 3, 4)
)
,
(
I(n, 6), R
(−n+2) mod 4+1
1 (1)
)
,
(
I(n, 7), R
(−n+2) mod 4+1
1 (2)
)
, n > 1
Modules of the form I(n, 6)
Defect: ∂I(n, 6) = 2, for n ≥ 0.
I(0, 6) :
(
I(0, 3), I(2, 4)
)
,
(
I(0, 4), I(2, 3)
)
,
(
I(0, 7), R41(1)
)
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I(1, 6) :
(
I(0, 5), R11(1)
)
,
(
I(1, 3), I(3, 4)
)
,
(
I(1, 4), I(3, 3)
)
,
(
I(1, 7), R31(1)
)
I(2, 6) :
(
I(0, 1), I(2, 2)
)
,
(
I(0, 2), I(2, 1)
)
,
(
I(1, 5), R41(1)
)
,
(
I(2, 3), I(4, 4)
)
,
(
I(2, 4), I(4, 3)
)
(
I(2, 7), R21(1)
)
I(n, 6) :
(
I(n− 2, 1), I(n, 2)
)
,
(
I(n− 2, 2), I(n, 1)
)
,
(
I(n− 1, 5), R
(−n+5) mod 4+1
1 (1)
)
(
I(n, 3), I(n+ 2, 4)
)
,
(
I(n, 4), I(n+ 2, 3)
)
,
(
I(n, 7), R
(−n+3) mod 4+1
1 (1)
)
, n > 2
Modules of the form I(n, 7)
Defect: ∂I(n, 7) = 2, for n ≥ 0.
I(0, 7) :
(
I(0, 3), I(1, 3)
)
,
(
I(0, 4), I(1, 4)
)
I(1, 7) :
(
I(0, 6), R11(1)
)
,
(
I(1, 3), I(2, 3)
)
,
(
I(1, 4), I(2, 4)
)
I(2, 7) :
(
I(0, 5), R41(2)
)
,
(
I(1, 6), R41(1)
)
,
(
I(2, 3), I(3, 3)
)
,
(
I(2, 4), I(3, 4)
)
I(3, 7) :
(
I(0, 1), I(3, 1)
)
,
(
I(0, 2), I(3, 2)
)
,
(
I(1, 5), R31(2)
)
,
(
I(2, 6), R31(1)
)
,
(
I(3, 3), I(4, 3)
)
(
I(3, 4), I(4, 4)
)
I(n, 7) :
(
I(n− 3, 1), I(n, 1)
)
,
(
I(n− 3, 2), I(n, 2)
)
,
(
I(n− 2, 5), R
(−n+5) mod 4+1
1 (2)
)
(
I(n− 1, 6), R
(−n+5) mod 4+1
1 (1)
)
,
(
I(n, 3), I(n+ 1, 3)
)
,
(
I(n, 4), I(n+ 1, 4)
)
, n > 3
5.12.3 Schofield pairs associated to regular exceptional modules
The non-homogeneous tube T
∆(D˜6)
1
T
∆(D˜6)
1
0 0
0 0 1
0 0
R11(1)
1 1
1 1 1
1 1
R21(1)
0 0
1 0 0
0 0
R31(1)
0 0
0 1 0
0 0
R41(1)
0 0
0 0 1
0 0
R11(1)
1 1
1 1 2
1 1
R11(2)
1 1
2 1 1
1 1
R21(2)
0 0
1 1 0
0 0
R31(2)
0 0
0 1 1
0 0
R41(2)
1 1
1 2 2
1 1
R41(3)
1 1
2 1 2
1 1
R11(3)
1 1
2 2 1
1 1
R21(3)
0 0
1 1 1
0 0
R31(3)
1 1
1 2 2
1 1
R41(3)
1 1
2 2 2
1 1
R41(4)
1 1
2 2 2
1 1
R11(4)
1 1
2 2 2
1 1
R21(4)
1 1
2 2 2
1 1
R31(4)
1 1
3 2 2
1 1
R31(5)
1 1
2 3 2
1 1
R41(5)
1 1
2 2 3
1 1
R11(5)
2 2
3 3 3
2 2
R21(5)
1 1
3 2 2
1 1
R31(5)
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1 τ−1 τ−1 τ−1
R11(1) : −
R11(2) :
(
R21(1), R
1
1(1)
)
,
(
I(1, 1), P (0, 1)
)
,
(
I(1, 2), P (0, 2)
)
,
(
I(1, 3), P (0, 3)
)
,
(
I(1, 4), P (0, 4)
)
(
I(1, 7), P (0, 5)
)
R21(1) :
(
I(0, 2), P (0, 1)
)
,
(
I(0, 1), P (0, 2)
)
,
(
I(0, 4), P (0, 3)
)
,
(
I(0, 3), P (0, 4)
)
,
(
I(0, 6), P (0, 5)
)
(
I(0, 7), P (0, 6)
)
R21(2) :
(
R31(1), R
2
1(1)
)
,
(
I(0, 1), P (1, 1)
)
,
(
I(0, 2), P (1, 2)
)
,
(
I(0, 3), P (1, 3)
)
,
(
I(0, 4), P (1, 4)
)
(
I(0, 7), P (1, 5)
)
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R31(1) : −
R31(2) :
(
R41(1), R
3
1(1)
)
R41(1) : −
R41(2) :
(
R11(1), R
4
1(1)
)
R41(3) :
(
R11(2), R
4
1(1)
)
,
(
R21(1), R
4
1(2)
)
,
(
I(2, 2), P (0, 1)
)
,
(
I(2, 1), P (0, 2)
)
,
(
I(2, 4), P (0, 3)
)
(
I(2, 3), P (0, 4)
)
R11(3) :
(
R21(2), R
1
1(1)
)
,
(
R31(1), R
1
1(2)
)
,
(
I(1, 2), P (1, 1)
)
,
(
I(1, 1), P (1, 2)
)
,
(
I(1, 4), P (1, 3)
)
(
I(1, 3), P (1, 4)
)
R21(3) :
(
R31(2), R
2
1(1)
)
,
(
R41(1), R
2
1(2)
)
,
(
I(0, 2), P (2, 1)
)
,
(
I(0, 1), P (2, 2)
)
,
(
I(0, 4), P (2, 3)
)
(
I(0, 3), P (2, 4)
)
R31(3) :
(
R41(2), R
3
1(1)
)
,
(
R11(1), R
3
1(2)
)
The non-homogeneous tube T
∆(D˜6)
∞
T
∆(D˜6)
∞
1 0
1 1 1
0 1
R1
∞
(1)
0 1
1 1 1
1 0
R2
∞
(1)
1 0
1 1 1
0 1
R1
∞
(1)
1 1
2 2 2
1 1
R1
∞
(2)
1 1
2 2 2
1 1
R2
∞
(2)
1 2
3 3 3
2 1
R2
∞
(3)
2 1
3 3 3
1 2
R1
∞
(3)
1 2
3 3 3
2 1
R2
∞
(3)
τ−1
τ−1
τ−1
τ−1
τ−1 τ−1
R1
∞
(1) :
(
I(3, 3), P (0, 2)
)
,
(
I(2, 4), P (1, 1)
)
,
(
I(1, 3), P (2, 2)
)
,
(
I(0, 4), P (3, 1)
)
R2
∞
(1) :
(
I(3, 4), P (0, 1)
)
,
(
I(2, 3), P (1, 2)
)
,
(
I(1, 4), P (2, 1)
)
,
(
I(0, 3), P (3, 2)
)
The non-homogeneous tube T
∆(D˜6)
0
T
∆(D˜6)
0
1 1
1 1 1
0 0
R10(1)
0 0
1 1 1
1 1
R20(1)
1 1
1 1 1
0 0
R10(1)
1 1
2 2 2
1 1
R10(2)
1 1
2 2 2
1 1
R20(2)
1 1
3 3 3
2 2
R20(3)
2 2
3 3 3
1 1
R10(3)
1 1
3 3 3
2 2
R20(3)
τ−1
τ−1
τ−1
τ−1
τ−1 τ−1
R10(1) :
(
I(3, 4), P (0, 2)
)
,
(
I(2, 3), P (1, 1)
)
,
(
I(1, 4), P (2, 2)
)
,
(
I(0, 3), P (3, 1)
)
R20(1) :
(
I(3, 3), P (0, 1)
)
,
(
I(2, 4), P (1, 2)
)
,
(
I(1, 3), P (2, 1)
)
,
(
I(0, 4), P (3, 2)
)
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5.13 Schofield pairs for the quiver ∆(D˜m) – δ =
1 1
2 2 ··· 2
1 1
, for m ≥ 4
2 3
||②②
②②
②②
②②
②
5
  ✁✁
✁✁
✁✁
✁✁
^^❂❂❂❂❂❂❂❂
6oo · · ·oo m+ 1oo
1 4
bb❊❊❊❊❊❊❊❊❊
C∆(D˜m) =


1 0 1 1 1 1 1 · · · 1 1
0 1 1 1 1 1 1 · · · 1 1
0 0 1 0 0 0 0 · · · 0 0
0 0 0 1 0 0 0 · · · 0 0
0 0 1 1 1 1 1 · · · 1 1
0 0 1 1 0 1 1 · · · 1 1
0 0 1 1 0 0 1 · · · 1 1
...
...
...
...
...
...
. . .
. . .
...
...
0 0 1 1 0 0 0 · · · 1 1
0 0 1 1 0 0 0 · · · 0 1


Φ∆(D˜m) =


−1 0 0 0 1 0 0 · · · 0
0 −1 0 0 1 0 0 · · · 0
−1 −1 0 1 1 0 0 · · · 0
−1 −1 1 0 1 0 0 · · · 0
−1 −1 0 0 1 1 0 · · · 0
−1 −1 0 0 1 0 1 · · · 0
...
...
...
...
...
...
. . .
. . .
...
−1 −1 0 0 1 0 0 · · · 1
−1 −1 1 1 1 0 0 · · · 0


5.13.1 Schofield pairs associated to preprojective exceptional modules
dimP (0, j) = jth column of C∆(D˜m), dimI(0, i) = i
th row of C∆(D˜m)
Throughout the lists below, in Schofield pairs of the form (R,P ) associated to the preprojective indecomposable
P ′, the preprojective indecomposable P is given by an explicit formula, while R always denotes the non-homogeneous
regular with dimension vector dimR = dimP ′ − dimP (for each such pair separately).
Modules of the form P (n, 1)
Defect: ∂P (n, 1) = −1, for n ≥ 0. In the formulas below 0 ≤ n1 < m− 2 and n2 > m− 2:
P (n1, 1) :
(
R,P (i, (n1 + i) mod 2 + 1)
)
, 0 ≤ i ≤ n1 − 1
P (m− 2, 1) :
(
R,P (i, (m+ i) mod 2 + 1)
)
, 1 ≤ i ≤ m− 3(
R,P (0, 3)
)
,
(
R,P (0, 4)
)
,
(
I(m− 3, 1), 2P (0,m mod 2 + 1)
)
P (n2, 1) :
(
R,P (n2 −m+ i + 2, (m+ i) mod 2 + 1)
)
, 1 ≤ i ≤ m− 3(
R,P (n2 −m+ 2, 3)
)
,
(
R,P (n2 −m+ 2, 4)
)
,
(
uI, (u+ 1)P
)
Modules of the form P (n, 2)
Defect: ∂P (n, 2) = −1, for n ≥ 0. In the formulas below 0 ≤ n1 < m− 2 and n2 > m− 2:
P (n1, 2) :
(
R,P (i, (n1 + i+ 1) mod 2 + 1)
)
, 0 ≤ i ≤ n1 − 1
P (m− 2, 2) :
(
R,P (i, (m+ i+ 1) mod 2 + 1)
)
, 1 ≤ i ≤ m− 3(
R,P (0, 3)
)
,
(
R,P (0, 4)
)
,
(
I(m− 3, 2), 2P (0, (m+ 1) mod 2 + 1)
)
P (n2, 2) :
(
R,P (n2 −m+ i + 2, (m+ i+ 1) mod 2 + 1)
)
, 1 ≤ i ≤ m− 3(
R,P (n2 −m+ 2, 3)
)
,
(
R,P (n2 −m+ 2, 4)
)
,
(
uI, (u+ 1)P
)
Modules of the form P (n, 3)
Defect: ∂P (n, 3) = −1, for n ≥ 0. In the formulas below 0 ≤ n1 < m− 2 and n2 > m− 2:
P (n1, 3) :
(
R,P (i, (n1 + i) mod 2 + 3)
)
, 0 ≤ i ≤ n1 − 1
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(
I(m− n1 − i+ 1, (m+ i+ 1) mod 2 + 3), P (n1, i)
)
, 5 ≤ i ≤ m− n1 + 1(
R,P (n1, 1)
)
,
(
R,P (n1, 2)
)
P (m− 2, 3) :
(
R,P (i, (m+ i) mod 2 + 3)
)
, 1 ≤ i ≤ m− 3(
R,P (m− 2, 1)
)
,
(
R,P (m− 2, 2)
)
,
(
I(m− 3, 3), 2P (0,m mod 2 + 3)
)
P (n2, 3) :
(
R,P (n2 −m+ i + 2, (m+ i) mod 2 + 3)
)
, 1 ≤ i ≤ m− 3(
R,P (n2, 1)
)
,
(
R,P (n2, 2)
)
,
(
uI, (u+ 1)P
)
Modules of the form P (n, 4)
Defect: ∂P (n, 4) = −1, for n ≥ 0. In the formulas below 0 ≤ n1 < m− 2 and n2 > m− 2:
P (n1, 4) :
(
R,P (i, (n1 + i+ 1) mod 2 + 3)
)
, 0 ≤ i ≤ n1 − 1(
I(m− n1 − i+ 1, (m+ i) mod 2 + 3), P (n1, i)
)
, 5 ≤ i ≤ m− n1 + 1(
R,P (n1, 1)
)
,
(
R,P (n1, 2)
)
P (m− 2, 4) :
(
R,P (i, (m+ i+ 1) mod 2 + 3)
)
, 1 ≤ i ≤ m− 3(
R,P (m− 2, 1)
)
,
(
R,P (m− 2, 2)
)
,
(
I(m− 3, 4), 2P (0, (m+ 1) mod 2 + 3)
)
P (n2, 4) :
(
R,P (n2 −m+ i + 2, (m+ i+ 1) mod 2 + 3)
)
, 1 ≤ i ≤ m− 3(
R,P (n2, 1)
)
,
(
R,P (n2, 2)
)
,
(
uI, (u+ 1)P
)
Modules of the form P (n, j), for 5 ≤ j ≤ m+ 1
Defect: ∂P (n, j) = −2, for n ≥ 0. In the formulas below 0 ≤ n1 < m− j + 1 and n2 > m− j + 1:
P (n1, j) :
(
R,P (i, j + n1 − i)
)
, 0 ≤ i ≤ n1 − 1(
R,P (n1, i)
)
, 5 ≤ i ≤ j − 1(
P (j − 4 + n1, (j + 1) mod 2 + 1), P (n1, 1)
)
,
(
P (j − 4 + n1, j mod 2 + 1), P (n1, 2)
)
P (m− j + 2, j) :
(
R,P (i+ 1,m− i+ 1)
)
, 0 ≤ i ≤ m− j(
R,P (m− j + 2, i)
)
, 5 ≤ i ≤ j − 1(
P (m− j + 2, (m+ j + 1) mod 2 + 3), P (0, 3)
)
,
(
P (m− j + 2, 4− (m+ j + 1) mod 2), P (0, 4)
)
,(
P (m− 2, (j + 1) mod 2 + 1), P (m− j + 2, 1)
)
,
(
P (m− 2, j mod 2 + 1), P (m− j + 2, 2)
)
P (n2, j) :
(
R,P (n2 −m+ j + i,m− i+ 1)
)
, 0 ≤ i ≤ m− j(
R,P (n2 + 1, i)
)
, 5 ≤ i ≤ j − 1(
P (n2 + 1, (m+ j + 1) mod 2 + 3), P (n2 −m+ j − 1, 3)
)
,(
P (n2 + 1, 4− (m+ j + 1) mod 2), P (n2 −m+ j − 1, 4)
)
,(
P (n2 + j − 3, (j + 1) mod 2 + 1), P (n2 + 1, 1)
)
,(
P (n2 + j − 3, j mod 2 + 1), P (n2 + 1, 2)
)
5.13.2 Schofield pairs associated to preinjective exceptional modules
dimP (0, j) = jth column of C∆(D˜m), dimI(0, i) = i
th row of C∆(D˜m)
Throughout the lists below, in Schofield pairs of the form (I, R) associated to the preinjective indecomposable
I ′, the preinjective indecomposable I is given by an explicit formula, while R always denotes the non-homogeneous
regular with dimension vector dimR = dimI ′ − dimI (for each such pair separately).
Modules of the form I(n, 1)
Defect: ∂I(n, 1) = 1, for n ≥ 0. In the formulas below 0 ≤ n1 < m− 2 and n2 > m− 2:
I(n1, 1) :
(
I(i, (n1 + i) mod 2 + 1), R
)
, 0 ≤ i ≤ n1 − 1
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(
I(n1, i), P (i− n1 − 5, (i+ 1) mod 2 + 1)
)
, 5 + n1 ≤ i ≤ m+ 1(
I(n1, 3), R
)
,
(
I(n1, 4), R
)
I(m− 2, 1) :
(
I(i, (m+ i) mod 2 + 1), R
)
, 1 ≤ i ≤ m− 3(
I(m− 2, 3), R
)
,
(
I(m− 2, 4), R
)
,
(
2I(0,m mod 2 + 1), P (m− 3, 1)
)
I(n2, 1) :
(
I(n2 −m+ i+ 2, (m+ i) mod 2 + 1), R
)
, 1 ≤ i ≤ m− 3(
I(n2, 3), R
)
,
(
I(n2, 4), R
)
,
(
(v + 1)I, vP
)
Modules of the form I(n, 2)
Defect: ∂I(n, 2) = 1, for n ≥ 0. In the formulas below 0 ≤ n1 < m− 2 and n2 > m− 2:
I(n1, 2) :
(
I(i, (n1 + i+ 1) mod 2 + 1), R
)
, 0 ≤ i ≤ n1 − 1(
I(n1, i), P (i− n1 − 5, i mod 2 + 1)
)
, 5 + n1 ≤ i ≤ m+ 1(
I(n1, 3), R
)
,
(
I(n1, 4)
)
I(m− 2, 2) :
(
I(i, (m+ i + 1) mod 2 + 1), R
)
, 1 ≤ i ≤ m− 3(
I(m− 2, 3), R
)
,
(
I(m− 2, 4), R
)
,
(
2I(0, (m+ 1) mod 2 + 1), P (m− 3, 2)
)
I(n2, 2) :
(
I(n2 −m+ i+ 2, (m+ i+ 1) mod 2 + 1), R
)
, 1 ≤ i ≤ m− 3(
I(n2, 3), R
)
,
(
I(n2, 4), R
)
,
(
(v + 1)I, vP
)
Modules of the form I(n, 3)
Defect: ∂I(n, 3) = 1, for n ≥ 0. In the formulas below 0 ≤ n1 < m− 2 and n2 > m− 2:
I(n1, 3) :
(
I(i, (n1 + i) mod 2 + 3), R
)
, 0 ≤ i ≤ n1 − 1
I(m− 2, 3) :
(
I(i, (m+ i) mod 2 + 3), R
)
, 1 ≤ i ≤ m− 3(
I(0, 1), R
)
,
(
I(0, 2), R
)
,
(
2I(0,m mod 2 + 3), P (m− 3, 3)
)
I(n2, 3) :
(
I(n2 −m+ i+ 2, (m+ i) mod 2 + 3), R
)
, 1 ≤ i ≤ m− 3(
I(n2 −m+ 2, 1), R
)
,
(
I(n2 −m+ 2, 2), R
)
,
(
(v + 1)I, vP
)
Modules of the form I(n, 4)
Defect: ∂I(n, 4) = 1, for n ≥ 0. In the formulas below 0 ≤ n1 < m− 2 and n2 > m− 2:
I(n1, 4) :
(
I(i, (n1 + i+ 1) mod 2 + 3), R
)
, 0 ≤ i ≤ n1 − 1
I(m− 2, 4) :
(
I(i, (m+ i + 1) mod 2 + 3), R
)
, 1 ≤ i ≤ m− 3(
I(0, 1), R
)
,
(
I(0, 2), R
)
,
(
2I(0, (m+ 1) mod 2 + 3), P (m− 3, 4)
)
I(n2, 4) :
(
I(n2 −m+ i+ 2, (m+ i+ 1) mod 2 + 3), R
)
, 1 ≤ i ≤ m− 3(
I(n2 −m+ 2, 1), R
)
,
(
I(n2 −m+ 2, 2), R
)
,
(
(v + 1)I, vP
)
Modules of the form I(n, j), for 5 ≤ j ≤ m+ 1
Defect: ∂I(n, j) = 2, for n ≥ 0. In the formulas below 0 ≤ n1 < j − 4 and n2 > j − 4:
I(n1, j) :
(
I(n1, i), R
)
, j + 1 ≤ i ≤ m+ 1(
I(i− j + n1, i), R
)
, j − n1 ≤ i ≤ j − 1(
I(n1, 3), I(m− j + n1 + 2, (m+ j + 1) mod 2 + 3)
)
,
(
I(n1, 4), I(m− j + n1 + 2, (m+ j) mod 2 + 3)
)
I(j − 4, j) :
(
I(j − 4, i), R
)
, j + 1 ≤ i ≤ m+ 1(
I(i− 4, i), R
)
, 5 ≤ i ≤ j − 1(
I(j − 4, 3), I(m− 2, (m+ j + 1) mod 2 + 3)
)
,
(
I(j − 4, 4), I(m− 2, (m+ j) mod 2 + 3)
)
,
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(
I(0, 1), I(j − 4, (j + 1) mod 2 + 1)
)
,
(
I(0, 2), I(j − 4, j mod 2 + 1)
)
I(n2, j) :
(
I(n2, i), R
)
, j + 1 ≤ i ≤ m+ 1(
I(n2 − j + i, i), R
)
, 5 ≤ i ≤ j − 1(
I(n2, 3), I(m− 2, (m+ j + 1) mod 2 + 3)
)
,
(
I(n2, 4), I(m− 2, (m+ j) mod 2 + 3)
)
,(
I(n2 − j + 4, 1), I(j − 4, (j + 1) mod 2 + 1)
)
,
(
I(n2 − j + 4, 2), I(j − 4, j mod 2 + 1)
)
5.13.3 Schofield pairs associated to regular exceptional modules
The non-homogeneous tube T
∆(D˜m)
1
dimR11(1) =
0 0
0 0 ··· 0 1
0 0
, dimR21(1) =
1 1
1 1 1 ··· 1
1 1
, dimR31(1) =
0 0
1 0 0 ··· 0
0 0
,
dimR41(1) =
0 0
0 1 0 ··· 0
0 0
, . . . , dimRm−21 (1) =
0 0
0 ··· 0 1 0
0 0
For all 1 ≤ t ≤ m− 3 and 1 ≤ l ≤ m− 2 we have the following Schofield pairs for non-homogeneous regulars of the
form Rl1(t), where t
′ = (l − 3) mod (m− 2) + 1:
Rl1(t) :
(
R
(l−1+i) mod (m−2)+1
1 (t− i), R
l
1(i)
)
, 1 ≤ i ≤ t− 1(
I, P (t′ −m+ t+ 1, j)
)
, 1 ≤ j ≤ m− t+ 1, if t′ −m+ t+ 1 ≥ 0,
where I is a preinjective exceptional with dimI = dimRl1(t)− dimP (t
′ −m+ t+ 1, j)
The non-homogeneous tube T
∆(D˜m)
∞
dimR1
∞
(1) =
1 0
1 1 ··· 1
0 1
, dimR2
∞
(1) =
0 1
1 1 ··· 1
1 0
R1
∞
(1) :
(
I(m− i− 3, (m+ i) mod 2 + 3), P (i, 2− (i mod 2))
)
, 0 ≤ i ≤ m− 3
R2
∞
(1) :
(
I(m− i− 3, (m+ i+ 1) mod 2 + 3), P (i, 2− ((i+ 1) mod 2))
)
, 0 ≤ i ≤ m− 3
The non-homogeneous tube T
∆(D˜m)
0
dimR10(1) =
1 1
1 1 ··· 1
0 0
, dimR20(0) =
0 0
1 1 ··· 1
1 1
R10(1) :
(
I(m− i− 3, (m+ i+ 1) mod 2 + 3), P (i, 2− (i mod 2))
)
, 0 ≤ i ≤ m− 3
R20(1) :
(
I(m− i− 3, (m+ i) mod 2 + 3), P (i, 2− ((i + 1) mod 2))
)
, 0 ≤ i ≤ m− 3
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5.14 Schofield pairs for the quiver ∆(E˜6) – δ =
1
2
1 2 3 2 1
7

6

1 // 2 // 3 4oo 5oo
C∆(E˜6) =


1 0 0 0 0 0 0
1 1 0 0 0 0 0
1 1 1 1 1 1 1
0 0 0 1 1 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 1
0 0 0 0 0 0 1


Φ∆(E˜6) =


0 0 −1 1 0 1 0
1 0 −1 1 0 1 0
0 1 −1 1 0 1 0
0 1 −1 0 1 1 0
0 1 −1 0 0 1 0
0 1 −1 1 0 0 1
0 1 −1 1 0 0 0


5.14.1 Schofield pairs associated to preprojective exceptional modules
0
0
1 1 1 0 0
P (0, 1)
0
0
0 1 1 0 0
P (0, 2)
0
0
0 0 1 0 0
P (0, 3)
0
0
0 0 1 1 0
P (0, 4)
0
0
0 0 1 1 1
P (0, 5)
0
1
0 0 1 0 0
P (0, 6)
1
1
0 0 1 0 0
P (0, 7)
0
1
0 0 1 1 0
P (1, 1)
0
1
1 1 2 1 0
P (1, 2)
0
1
0 1 2 1 0
P (1, 3)
0
1
0 1 2 1 1
P (1, 4)
0
1
0 1 1 0 0
P (1, 5)
1
1
0 1 2 1 0
P (1, 6)
0
0
0 1 1 1 0
P (1, 7)
1
1
0 1 2 1 1
P (2, 1)
1
2
0 1 3 2 1
P (2, 2)
1
2
1 2 4 2 1
P (2, 3)
1
2
1 2 3 1 0
P (2, 4)
1
1
1 1 2 1 0
P (2, 5)
0
1
1 2 3 2 1
P (2, 6)
0
1
1 1 2 1 1
P (2, 7)
0
1
1 2 2 1 0
P (3, 1)
1
2
1 3 4 2 1
P (3, 2)
1
3
1 3 5 3 1
P (3, 3)
1
2
1 2 4 3 1
P (3, 4)
0
1
0 1 2 2 1
P (3, 5)
1
3
1 2 4 2 1
P (3, 6)
1
2
0 1 2 1 0
P (3, 7)
1
2
1 1 3 2 1
P (4, 1)
1
3
2 3 5 3 1
P (4, 2)
2
4
2 4 7 4 2
P (4, 3)
1
3
1 3 5 3 2
P (4, 4)
1
2
1 2 3 1 1
P (4, 5)
2
3
1 3 5 3 1
P (4, 6)
1
1
1 2 3 2 1
P (4, 7)
• • •
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
Modules of the form P (n, 1)
Defect: ∂P (n, 1) = −1, for n ≥ 0.
P (0, 1) :
(
I(0, 1), P (0, 2)
)
,
(
I(0, 2), P (0, 3)
)
P (1, 1) :
(
I(1, 7), P (0, 4)
)
,
(
I(1, 5), P (0, 6)
)
P (2, 1) :
(
I(2, 1), P (0, 2)
)
,
(
R20(1), P (0, 5)
)
,
(
R21(1), P (0, 7)
)
,
(
I(0, 7), P (1, 4)
)
,
(
I(0, 5), P (1, 6)
)
P (3, 1) :
(
R1
∞
(1), P (0, 1)
)
,
(
I(1, 1), P (1, 2)
)
,
(
R30(1), P (1, 5)
)
,
(
R31(1), P (1, 7)
)
P (4, 1) :
(
R31(2), P (0, 5)
)
,
(
R30(2), P (0, 7)
)
,
(
R2
∞
(1), P (1, 1)
)
,
(
I(0, 1), P (2, 2)
)
,
(
R10(1), P (2, 5)
)
(
R11(1), P (2, 7)
)
P (n, 1) :
(
R
(n−2) mod 3+1
1 (2), P (n− 4, 5)
)
,
(
R
(n−2) mod 3+1
0 (2), P (n− 4, 7)
)
,
(
R(n−3) mod 2+1
∞
(1), P (n− 3, 1)
)
(
I(−n+ 4, 1), P (n− 2, 2)
)
,
(
R
(n−4) mod 3+1
0 (1), P (n− 2, 5)
)
,
(
R
(n−4) mod 3+1
1 (1), P (n− 2, 7)
)
, n > 4
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• • •
• • •
1
2
0 2 3 2 1
P (5, 1)
2
4
1 3 6 4 2
P (5, 2)
2
5
2 5 8 5 2
P (5, 3)
2
4
2 4 6 3 1
P (5, 4)
1
2
1 2 3 2 0
P (5, 5)
1
3
2 4 6 4 2
P (5, 6)
0
2
1 2 3 2 1
P (5, 7)
1
2
2 3 4 2 1
P (6, 1)
2
4
2 5 7 4 2
P (6, 2)
3
6
3 6 10 6 3
P (6, 3)
2
4
2 4 7 5 2
P (6, 4)
1
2
1 2 4 3 2
P (6, 5)
2
5
2 4 7 4 2
P (6, 6)
2
3
1 2 4 2 1
P (6, 7)
1
3
1 2 4 3 1
P (7, 1)
2
5
3 5 8 5 2
P (7, 2)
3
7
3 7 11 7 3
P (7, 3)
2
5
2 5 8 5 3
P (7, 4)
1
3
1 3 4 2 1
P (7, 5)
3
5
2 5 8 5 2
P (7, 6)
1
2
1 3 4 3 1
P (7, 7)
2
3
1 3 5 3 2
P (8, 1)
3
6
2 5 9 6 3
P (8, 2)
4
8
4 8 13 8 4
P (8, 3)
3
6
3 6 9 5 2
P (8, 4)
2
3
2 3 5 3 1
P (8, 5)
2
5
3 6 9 6 3
P (8, 6)
1
3
2 3 5 3 2
P (8, 7)
1
3
2 4 5 3 1
P (9, 1)
3
6
3 7 10 6 3
P (9, 2)
4
9
4 9 14 9 4
P (9, 3)
3
6
3 6 10 7 3
P (9, 4)
1
3
1 3 5 4 2
P (9, 5)
3
7
3 6 10 6 3
P (9, 6)
2
4
1 3 5 3 1
P (9, 7)
• • •
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
Modules of the form P (n, 2)
Defect: ∂P (n, 2) = −2, for n ≥ 0.
P (0, 2) :
(
I(1, 1), P (0, 3)
)
P (1, 2) :
(
P (1, 1), P (0, 1)
)
,
(
R31(1), P (0, 4)
)
,
(
R30(1), P (0, 6)
)
,
(
I(0, 1), P (1, 3)
)
P (2, 2) :
(
P (3, 7), P (0, 5)
)
,
(
P (3, 5), P (0, 7)
)
,
(
P (2, 1), P (1, 1)
)
,
(
R11(1), P (1, 4)
)
,
(
R10(1), P (1, 6)
)
P (3, 2) :
(
P (5, 1), P (0, 1)
)
,
(
P (4, 7), P (1, 5)
)
,
(
P (4, 5), P (1, 7)
)
,
(
P (3, 1), P (2, 1)
)
,
(
R21(1), P (2, 4)
)
(
R20(1), P (2, 6)
)
P (n, 2) :
(
P (n+ 2, 1), P (n− 3, 1)
)
,
(
P (n+ 1, 7), P (n− 2, 5)
)
,
(
P (n+ 1, 5), P (n− 2, 7)
)
(
P (n, 1), P (n− 1, 1)
)
,
(
R
(n−2) mod 3+1
1 (1), P (n− 1, 4)
)
,
(
R
(n−2) mod 3+1
0 (1), P (n− 1, 6)
)
, n > 3
Modules of the form P (n, 3)
Defect: ∂P (n, 3) = −3, for n ≥ 0.
P (0, 3) : −
P (1, 3) :
(
P (1, 1), P (0, 2)
)
,
(
P (1, 5), P (0, 4)
)
,
(
P (1, 7), P (0, 6)
)
P (2, 3) :
(
P (2, 2), P (0, 1)
)
,
(
P (2, 4), P (0, 5)
)
,
(
P (2, 6), P (0, 7)
)
,
(
P (2, 1), P (1, 2)
)
,
(
P (2, 5), P (1, 4)
)
(
P (2, 7), P (1, 6)
)
P (n, 3) :
(
P (n, 2), P (n− 2, 1)
)
,
(
P (n, 4), P (n− 2, 5)
)
,
(
P (n, 6), P (n− 2, 7)
)
(
P (n, 1), P (n− 1, 2)
)
,
(
P (n, 5), P (n− 1, 4)
)
,
(
P (n, 7), P (n− 1, 6)
)
, n > 2
Modules of the form P (n, 4)
Defect: ∂P (n, 4) = −2, for n ≥ 0.
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P (0, 4) :
(
I(1, 5), P (0, 3)
)
P (1, 4) :
(
R10(1), P (0, 2)
)
,
(
P (1, 5), P (0, 5)
)
,
(
R21(1), P (0, 6)
)
,
(
I(0, 5), P (1, 3)
)
P (2, 4) :
(
P (3, 7), P (0, 1)
)
,
(
P (3, 1), P (0, 7)
)
,
(
R20(1), P (1, 2)
)
,
(
P (2, 5), P (1, 5)
)
,
(
R31(1), P (1, 6)
)
P (3, 4) :
(
P (5, 5), P (0, 5)
)
,
(
P (4, 7), P (1, 1)
)
,
(
P (4, 1), P (1, 7)
)
,
(
R30(1), P (2, 2)
)
,
(
P (3, 5), P (2, 5)
)
(
R11(1), P (2, 6)
)
P (n, 4) :
(
P (n+ 2, 5), P (n− 3, 5)
)
,
(
P (n+ 1, 7), P (n− 2, 1)
)
,
(
P (n+ 1, 1), P (n− 2, 7)
)
(
R
(n−1) mod 3+1
0 (1), P (n− 1, 2)
)
,
(
P (n, 5), P (n− 1, 5)
)
,
(
R
(n−3) mod 3+1
1 (1), P (n− 1, 6)
)
, n > 3
Modules of the form P (n, 5)
Defect: ∂P (n, 5) = −1, for n ≥ 0.
P (0, 5) :
(
I(0, 4), P (0, 3)
)
,
(
I(0, 5), P (0, 4)
)
P (1, 5) :
(
I(1, 7), P (0, 2)
)
,
(
I(1, 1), P (0, 6)
)
P (2, 5) :
(
R11(1), P (0, 1)
)
,
(
I(2, 5), P (0, 4)
)
,
(
R30(1), P (0, 7)
)
,
(
I(0, 7), P (1, 2)
)
,
(
I(0, 1), P (1, 6)
)
P (3, 5) :
(
R1
∞
(1), P (0, 5)
)
,
(
R21(1), P (1, 1)
)
,
(
I(1, 5), P (1, 4)
)
,
(
R10(1), P (1, 7)
)
P (4, 5) :
(
R10(2), P (0, 1)
)
,
(
R21(2), P (0, 7)
)
,
(
R2
∞
(1), P (1, 5)
)
,
(
R31(1), P (2, 1)
)
,
(
I(0, 5), P (2, 4)
)
(
R20(1), P (2, 7)
)
P (n, 5) :
(
R
(n−4) mod 3+1
0 (2), P (n− 4, 1)
)
,
(
R
(n−3) mod 3+1
1 (2), P (n− 4, 7)
)
,
(
R(n−3) mod 2+1
∞
(1), P (n− 3, 5)
)
(
R
(n−2) mod 3+1
1 (1), P (n− 2, 1)
)
,
(
I(−n+ 4, 5), P (n− 2, 4)
)
,
(
R
(n−3) mod 3+1
0 (1), P (n− 2, 7)
)
, n > 4
Modules of the form P (n, 6)
Defect: ∂P (n, 6) = −2, for n ≥ 0.
P (0, 6) :
(
I(1, 7), P (0, 3)
)
P (1, 6) :
(
R11(1), P (0, 2)
)
,
(
R20(1), P (0, 4)
)
,
(
P (1, 7), P (0, 7)
)
,
(
I(0, 7), P (1, 3)
)
P (2, 6) :
(
P (3, 5), P (0, 1)
)
,
(
P (3, 1), P (0, 5)
)
,
(
R21(1), P (1, 2)
)
,
(
R30(1), P (1, 4)
)
,
(
P (2, 7), P (1, 7)
)
P (3, 6) :
(
P (5, 7), P (0, 7)
)
,
(
P (4, 5), P (1, 1)
)
,
(
P (4, 1), P (1, 5)
)
,
(
R31(1), P (2, 2)
)
,
(
R10(1), P (2, 4)
)
(
P (3, 7), P (2, 7)
)
P (n, 6) :
(
P (n+ 2, 7), P (n− 3, 7)
)
,
(
P (n+ 1, 5), P (n− 2, 1)
)
,
(
P (n+ 1, 1), P (n− 2, 5)
)
(
R
(n−1) mod 3+1
1 (1), P (n− 1, 2)
)
,
(
R
(n−3) mod 3+1
0 (1), P (n− 1, 4)
)
,
(
P (n, 7), P (n− 1, 7)
)
, n > 3
Modules of the form P (n, 7)
Defect: ∂P (n, 7) = −1, for n ≥ 0.
P (0, 7) :
(
I(0, 6), P (0, 3)
)
,
(
I(0, 7), P (0, 6)
)
P (1, 7) :
(
I(1, 5), P (0, 2)
)
,
(
I(1, 1), P (0, 4)
)
P (2, 7) :
(
R10(1), P (0, 1)
)
,
(
R31(1), P (0, 5)
)
,
(
I(2, 7), P (0, 6)
)
,
(
I(0, 5), P (1, 2)
)
,
(
I(0, 1), P (1, 4)
)
P (3, 7) :
(
R1
∞
(1), P (0, 7)
)
,
(
R20(1), P (1, 1)
)
,
(
R11(1), P (1, 5)
)
,
(
I(1, 7), P (1, 6)
)
P (4, 7) :
(
R11(2), P (0, 1)
)
,
(
R20(2), P (0, 5)
)
,
(
R2
∞
(1), P (1, 7)
)
,
(
R30(1), P (2, 1)
)
,
(
R21(1), P (2, 5)
)
(
I(0, 7), P (2, 6)
)
P (n, 7) :
(
R
(n−4) mod 3+1
1 (2), P (n− 4, 1)
)
,
(
R
(n−3) mod 3+1
0 (2), P (n− 4, 5)
)
,
(
R(n−3) mod 2+1
∞
(1), P (n− 3, 7)
)
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(
R
(n−2) mod 3+1
0 (1), P (n− 2, 1)
)
,
(
R
(n−3) mod 3+1
1 (1), P (n− 2, 5)
)
,
(
I(−n+ 4, 7), P (n− 2, 6)
)
, n > 4
5.14.2 Schofield pairs associated to preinjective exceptional modules
0
0
1 0 0 0 0
I(0, 1)
0
0
1 1 0 0 0
I(0, 2)
1
1
1 1 1 1 1
I(0, 3)
0
0
0 0 0 1 1
I(0, 4)
0
0
0 0 0 0 1
I(0, 5)
1
1
0 0 0 0 0
I(0, 6)
1
0
0 0 0 0 0
I(0, 7)
0
0
0 1 0 0 0
I(1, 1)
1
1
0 1 1 1 1
I(1, 2)
1
2
1 2 2 2 1
I(1, 3)
1
1
1 1 1 1 0
I(1, 4)
0
0
0 0 0 1 0
I(1, 5)
0
1
1 1 1 1 1
I(1, 6)
0
1
0 0 0 0 0
I(1, 7)
1
1
0 0 1 1 1
I(2, 1)
1
2
1 1 2 2 1
I(2, 2)
2
3
2 3 4 3 2
I(2, 3)
1
2
1 2 2 1 1
I(2, 4)
1
1
1 1 1 0 0
I(2, 5)
1
1
1 2 2 2 1
I(2, 6)
0
0
1 1 1 1 1
I(2, 7)
0
1
1 1 1 1 0
I(3, 1)
1
2
2 3 3 2 1
I(3, 2)
2
4
2 4 5 4 2
I(3, 3)
1
2
1 2 3 3 2
I(3, 4)
0
1
0 1 1 1 1
I(3, 5)
2
3
1 2 3 2 1
I(3, 6)
1
1
0 1 1 1 0
I(3, 7)
1
1
1 2 2 1 1
I(4, 1)
2
3
1 3 4 3 2
I(4, 2)
3
5
3 5 7 5 3
I(4, 3)
2
3
2 3 4 3 1
I(4, 4)
1
1
1 1 2 2 1
I(4, 5)
1
3
2 3 4 3 2
I(4, 6)
1
2
1 1 2 1 1
I(4, 7)
• • •
• • •
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
Modules of the form I(n, 1)
Defect: ∂I(n, 1) = 1, for n ≥ 0.
I(0, 1) : −
I(1, 1) : −
I(2, 1) :
(
I(0, 4), P (0, 7)
)
,
(
I(0, 5), R11(1)
)
,
(
I(0, 6), P (0, 5)
)
,
(
I(0, 7), R10(1)
)
I(3, 1) :
(
I(0, 1), R1
∞
(1)
)
,
(
I(0, 2), P (1, 1)
)
,
(
I(1, 5), R31(1)
)
,
(
I(1, 7), R30(1)
)
I(4, 1) :
(
I(0, 5), R20(2)
)
,
(
I(0, 7), R21(2)
)
,
(
I(1, 1), R2
∞
(1)
)
,
(
I(1, 2), P (0, 1)
)
,
(
I(2, 5), R21(1)
)
(
I(2, 7), R20(1)
)
I(n, 1) :
(
I(n− 4, 5), R
(−n+5) mod 3+1
0 (2)
)
,
(
I(n− 4, 7), R
(−n+5) mod 3+1
1 (2)
)
,
(
I(n− 3, 1), R(−n+5) mod 2+1
∞
(1)
)
(
I(n− 3, 2), P (−n+ 4, 1)
)
,
(
I(n− 2, 5), R
(−n+5) mod 3+1
1 (1)
)
,
(
I(n− 2, 7), R
(−n+5) mod 3+1
0 (1)
)
, n > 4
Modules of the form I(n, 2)
Defect: ∂I(n, 2) = 2, for n ≥ 0.
I(0, 2) :
(
I(0, 1), I(1, 1)
)
I(1, 2) :
(
I(0, 4), R20(1)
)
,
(
I(0, 5), I(3, 7)
)
,
(
I(0, 6), R21(1)
)
,
(
I(0, 7), I(3, 5)
)
,
(
I(1, 1), I(2, 1)
)
I(2, 2) :
(
I(0, 1), I(5, 1)
)
,
(
I(1, 4), R10(1)
)
,
(
I(1, 5), I(4, 7)
)
,
(
I(1, 6), R11(1)
)
,
(
I(1, 7), I(4, 5)
)
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• • •
1
2
0 1 2 2 1
I(5, 1)
2
4
2 3 5 4 2
I(5, 2)
3
6
3 6 8 6 3
I(5, 3)
2
4
2 4 5 3 2
I(5, 4)
1
2
1 2 2 1 0
I(5, 5)
2
3
2 4 5 4 2
I(5, 6)
0
1
1 2 2 2 1
I(5, 7)
1
2
2 2 3 2 1
I(6, 1)
2
4
3 5 6 4 2
I(6, 2)
4
7
4 7 10 7 4
I(6, 3)
2
4
2 4 6 5 3
I(6, 4)
1
2
1 2 3 2 2
I(6, 5)
3
5
2 4 6 4 2
I(6, 6)
2
2
1 2 3 2 1
I(6, 7)
1
2
1 3 3 2 1
I(7, 1)
3
5
2 5 7 5 3
I(7, 2)
4
8
4 8 11 8 4
I(7, 3)
3
5
3 5 7 5 2
I(7, 4)
1
2
1 2 3 3 1
I(7, 5)
2
5
3 5 7 5 3
I(7, 6)
1
3
1 2 3 2 1
I(7, 7)
2
3
1 2 4 3 2
I(8, 1)
3
6
3 5 8 6 3
I(8, 2)
5
9
5 9 13 9 5
I(8, 3)
3
6
3 6 8 5 3
I(8, 4)
2
3
2 3 4 2 1
I(8, 5)
3
5
3 6 8 6 3
I(8, 6)
1
2
2 3 4 3 2
I(8, 7)
1
3
2 3 4 3 1
I(9, 1)
3
6
4 7 9 6 3
I(9, 2)
5
10
5 10 14 10 5
I(9, 3)
3
6
3 6 9 7 4
I(9, 4)
1
3
1 3 4 3 2
I(9, 5)
4
7
3 6 9 6 3
I(9, 6)
2
3
1 3 4 3 1
I(9, 7)
• • •
• • •
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
(
I(2, 1), I(3, 1)
)
I(n, 2) :
(
I(n− 2, 1), I(n+ 3, 1)
)
,
(
I(n− 1, 4), R
(−n+2) mod 3+1
0 (1)
)
,
(
I(n− 1, 5), I(n+ 2, 7)
)
(
I(n− 1, 6), R
(−n+2) mod 3+1
1 (1)
)
,
(
I(n− 1, 7), I(n+ 2, 5)
)
,
(
I(n, 1), I(n+ 1, 1)
)
, n > 2
Modules of the form I(n, 3)
Defect: ∂I(n, 3) = 3, for n ≥ 0.
I(0, 3) :
(
I(0, 1), I(1, 2)
)
,
(
I(0, 2), I(2, 1)
)
,
(
I(0, 4), I(2, 5)
)
,
(
I(0, 5), I(1, 4)
)
,
(
I(0, 6), I(2, 7)
)
(
I(0, 7), I(1, 6)
)
I(n, 3) :
(
I(n, 1), I(n+ 1, 2)
)
,
(
I(n, 2), I(n+ 2, 1)
)
,
(
I(n, 4), I(n+ 2, 5)
)
(
I(n, 5), I(n+ 1, 4)
)
,
(
I(n, 6), I(n+ 2, 7)
)
,
(
I(n, 7), I(n+ 1, 6)
)
, n > 0
Modules of the form I(n, 4)
Defect: ∂I(n, 4) = 2, for n ≥ 0.
I(0, 4) :
(
I(0, 5), I(1, 5)
)
I(1, 4) :
(
I(0, 1), I(3, 7)
)
,
(
I(0, 2), R11(1)
)
,
(
I(0, 6), R30(1)
)
,
(
I(0, 7), I(3, 1)
)
,
(
I(1, 5), I(2, 5)
)
I(2, 4) :
(
I(0, 5), I(5, 5)
)
,
(
I(1, 1), I(4, 7)
)
,
(
I(1, 2), R31(1)
)
,
(
I(1, 6), R20(1)
)
,
(
I(1, 7), I(4, 1)
)
(
I(2, 5), I(3, 5)
)
I(n, 4) :
(
I(n− 2, 5), I(n+ 3, 5)
)
,
(
I(n− 1, 1), I(n+ 2, 7)
)
,
(
I(n− 1, 2), R
(−n+4) mod 3+1
1 (1)
)
(
I(n− 1, 6), R
(−n+3) mod 3+1
0 (1)
)
,
(
I(n− 1, 7), I(n+ 2, 1)
)
,
(
I(n, 5), I(n+ 1, 5)
)
, n > 2
77
Modules of the form I(n, 5)
Defect: ∂I(n, 5) = 1, for n ≥ 0.
I(0, 5) : −
I(1, 5) : −
I(2, 5) :
(
I(0, 1), R20(1)
)
,
(
I(0, 2), P (0, 7)
)
,
(
I(0, 6), P (0, 1)
)
,
(
I(0, 7), R31(1)
)
I(3, 5) :
(
I(0, 4), P (1, 5)
)
,
(
I(0, 5), R1
∞
(1)
)
,
(
I(1, 1), R10(1)
)
,
(
I(1, 7), R21(1)
)
I(4, 5) :
(
I(0, 1), R11(2)
)
,
(
I(0, 7), R30(2)
)
,
(
I(1, 4), P (0, 5)
)
,
(
I(1, 5), R2
∞
(1)
)
,
(
I(2, 1), R30(1)
)
(
I(2, 7), R11(1)
)
I(n, 5) :
(
I(n− 4, 1), R
(−n+4) mod 3+1
1 (2)
)
,
(
I(n− 4, 7), R
(−n+6) mod 3+1
0 (2)
)
,
(
I(n− 3, 4), P (−n+ 4, 5)
)
(
I(n− 3, 5), R(−n+5) mod 2+1
∞
(1)
)
,
(
I(n− 2, 1), R
(−n+6) mod 3+1
0 (1)
)
,
(
I(n− 2, 7), R
(−n+4) mod 3+1
1 (1)
)
, n > 4
Modules of the form I(n, 6)
Defect: ∂I(n, 6) = 2, for n ≥ 0.
I(0, 6) :
(
I(0, 7), I(1, 7)
)
I(1, 6) :
(
I(0, 1), I(3, 5)
)
,
(
I(0, 2), R10(1)
)
,
(
I(0, 4), R31(1)
)
,
(
I(0, 5), I(3, 1)
)
,
(
I(1, 7), I(2, 7)
)
I(2, 6) :
(
I(0, 7), I(5, 7)
)
,
(
I(1, 1), I(4, 5)
)
,
(
I(1, 2), R30(1)
)
,
(
I(1, 4), R21(1)
)
,
(
I(1, 5), I(4, 1)
)
(
I(2, 7), I(3, 7)
)
I(n, 6) :
(
I(n− 2, 7), I(n+ 3, 7)
)
,
(
I(n− 1, 1), I(n+ 2, 5)
)
,
(
I(n− 1, 2), R
(−n+4) mod 3+1
0 (1)
)
(
I(n− 1, 4), R
(−n+3) mod 3+1
1 (1)
)
,
(
I(n− 1, 5), I(n+ 2, 1)
)
,
(
I(n, 7), I(n+ 1, 7)
)
, n > 2
Modules of the form I(n, 7)
Defect: ∂I(n, 7) = 1, for n ≥ 0.
I(0, 7) : −
I(1, 7) : −
I(2, 7) :
(
I(0, 1), R21(1)
)
,
(
I(0, 2), P (0, 5)
)
,
(
I(0, 4), P (0, 1)
)
,
(
I(0, 5), R30(1)
)
I(3, 7) :
(
I(0, 6), P (1, 7)
)
,
(
I(0, 7), R1
∞
(1)
)
,
(
I(1, 1), R11(1)
)
,
(
I(1, 5), R20(1)
)
I(4, 7) :
(
I(0, 1), R10(2)
)
,
(
I(0, 5), R31(2)
)
,
(
I(1, 6), P (0, 7)
)
,
(
I(1, 7), R2
∞
(1)
)
,
(
I(2, 1), R31(1)
)
(
I(2, 5), R10(1)
)
I(n, 7) :
(
I(n− 4, 1), R
(−n+4) mod 3+1
0 (2)
)
,
(
I(n− 4, 5), R
(−n+6) mod 3+1
1 (2)
)
,
(
I(n− 3, 6), P (−n+ 4, 7)
)
(
I(n− 3, 7), R(−n+5) mod 2+1
∞
(1)
)
,
(
I(n− 2, 1), R
(−n+6) mod 3+1
1 (1)
)
,
(
I(n− 2, 5), R
(−n+4) mod 3+1
0 (1)
)
, n > 4
5.14.3 Schofield pairs associated to regular exceptional modules
The non-homogeneous tube T
∆(E˜6)
1
R11(1) :
(
I(0, 6), P (0, 4)
)
,
(
I(1, 5), P (0, 7)
)
,
(
I(0, 7), P (1, 1)
)
R11(2) :
(
R21(1), R
1
1(1)
)
,
(
I(3, 7), P (0, 5)
)
,
(
I(2, 1), P (1, 7)
)
,
(
I(1, 5), P (2, 1)
)
,
(
I(0, 7), P (3, 5)
)
R21(1) :
(
I(0, 4), P (0, 2)
)
,
(
I(1, 1), P (0, 5)
)
,
(
I(0, 5), P (1, 7)
)
R21(2) :
(
R31(1), R
2
1(1)
)
,
(
I(3, 5), P (0, 1)
)
,
(
I(2, 7), P (1, 5)
)
,
(
I(1, 1), P (2, 7)
)
,
(
I(0, 5), P (3, 1)
)
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T
∆(E˜6)
1
1
1
0 0 1 1 0
R11(1) 0
0
0 1 1 1 1
R21(1) 0
1
1 1 1 0 0
R31(1) 1
1
0 0 1 1 0
R11(1)
1
1
0 1 2 2 1
R11(2) 0
1
1 2 2 1 1
R21(2) 1
2
1 1 2 1 0
R31(2)
1
2
1 2 3 2 1
R31(3) 1
2
1 2 3 2 1
R11(3) 1
2
1 2 3 2 1
R21(3) 1
2
1 2 3 2 1
R31(3)
1
3
2 3 4 2 1
R31(4) 2
3
1 2 4 3 1
R11(4) 1
2
1 3 4 3 2
R21(4)
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
R31(1) :
(
I(1, 7), P (0, 1)
)
,
(
I(0, 2), P (0, 6)
)
,
(
I(0, 1), P (1, 5)
)
R31(2) :
(
R11(1), R
3
1(1)
)
,
(
I(3, 1), P (0, 7)
)
,
(
I(2, 5), P (1, 1)
)
,
(
I(1, 7), P (2, 5)
)
,
(
I(0, 1), P (3, 7)
)
The non-homogeneous tube T
∆(E˜6)
0
T
∆(E˜6)
0
0
1
0 0 1 1 1
R10(1) 1
1
0 1 1 0 0
R20(1) 0
0
1 1 1 1 0
R30(1) 0
1
0 0 1 1 1
R10(1)
1
2
0 1 2 1 1
R10(2) 1
1
1 2 2 1 0
R20(2) 0
1
1 1 2 2 1
R30(2)
1
2
1 2 3 2 1
R30(3) 1
2
1 2 3 2 1
R10(3) 1
2
1 2 3 2 1
R20(3) 1
2
1 2 3 2 1
R30(3)
1
2
2 3 4 3 1
R30(4) 1
3
1 2 4 3 2
R10(4) 2
3
1 3 4 2 1
R20(4)
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
R10(1) :
(
I(1, 7), P (0, 5)
)
,
(
I(0, 4), P (0, 6)
)
,
(
I(0, 5), P (1, 1)
)
R10(2) :
(
R20(1), R
1
0(1)
)
,
(
I(3, 5), P (0, 7)
)
,
(
I(2, 1), P (1, 5)
)
,
(
I(1, 7), P (2, 1)
)
,
(
I(0, 5), P (3, 7)
)
R20(1) :
(
I(0, 6), P (0, 2)
)
,
(
I(1, 1), P (0, 7)
)
,
(
I(0, 7), P (1, 5)
)
R20(2) :
(
R30(1), R
2
0(1)
)
,
(
I(3, 7), P (0, 1)
)
,
(
I(2, 5), P (1, 7)
)
,
(
I(1, 1), P (2, 5)
)
,
(
I(0, 7), P (3, 1)
)
R30(1) :
(
I(1, 5), P (0, 1)
)
,
(
I(0, 2), P (0, 4)
)
,
(
I(0, 1), P (1, 7)
)
R30(2) :
(
R10(1), R
3
0(1)
)
,
(
I(3, 1), P (0, 5)
)
,
(
I(2, 7), P (1, 1)
)
,
(
I(1, 5), P (2, 7)
)
,
(
I(0, 1), P (3, 5)
)
The non-homogeneous tube T
∆(E˜6)
∞
R1
∞
(1) :
(
I(1, 1), P (1, 1)
)
,
(
I(1, 5), P (1, 5)
)
,
(
I(1, 7), P (1, 7)
)
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T
∆(E˜6)
∞
0
1
0 1 1 1 0
R1
∞
(1) 1
1
1 1 2 1 1
R2
∞
(1) 0
1
0 1 1 1 0
R1
∞
(1)
1
2
1 2 3 2 1
R1
∞
(2) 1
2
1 2 3 2 1
R2
∞
(2)
2
3
2 3 5 3 2
R2
∞
(3) 1
3
1 3 4 3 1
R1
∞
(3) 2
3
2 3 5 3 2
R2
∞
(3)
τ−1
τ−1
τ−1
τ−1
τ−1 τ−1
R2
∞
(1) :
(
I(2, 1), P (0, 1)
)
,
(
I(2, 5), P (0, 5)
)
,
(
I(2, 7), P (0, 7)
)
,
(
I(0, 1), P (2, 1)
)
,
(
I(0, 5), P (2, 5)
)
(
I(0, 7), P (2, 7)
)
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5.15 Schofield pairs for the quiver ∆(E˜7) – δ = 21 2 3 4 3 2 1
8

1 // 2 // 3 // 4 5oo 6oo 7oo
C∆(E˜7) =


1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 1 1 0 0 0 0 0
1 1 1 1 1 1 1 1
0 0 0 0 1 1 1 0
0 0 0 0 0 1 1 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


Φ∆(E˜7) =


0 0 0 −1 1 0 0 1
1 0 0 −1 1 0 0 1
0 1 0 −1 1 0 0 1
0 0 1 −1 1 0 0 1
0 0 1 −1 0 1 0 1
0 0 1 −1 0 0 1 1
0 0 1 −1 0 0 0 1
0 0 1 −1 1 0 0 0


5.15.1 Schofield pairs associated to preprojective exceptional modules
0
1 1 1 1 0 0 0
P (0, 1)
0
0 1 1 1 0 0 0
P (0, 2)
0
0 0 1 1 0 0 0
P (0, 3)
0
0 0 0 1 0 0 0
P (0, 4)
0
0 0 0 1 1 0 0
P (0, 5)
0
0 0 0 1 1 1 0
P (0, 6)
0
0 0 0 1 1 1 1
P (0, 7)
1
0 0 0 1 0 0 0
P (0, 8)
1
0 0 0 1 1 0 0
P (1, 1)
1
1 1 1 2 1 0 0
P (1, 2)
1
0 1 1 2 1 0 0
P (1, 3)
1
0 0 1 2 1 0 0
P (1, 4)
1
0 0 1 2 1 1 0
P (1, 5)
1
0 0 1 2 1 1 1
P (1, 6)
1
0 0 1 1 0 0 0
P (1, 7)
0
0 0 1 1 1 0 0
P (1, 8)
0
0 0 1 1 1 1 0
P (2, 1)
1
0 0 1 2 2 1 0
P (2, 2)
1
1 1 2 3 2 1 0
P (2, 3)
1
0 1 2 3 2 1 0
P (2, 4)
1
0 1 2 3 2 1 1
P (2, 5)
1
0 1 2 2 1 0 0
P (2, 6)
0
0 1 1 1 1 0 0
P (2, 7)
1
0 1 1 2 1 1 0
P (2, 8)
1
0 1 1 2 1 1 1
P (3, 1)
1
0 1 2 3 2 2 1
P (3, 2)
2
0 1 2 4 3 2 1
P (3, 3)
2
1 2 3 5 3 2 1
P (3, 4)
2
1 2 3 4 2 1 0
P (3, 5)
1
1 2 2 3 2 1 0
P (3, 6)
1
1 1 1 2 1 1 0
P (3, 7)
1
1 1 2 3 2 1 1
P (3, 8)
1
1 1 2 2 1 0 0
P (4, 1)
2
1 2 3 4 2 1 1
P (4, 2)
2
1 2 4 5 3 2 1
P (4, 3)
3
1 2 4 6 4 2 1
P (4, 4)
2
1 2 3 5 4 2 1
P (4, 5)
2
1 1 2 4 3 2 1
P (4, 6)
1
0 0 1 2 2 1 1
P (4, 7)
2
0 1 2 3 2 1 0
P (4, 8)
• • •
• • •
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
Modules of the form P (n, 1)
Defect: ∂P (n, 1) = −1, for n ≥ 0.
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• • •
• • •
1
0 1 1 2 2 1 0
P (5, 1)
2
1 2 3 4 3 1 0
P (5, 2)
3
1 3 4 6 4 2 1
P (5, 3)
3
1 3 5 7 5 3 1
P (5, 4)
3
1 2 4 6 4 3 1
P (5, 5)
2
0 1 3 4 3 2 1
P (5, 6)
1
0 1 2 2 1 1 0
P (5, 7)
1
1 2 3 4 3 2 1
P (5, 8)
1
1 1 2 3 2 2 1
P (6, 1)
2
1 2 3 5 4 3 1
P (6, 2)
3
2 3 5 7 5 3 1
P (6, 3)
4
2 4 6 9 6 4 2
P (6, 4)
3
1 3 5 7 5 3 2
P (6, 5)
2
1 3 4 5 3 2 1
P (6, 6)
1
1 2 2 3 2 1 1
P (6, 7)
3
1 2 3 5 3 2 1
P (6, 8)
2
0 1 2 3 2 1 1
P (7, 1)
3
1 2 4 6 4 3 2
P (7, 2)
4
1 3 5 8 6 4 2
P (7, 3)
5
2 4 7 10 7 4 2
P (7, 4)
4
2 4 6 8 5 3 1
P (7, 5)
3
2 3 4 6 4 2 1
P (7, 6)
2
1 1 2 3 2 1 0
P (7, 7)
2
1 2 4 5 4 2 1
P (7, 8)
1
1 2 3 3 2 1 0
P (8, 1)
3
1 3 5 6 4 2 1
P (8, 2)
4
2 4 7 9 6 4 2
P (8, 3)
5
2 5 8 11 8 5 2
P (8, 4)
4
2 4 6 9 7 4 2
P (8, 5)
3
1 2 4 6 5 3 1
P (8, 6)
1
0 1 2 3 3 2 1
P (8, 7)
3
1 3 4 6 4 3 1
P (8, 8)
2
1 2 2 4 3 2 1
P (9, 1)
3
2 4 5 7 5 3 1
P (9, 2)
5
2 5 7 10 7 4 2
P (9, 3)
6
3 6 9 13 9 6 3
P (9, 4)
5
2 4 7 10 7 5 2
P (9, 5)
3
1 3 5 7 5 4 2
P (9, 6)
2
1 2 3 4 2 2 1
P (9, 7)
3
2 3 5 7 5 3 2
P (9, 8)
• • •
• • •
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
P (0, 1) :
(
I(0, 1), P (0, 2)
)
,
(
I(0, 2), P (0, 3)
)
,
(
I(0, 3), P (0, 4)
)
P (1, 1) :
(
I(0, 8), P (0, 5)
)
,
(
I(2, 7), P (0, 8)
)
P (2, 1) :
(
I(1, 6), P (0, 3)
)
,
(
I(2, 1), P (0, 6)
)
,
(
I(1, 7), P (1, 8)
)
P (3, 1) :
(
I(3, 1), P (0, 2)
)
,
(
R31(1), P (0, 7)
)
,
(
I(4, 7), P (0, 8)
)
,
(
I(0, 6), P (1, 3)
)
,
(
I(1, 1), P (1, 6)
)
(
I(0, 7), P (2, 8)
)
P (4, 1) :
(
R10(1), P (0, 1)
)
,
(
I(2, 1), P (1, 2)
)
,
(
R41(1), P (1, 7)
)
,
(
I(3, 7), P (1, 8)
)
,
(
I(0, 1), P (2, 6)
)
P (5, 1) :
(
I(5, 1), P (0, 6)
)
,
(
R20(1), P (1, 1)
)
,
(
I(1, 1), P (2, 2)
)
,
(
R11(1), P (2, 7)
)
,
(
I(2, 7), P (2, 8)
)
P (6, 1) :
(
R11(2), P (0, 1)
)
,
(
R2
∞
(1), P (0, 7)
)
,
(
I(4, 1), P (1, 6)
)
,
(
R30(1), P (2, 1)
)
,
(
I(0, 1), P (3, 2)
)
(
R21(1), P (3, 7)
)
,
(
I(1, 7), P (3, 8)
)
P (7, 1) :
(
R21(2), P (1, 1)
)
,
(
R1
∞
(1), P (1, 7)
)
,
(
I(3, 1), P (2, 6)
)
,
(
R10(1), P (3, 1)
)
,
(
R31(1), P (4, 7)
)
(
I(0, 7), P (4, 8)
)
P (8, 1) :
(
R10(2), P (0, 1)
)
,
(
R31(2), P (2, 1)
)
,
(
R2
∞
(1), P (2, 7)
)
,
(
I(2, 1), P (3, 6)
)
,
(
R20(1), P (4, 1)
)
(
R41(1), P (5, 7)
)
P (9, 1) :
(
R31(3), P (0, 7)
)
,
(
R20(2), P (1, 1)
)
,
(
R41(2), P (3, 1)
)
,
(
R1
∞
(1), P (3, 7)
)
,
(
I(1, 1), P (4, 6)
)
(
R30(1), P (5, 1)
)
,
(
R11(1), P (6, 7)
)
P (n, 1) :
(
R
(n−7) mod 4+1
1 (3), P (n− 9, 7)
)
,
(
R
(n−8) mod 3+1
0 (2), P (n− 8, 1)
)
,
(
R
(n−6) mod 4+1
1 (2), P (n− 6, 1)
)
(
R(n−9) mod 2+1
∞
(1), P (n− 6, 7)
)
,
(
I(−n+ 10, 1), P (n− 5, 6)
)
,
(
R
(n−7) mod 3+1
0 (1), P (n− 4, 1)
)
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(
R
(n−9) mod 4+1
1 (1), P (n− 3, 7)
)
, n > 9
Modules of the form P (n, 2)
Defect: ∂P (n, 2) = −2, for n ≥ 0.
P (0, 2) :
(
I(1, 1), P (0, 3)
)
,
(
I(1, 2), P (0, 4)
)
P (1, 2) :
(
P (1, 1), P (0, 1)
)
,
(
I(3, 7), P (0, 5)
)
,
(
R41(1), P (0, 8)
)
,
(
I(0, 1), P (1, 3)
)
,
(
I(0, 2), P (1, 4)
)
P (2, 2) :
(
R10(1), P (0, 6)
)
,
(
P (2, 1), P (1, 1)
)
,
(
I(2, 7), P (1, 5)
)
,
(
R11(1), P (1, 8)
)
P (3, 2) :
(
R11(2), P (0, 2)
)
,
(
P (5, 7), P (0, 7)
)
,
(
R20(1), P (1, 6)
)
,
(
P (3, 1), P (2, 1)
)
,
(
I(1, 7), P (2, 5)
)
(
R21(1), P (2, 8)
)
P (4, 2) :
(
P (7, 1), P (0, 1)
)
,
(
R21(2), P (1, 2)
)
,
(
P (6, 7), P (1, 7)
)
,
(
R30(1), P (2, 6)
)
,
(
P (4, 1), P (3, 1)
)
(
I(0, 7), P (3, 5)
)
,
(
R31(1), P (3, 8)
)
P (5, 2) :
(
P (8, 1), P (1, 1)
)
,
(
R31(2), P (2, 2)
)
,
(
P (7, 7), P (2, 7)
)
,
(
R10(1), P (3, 6)
)
,
(
P (5, 1), P (4, 1)
)
(
R41(1), P (4, 8)
)
P (6, 2) :
(
P (11, 7), P (0, 7)
)
,
(
P (9, 1), P (2, 1)
)
,
(
R41(2), P (3, 2)
)
,
(
P (8, 7), P (3, 7)
)
,
(
R20(1), P (4, 6)
)
(
P (6, 1), P (5, 1)
)
,
(
R11(1), P (5, 8)
)
P (n, 2) :
(
P (n+ 5, 7), P (n− 6, 7)
)
,
(
P (n+ 3, 1), P (n− 4, 1)
)
,
(
R
(n−3) mod 4+1
1 (2), P (n− 3, 2)
)
(
P (n+ 2, 7), P (n− 3, 7)
)
,
(
R
(n−5) mod 3+1
0 (1), P (n− 2, 6)
)
,
(
P (n, 1), P (n− 1, 1)
)
(
R
(n−6) mod 4+1
1 (1), P (n− 1, 8)
)
, n > 6
Modules of the form P (n, 3)
Defect: ∂P (n, 3) = −3, for n ≥ 0.
P (0, 3) :
(
I(2, 1), P (0, 4)
)
P (1, 3) :
(
P (1, 1), P (0, 2)
)
,
(
R31(1), P (0, 5)
)
,
(
P (2, 7), P (0, 8)
)
,
(
I(1, 1), P (1, 4)
)
P (2, 3) :
(
P (2, 2), P (0, 1)
)
,
(
P (4, 1), P (0, 6)
)
,
(
P (2, 1), P (1, 2)
)
,
(
R41(1), P (1, 5)
)
,
(
P (3, 7), P (1, 8)
)
(
I(0, 1), P (2, 4)
)
P (3, 3) :
(
P (4, 8), P (0, 7)
)
,
(
P (3, 2), P (1, 1)
)
,
(
P (5, 1), P (1, 6)
)
,
(
P (3, 1), P (2, 2)
)
,
(
R11(1), P (2, 5)
)
(
P (4, 7), P (2, 8)
)
P (4, 3) :
(
P (5, 6), P (0, 1)
)
,
(
P (5, 8), P (1, 7)
)
,
(
P (4, 2), P (2, 1)
)
,
(
P (6, 1), P (2, 6)
)
,
(
P (4, 1), P (3, 2)
)
(
R21(1), P (3, 5)
)
,
(
P (5, 7), P (3, 8)
)
P (n, 3) :
(
P (n+ 1, 6), P (n− 4, 1)
)
,
(
P (n+ 1, 8), P (n− 3, 7)
)
,
(
P (n, 2), P (n− 2, 1)
)
(
P (n+ 2, 1), P (n− 2, 6)
)
,
(
P (n, 1), P (n− 1, 2)
)
,
(
R
(n−3) mod 4+1
1 (1), P (n− 1, 5)
)
(
P (n+ 1, 7), P (n− 1, 8)
)
, n > 4
Modules of the form P (n, 4)
Defect: ∂P (n, 4) = −4, for n ≥ 0.
P (0, 4) : −
P (1, 4) :
(
P (1, 1), P (0, 3)
)
,
(
P (1, 7), P (0, 5)
)
,
(
P (1, 8), P (0, 8)
)
P (2, 4) :
(
P (2, 2), P (0, 2)
)
,
(
P (2, 6), P (0, 6)
)
,
(
P (2, 1), P (1, 3)
)
,
(
P (2, 7), P (1, 5)
)
,
(
P (2, 8), P (1, 8)
)
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P (3, 4) :
(
P (3, 3), P (0, 1)
)
,
(
P (3, 5), P (0, 7)
)
,
(
P (3, 2), P (1, 2)
)
,
(
P (3, 6), P (1, 6)
)
,
(
P (3, 1), P (2, 3)
)
(
P (3, 7), P (2, 5)
)
,
(
P (3, 8), P (2, 8)
)
P (n, 4) :
(
P (n, 3), P (n− 3, 1)
)
,
(
P (n, 5), P (n− 3, 7)
)
,
(
P (n, 2), P (n− 2, 2)
)
(
P (n, 6), P (n− 2, 6)
)
,
(
P (n, 1), P (n− 1, 3)
)
,
(
P (n, 7), P (n− 1, 5)
)
(
P (n, 8), P (n− 1, 8)
)
, n > 3
Modules of the form P (n, 5)
Defect: ∂P (n, 5) = −3, for n ≥ 0.
P (0, 5) :
(
I(2, 7), P (0, 4)
)
P (1, 5) :
(
R11(1), P (0, 3)
)
,
(
P (1, 7), P (0, 6)
)
,
(
P (2, 1), P (0, 8)
)
,
(
I(1, 7), P (1, 4)
)
P (2, 5) :
(
P (4, 7), P (0, 2)
)
,
(
P (2, 6), P (0, 7)
)
,
(
R21(1), P (1, 3)
)
,
(
P (2, 7), P (1, 6)
)
,
(
P (3, 1), P (1, 8)
)
(
I(0, 7), P (2, 4)
)
P (3, 5) :
(
P (4, 8), P (0, 1)
)
,
(
P (5, 7), P (1, 2)
)
,
(
P (3, 6), P (1, 7)
)
,
(
R31(1), P (2, 3)
)
,
(
P (3, 7), P (2, 6)
)
(
P (4, 1), P (2, 8)
)
P (4, 5) :
(
P (5, 2), P (0, 7)
)
,
(
P (5, 8), P (1, 1)
)
,
(
P (6, 7), P (2, 2)
)
,
(
P (4, 6), P (2, 7)
)
,
(
R41(1), P (3, 3)
)
(
P (4, 7), P (3, 6)
)
,
(
P (5, 1), P (3, 8)
)
P (n, 5) :
(
P (n+ 1, 2), P (n− 4, 7)
)
,
(
P (n+ 1, 8), P (n− 3, 1)
)
,
(
P (n+ 2, 7), P (n− 2, 2)
)
(
P (n, 6), P (n− 2, 7)
)
,
(
R
(n−1) mod 4+1
1 (1), P (n− 1, 3)
)
,
(
P (n, 7), P (n− 1, 6)
)
(
P (n+ 1, 1), P (n− 1, 8)
)
, n > 4
Modules of the form P (n, 6)
Defect: ∂P (n, 6) = −2, for n ≥ 0.
P (0, 6) :
(
I(1, 6), P (0, 4)
)
,
(
I(1, 7), P (0, 5)
)
P (1, 6) :
(
I(3, 1), P (0, 3)
)
,
(
P (1, 7), P (0, 7)
)
,
(
R21(1), P (0, 8)
)
,
(
I(0, 6), P (1, 4)
)
,
(
I(0, 7), P (1, 5)
)
P (2, 6) :
(
R10(1), P (0, 2)
)
,
(
I(2, 1), P (1, 3)
)
,
(
P (2, 7), P (1, 7)
)
,
(
R31(1), P (1, 8)
)
P (3, 6) :
(
P (5, 1), P (0, 1)
)
,
(
R31(2), P (0, 6)
)
,
(
R20(1), P (1, 2)
)
,
(
I(1, 1), P (2, 3)
)
,
(
P (3, 7), P (2, 7)
)
(
R41(1), P (2, 8)
)
P (4, 6) :
(
P (7, 7), P (0, 7)
)
,
(
P (6, 1), P (1, 1)
)
,
(
R41(2), P (1, 6)
)
,
(
R30(1), P (2, 2)
)
,
(
I(0, 1), P (3, 3)
)
(
P (4, 7), P (3, 7)
)
,
(
R11(1), P (3, 8)
)
P (5, 6) :
(
P (8, 7), P (1, 7)
)
,
(
P (7, 1), P (2, 1)
)
,
(
R11(2), P (2, 6)
)
,
(
R10(1), P (3, 2)
)
,
(
P (5, 7), P (4, 7)
)
(
R21(1), P (4, 8)
)
P (6, 6) :
(
P (11, 1), P (0, 1)
)
,
(
P (9, 7), P (2, 7)
)
,
(
P (8, 1), P (3, 1)
)
,
(
R21(2), P (3, 6)
)
,
(
R20(1), P (4, 2)
)
(
P (6, 7), P (5, 7)
)
,
(
R31(1), P (5, 8)
)
P (n, 6) :
(
P (n+ 5, 1), P (n− 6, 1)
)
,
(
P (n+ 3, 7), P (n− 4, 7)
)
,
(
P (n+ 2, 1), P (n− 3, 1)
)
(
R
(n−5) mod 4+1
1 (2), P (n− 3, 6)
)
,
(
R
(n−5) mod 3+1
0 (1), P (n− 2, 2)
)
,
(
P (n, 7), P (n− 1, 7)
)
(
R
(n−4) mod 4+1
1 (1), P (n− 1, 8)
)
, n > 6
Modules of the form P (n, 7)
Defect: ∂P (n, 7) = −1, for n ≥ 0.
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P (0, 7) :
(
I(0, 5), P (0, 4)
)
,
(
I(0, 6), P (0, 5)
)
,
(
I(0, 7), P (0, 6)
)
P (1, 7) :
(
I(0, 8), P (0, 3)
)
,
(
I(2, 1), P (0, 8)
)
P (2, 7) :
(
I(2, 7), P (0, 2)
)
,
(
I(1, 2), P (0, 5)
)
,
(
I(1, 1), P (1, 8)
)
P (3, 7) :
(
R11(1), P (0, 1)
)
,
(
I(3, 7), P (0, 6)
)
,
(
I(4, 1), P (0, 8)
)
,
(
I(1, 7), P (1, 2)
)
,
(
I(0, 2), P (1, 5)
)
(
I(0, 1), P (2, 8)
)
P (4, 7) :
(
R10(1), P (0, 7)
)
,
(
R21(1), P (1, 1)
)
,
(
I(2, 7), P (1, 6)
)
,
(
I(3, 1), P (1, 8)
)
,
(
I(0, 7), P (2, 2)
)
P (5, 7) :
(
I(5, 7), P (0, 2)
)
,
(
R20(1), P (1, 7)
)
,
(
R31(1), P (2, 1)
)
,
(
I(1, 7), P (2, 6)
)
,
(
I(2, 1), P (2, 8)
)
P (6, 7) :
(
R1
∞
(1), P (0, 1)
)
,
(
R31(2), P (0, 7)
)
,
(
I(4, 7), P (1, 2)
)
,
(
R30(1), P (2, 7)
)
,
(
R41(1), P (3, 1)
)
(
I(0, 7), P (3, 6)
)
,
(
I(1, 1), P (3, 8)
)
P (7, 7) :
(
R2
∞
(1), P (1, 1)
)
,
(
R41(2), P (1, 7)
)
,
(
I(3, 7), P (2, 2)
)
,
(
R10(1), P (3, 7)
)
,
(
R11(1), P (4, 1)
)
(
I(0, 1), P (4, 8)
)
P (8, 7) :
(
R10(2), P (0, 7)
)
,
(
R1
∞
(1), P (2, 1)
)
,
(
R11(2), P (2, 7)
)
,
(
I(2, 7), P (3, 2)
)
,
(
R20(1), P (4, 7)
)
(
R21(1), P (5, 1)
)
P (9, 7) :
(
R11(3), P (0, 1)
)
,
(
R20(2), P (1, 7)
)
,
(
R2
∞
(1), P (3, 1)
)
,
(
R21(2), P (3, 7)
)
,
(
I(1, 7), P (4, 2)
)
(
R30(1), P (5, 7)
)
,
(
R31(1), P (6, 1)
)
P (n, 7) :
(
R
(n−9) mod 4+1
1 (3), P (n− 9, 1)
)
,
(
R
(n−8) mod 3+1
0 (2), P (n− 8, 7)
)
,
(
R(n−8) mod 2+1
∞
(1), P (n− 6, 1)
)
(
R
(n−8) mod 4+1
1 (2), P (n− 6, 7)
)
,
(
I(−n+ 10, 7), P (n− 5, 2)
)
,
(
R
(n−7) mod 3+1
0 (1), P (n− 4, 7)
)
(
R
(n−7) mod 4+1
1 (1), P (n− 3, 1)
)
, n > 9
Modules of the form P (n, 8)
Defect: ∂P (n, 8) = −2, for n ≥ 0.
P (0, 8) :
(
I(0, 8), P (0, 4)
)
P (1, 8) :
(
I(2, 7), P (0, 3)
)
,
(
I(2, 1), P (0, 5)
)
P (2, 8) :
(
R11(1), P (0, 2)
)
,
(
R31(1), P (0, 6)
)
,
(
R20(1), P (0, 8)
)
,
(
I(1, 7), P (1, 3)
)
,
(
I(1, 1), P (1, 5)
)
P (3, 8) :
(
P (4, 7), P (0, 1)
)
,
(
P (4, 1), P (0, 7)
)
,
(
R21(1), P (1, 2)
)
,
(
R41(1), P (1, 6)
)
,
(
R30(1), P (1, 8)
)
(
I(0, 7), P (2, 3)
)
,
(
I(0, 1), P (2, 5)
)
P (4, 8) :
(
P (5, 7), P (1, 1)
)
,
(
P (5, 1), P (1, 7)
)
,
(
R31(1), P (2, 2)
)
,
(
R11(1), P (2, 6)
)
,
(
R10(1), P (2, 8)
)
P (5, 8) :
(
P (8, 7), P (0, 1)
)
,
(
P (8, 1), P (0, 7)
)
,
(
P (6, 7), P (2, 1)
)
,
(
P (6, 1), P (2, 7)
)
,
(
R41(1), P (3, 2)
)
(
R21(1), P (3, 6)
)
,
(
R20(1), P (3, 8)
)
P (n, 8) :
(
P (n+ 3, 7), P (n− 5, 1)
)
,
(
P (n+ 3, 1), P (n− 5, 7)
)
,
(
P (n+ 1, 7), P (n− 3, 1)
)
(
P (n+ 1, 1), P (n− 3, 7)
)
,
(
R
(n−2) mod 4+1
1 (1), P (n− 2, 2)
)
,
(
R
(n−4) mod 4+1
1 (1), P (n− 2, 6)
)
(
R
(n−4) mod 3+1
0 (1), P (n− 2, 8)
)
, n > 5
5.15.2 Schofield pairs associated to preinjective exceptional modules
Modules of the form I(n, 1)
Defect: ∂I(n, 1) = 1, for n ≥ 0.
I(0, 1) : −
I(1, 1) : −
I(2, 1) : −
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0
1 0 0 0 0 0 0
I(0, 1)
0
1 1 0 0 0 0 0
I(0, 2)
0
1 1 1 0 0 0 0
I(0, 3)
1
1 1 1 1 1 1 1
I(0, 4)
0
0 0 0 0 1 1 1
I(0, 5)
0
0 0 0 0 0 1 1
I(0, 6)
0
0 0 0 0 0 0 1
I(0, 7)
1
0 0 0 0 0 0 0
I(0, 8)
0
0 1 0 0 0 0 0
I(1, 1)
0
0 1 1 0 0 0 0
I(1, 2)
1
0 1 1 1 1 1 1
I(1, 3)
1
1 2 2 2 2 2 1
I(1, 4)
1
1 1 1 1 1 1 0
I(1, 5)
0
0 0 0 0 1 1 0
I(1, 6)
0
0 0 0 0 0 1 0
I(1, 7)
0
1 1 1 1 1 1 1
I(1, 8)
0
0 0 1 0 0 0 0
I(2, 1)
1
0 0 1 1 1 1 1
I(2, 2)
1
1 1 2 2 2 2 1
I(2, 3)
2
1 2 3 3 3 2 1
I(2, 4)
1
1 2 2 2 2 1 1
I(2, 5)
1
1 1 1 1 1 0 0
I(2, 6)
0
0 0 0 0 1 0 0
I(2, 7)
1
0 1 1 1 1 1 0
I(2, 8)
1
0 0 0 1 1 1 1
I(3, 1)
1
1 1 1 2 2 2 1
I(3, 2)
2
1 2 2 3 3 2 1
I(3, 3)
3
2 3 4 5 4 3 2
I(3, 4)
2
1 2 3 3 2 2 1
I(3, 5)
1
1 2 2 2 1 1 1
I(3, 6)
1
1 1 1 1 0 0 0
I(3, 7)
1
1 1 2 2 2 1 1
I(3, 8)
0
1 1 1 1 1 1 0
I(4, 1)
1
1 2 2 2 2 1 0
I(4, 2)
2
2 3 4 4 3 2 1
I(4, 3)
3
2 4 5 6 5 4 2
I(4, 4)
2
1 2 3 4 4 3 2
I(4, 5)
1
0 1 2 2 2 2 1
I(4, 6)
0
0 1 1 1 1 1 1
I(4, 7)
2
1 2 2 3 2 2 1
I(4, 8)
• • •
• • •
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
I(3, 1) :
(
I(0, 5), P (0, 8)
)
,
(
I(0, 6), P (1, 1)
)
,
(
I(0, 7), R11(1)
)
,
(
I(0, 8), P (0, 7)
)
I(4, 1) :
(
I(0, 1), R20(1)
)
,
(
I(0, 2), P (2, 1)
)
,
(
I(0, 3), P (0, 6)
)
,
(
I(1, 6), P (0, 1)
)
,
(
I(1, 7), R41(1)
)
I(5, 1) :
(
I(0, 8), P (2, 7)
)
,
(
I(1, 1), R10(1)
)
,
(
I(1, 2), P (1, 1)
)
,
(
I(2, 7), R31(1)
)
I(6, 1) :
(
I(0, 1), R21(2)
)
,
(
I(0, 6), P (4, 1)
)
,
(
I(0, 7), R2
∞
(1)
)
,
(
I(1, 8), P (1, 7)
)
,
(
I(2, 1), R30(1)
)
(
I(2, 2), P (0, 1)
)
,
(
I(3, 7), R21(1)
)
I(7, 1) :
(
I(1, 1), R11(2)
)
,
(
I(1, 6), P (3, 1)
)
,
(
I(1, 7), R1
∞
(1)
)
,
(
I(2, 8), P (0, 7)
)
,
(
I(3, 1), R20(1)
)
(
I(4, 7), R11(1)
)
I(8, 1) :
(
I(0, 1), R10(2)
)
,
(
I(2, 1), R41(2)
)
,
(
I(2, 6), P (2, 1)
)
,
(
I(2, 7), R2
∞
(1)
)
,
(
I(4, 1), R10(1)
)
(
I(5, 7), R41(1)
)
I(9, 1) :
(
I(0, 7), R31(3)
)
,
(
I(1, 1), R30(2)
)
,
(
I(3, 1), R31(2)
)
,
(
I(3, 6), P (1, 1)
)
,
(
I(3, 7), R1
∞
(1)
)
(
I(5, 1), R30(1)
)
,
(
I(6, 7), R31(1)
)
I(n, 1) :
(
I(n− 9, 7), R
(−n+11) mod 4+1
1 (3)
)
,
(
I(n− 8, 1), R
(−n+11) mod 3+1
0 (2)
)
,
(
I(n− 6, 1), R
(−n+11) mod 4+1
1 (2)
)
(
I(n− 6, 6), P (−n+ 10, 1)
)
,
(
I(n− 6, 7), R(−n+9) mod 2+1
∞
(1)
)
,
(
I(n− 4, 1), R
(−n+11) mod 3+1
0 (1)
)
(
I(n− 3, 7), R
(−n+11) mod 4+1
1 (1)
)
, n > 9
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• • •
• • •
1
0 1 1 1 1 0 0
I(5, 1)
2
1 2 3 3 2 1 1
I(5, 2)
3
1 3 4 5 4 3 2
I(5, 3)
4
2 4 6 7 6 4 2
I(5, 4)
3
2 3 4 5 4 3 1
I(5, 5)
2
1 1 2 3 3 2 1
I(5, 6)
1
0 0 1 1 1 1 0
I(5, 7)
1
1 2 3 3 3 2 1
I(5, 8)
1
1 1 2 2 1 1 1
I(6, 1)
2
1 2 3 4 3 3 2
I(6, 2)
3
2 3 5 6 5 4 2
I(6, 3)
5
3 5 7 9 7 5 3
I(6, 4)
3
2 4 5 6 5 3 2
I(6, 5)
2
2 3 3 4 3 2 1
I(6, 6)
1
1 1 1 2 2 1 1
I(6, 7)
3
1 2 3 4 3 2 1
I(6, 8)
1
0 1 1 2 2 2 1
I(7, 1)
2
1 2 3 4 4 3 1
I(7, 2)
4
2 4 5 7 6 4 2
I(7, 3)
5
3 6 8 10 8 6 3
I(7, 4)
4
2 4 6 7 5 4 2
I(7, 5)
2
1 3 4 4 3 2 1
I(7, 6)
1
1 2 2 2 1 1 0
I(7, 7)
2
2 3 4 5 4 3 2
I(7, 8)
1
1 1 2 2 2 1 0
I(8, 1)
3
2 3 4 5 4 2 1
I(8, 2)
4
3 5 7 8 6 4 2
I(8, 3)
6
3 6 9 11 9 6 3
I(8, 4)
4
2 4 6 8 7 5 3
I(8, 5)
3
1 2 4 5 4 3 2
I(8, 6)
1
0 1 2 2 2 1 1
I(8, 7)
3
1 3 4 5 4 3 1
I(8, 8)
2
1 2 2 3 2 1 1
I(9, 1)
3
2 4 5 6 4 3 2
I(9, 2)
5
2 5 7 9 7 5 3
I(9, 3)
7
4 7 10 13 10 7 4
I(9, 4)
5
3 5 7 9 7 5 2
I(9, 5)
3
2 3 4 6 5 4 2
I(9, 6)
2
1 1 2 3 2 2 1
I(9, 7)
3
2 3 5 6 5 3 2
I(9, 8)
• • •
• • •
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
Modules of the form I(n, 2)
Defect: ∂I(n, 2) = 2, for n ≥ 0.
I(0, 2) :
(
I(0, 1), I(1, 1)
)
I(1, 2) :
(
I(1, 1), I(2, 1)
)
I(2, 2) :
(
I(0, 5), P (1, 7)
)
,
(
I(0, 6), R10(1)
)
,
(
I(0, 7), I(5, 7)
)
,
(
I(0, 8), R21(1)
)
,
(
I(2, 1), I(3, 1)
)
I(3, 2) :
(
I(0, 1), I(7, 1)
)
,
(
I(0, 2), R11(2)
)
,
(
I(1, 5), P (0, 7)
)
,
(
I(1, 6), R30(1)
)
,
(
I(1, 7), I(6, 7)
)
(
I(1, 8), R11(1)
)
,
(
I(3, 1), I(4, 1)
)
I(4, 2) :
(
I(1, 1), I(8, 1)
)
,
(
I(1, 2), R41(2)
)
,
(
I(2, 6), R20(1)
)
,
(
I(2, 7), I(7, 7)
)
,
(
I(2, 8), R41(1)
)
(
I(4, 1), I(5, 1)
)
I(5, 2) :
(
I(0, 7), I(11, 7)
)
,
(
I(2, 1), I(9, 1)
)
,
(
I(2, 2), R31(2)
)
,
(
I(3, 6), R10(1)
)
,
(
I(3, 7), I(8, 7)
)
(
I(3, 8), R31(1)
)
,
(
I(5, 1), I(6, 1)
)
I(n, 2) :
(
I(n− 5, 7), I(n+ 6, 7)
)
,
(
I(n− 3, 1), I(n+ 4, 1)
)
,
(
I(n− 3, 2), R
(−n+7) mod 4+1
1 (2)
)
(
I(n− 2, 6), R
(−n+5) mod 3+1
0 (1)
)
,
(
I(n− 2, 7), I(n+ 3, 7)
)
,
(
I(n− 2, 8), R
(−n+7) mod 4+1
1 (1)
)
(
I(n, 1), I(n+ 1, 1)
)
, n > 5
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Modules of the form I(n, 3)
Defect: ∂I(n, 3) = 3, for n ≥ 0.
I(0, 3) :
(
I(0, 1), I(1, 2)
)
,
(
I(0, 2), I(2, 1)
)
I(1, 3) :
(
I(0, 5), R31(1)
)
,
(
I(0, 6), I(5, 1)
)
,
(
I(0, 7), I(2, 8)
)
,
(
I(0, 8), I(4, 7)
)
,
(
I(1, 1), I(2, 2)
)
(
I(1, 2), I(3, 1)
)
I(2, 3) :
(
I(0, 1), I(4, 6)
)
,
(
I(1, 5), R21(1)
)
,
(
I(1, 6), I(6, 1)
)
,
(
I(1, 7), I(3, 8)
)
,
(
I(1, 8), I(5, 7)
)
(
I(2, 1), I(3, 2)
)
,
(
I(2, 2), I(4, 1)
)
I(n, 3) :
(
I(n− 2, 1), I(n+ 2, 6)
)
,
(
I(n− 1, 5), R
(−n+3) mod 4+1
1 (1)
)
,
(
I(n− 1, 6), I(n+ 4, 1)
)
(
I(n− 1, 7), I(n+ 1, 8)
)
,
(
I(n− 1, 8), I(n+ 3, 7)
)
,
(
I(n, 1), I(n+ 1, 2)
)
(
I(n, 2), I(n+ 2, 1)
)
, n > 2
Modules of the form I(n, 4)
Defect: ∂I(n, 4) = 4, for n ≥ 0.
I(0, 4) :
(
I(0, 1), I(1, 3)
)
,
(
I(0, 2), I(2, 2)
)
,
(
I(0, 3), I(3, 1)
)
,
(
I(0, 5), I(3, 7)
)
,
(
I(0, 6), I(2, 6)
)
(
I(0, 7), I(1, 5)
)
,
(
I(0, 8), I(1, 8)
)
I(n, 4) :
(
I(n, 1), I(n+ 1, 3)
)
,
(
I(n, 2), I(n+ 2, 2)
)
,
(
I(n, 3), I(n+ 3, 1)
)
(
I(n, 5), I(n+ 3, 7)
)
,
(
I(n, 6), I(n+ 2, 6)
)
,
(
I(n, 7), I(n+ 1, 5)
)
(
I(n, 8), I(n+ 1, 8)
)
, n > 0
Modules of the form I(n, 5)
Defect: ∂I(n, 5) = 3, for n ≥ 0.
I(0, 5) :
(
I(0, 6), I(2, 7)
)
,
(
I(0, 7), I(1, 6)
)
I(1, 5) :
(
I(0, 1), I(2, 8)
)
,
(
I(0, 2), I(5, 7)
)
,
(
I(0, 3), R11(1)
)
,
(
I(0, 8), I(4, 1)
)
,
(
I(1, 6), I(3, 7)
)
(
I(1, 7), I(2, 6)
)
I(2, 5) :
(
I(0, 7), I(4, 2)
)
,
(
I(1, 1), I(3, 8)
)
,
(
I(1, 2), I(6, 7)
)
,
(
I(1, 3), R41(1)
)
,
(
I(1, 8), I(5, 1)
)
(
I(2, 6), I(4, 7)
)
,
(
I(2, 7), I(3, 6)
)
I(n, 5) :
(
I(n− 2, 7), I(n+ 2, 2)
)
,
(
I(n− 1, 1), I(n+ 1, 8)
)
,
(
I(n− 1, 2), I(n+ 4, 7)
)
(
I(n− 1, 3), R
(−n+5) mod 4+1
1 (1)
)
,
(
I(n− 1, 8), I(n+ 3, 1)
)
,
(
I(n, 6), I(n+ 2, 7)
)
(
I(n, 7), I(n+ 1, 6)
)
, n > 2
Modules of the form I(n, 6)
Defect: ∂I(n, 6) = 2, for n ≥ 0.
I(0, 6) :
(
I(0, 7), I(1, 7)
)
I(1, 6) :
(
I(1, 7), I(2, 7)
)
I(2, 6) :
(
I(0, 1), I(5, 1)
)
,
(
I(0, 2), R10(1)
)
,
(
I(0, 3), P (1, 1)
)
,
(
I(0, 8), R41(1)
)
,
(
I(2, 7), I(3, 7)
)
I(3, 6) :
(
I(0, 6), R31(2)
)
,
(
I(0, 7), I(7, 7)
)
,
(
I(1, 1), I(6, 1)
)
,
(
I(1, 2), R30(1)
)
,
(
I(1, 3), P (0, 1)
)
(
I(1, 8), R31(1)
)
,
(
I(3, 7), I(4, 7)
)
I(4, 6) :
(
I(1, 6), R21(2)
)
,
(
I(1, 7), I(8, 7)
)
,
(
I(2, 1), I(7, 1)
)
,
(
I(2, 2), R20(1)
)
,
(
I(2, 8), R21(1)
)
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(
I(4, 7), I(5, 7)
)
I(5, 6) :
(
I(0, 1), I(11, 1)
)
,
(
I(2, 6), R11(2)
)
,
(
I(2, 7), I(9, 7)
)
,
(
I(3, 1), I(8, 1)
)
,
(
I(3, 2), R10(1)
)
(
I(3, 8), R11(1)
)
,
(
I(5, 7), I(6, 7)
)
I(n, 6) :
(
I(n− 5, 1), I(n+ 6, 1)
)
,
(
I(n− 3, 6), R
(−n+5) mod 4+1
1 (2)
)
,
(
I(n− 3, 7), I(n+ 4, 7)
)
(
I(n− 2, 1), I(n+ 3, 1)
)
,
(
I(n− 2, 2), R
(−n+5) mod 3+1
0 (1)
)
,
(
I(n− 2, 8), R
(−n+5) mod 4+1
1 (1)
)
(
I(n, 7), I(n+ 1, 7)
)
, n > 5
Modules of the form I(n, 7)
Defect: ∂I(n, 7) = 1, for n ≥ 0.
I(0, 7) : −
I(1, 7) : −
I(2, 7) : −
I(3, 7) :
(
I(0, 1), R31(1)
)
,
(
I(0, 2), P (1, 7)
)
,
(
I(0, 3), P (0, 8)
)
,
(
I(0, 8), P (0, 1)
)
I(4, 7) :
(
I(0, 5), P (0, 2)
)
,
(
I(0, 6), P (2, 7)
)
,
(
I(0, 7), R20(1)
)
,
(
I(1, 1), R21(1)
)
,
(
I(1, 2), P (0, 7)
)
I(5, 7) :
(
I(0, 8), P (2, 1)
)
,
(
I(1, 6), P (1, 7)
)
,
(
I(1, 7), R10(1)
)
,
(
I(2, 1), R11(1)
)
I(6, 7) :
(
I(0, 1), R1
∞
(1)
)
,
(
I(0, 2), P (4, 7)
)
,
(
I(0, 7), R41(2)
)
,
(
I(1, 8), P (1, 1)
)
,
(
I(2, 6), P (0, 7)
)
(
I(2, 7), R30(1)
)
,
(
I(3, 1), R41(1)
)
I(7, 7) :
(
I(1, 1), R2
∞
(1)
)
,
(
I(1, 2), P (3, 7)
)
,
(
I(1, 7), R31(2)
)
,
(
I(2, 8), P (0, 1)
)
,
(
I(3, 7), R20(1)
)
(
I(4, 1), R31(1)
)
I(8, 7) :
(
I(0, 7), R10(2)
)
,
(
I(2, 1), R1
∞
(1)
)
,
(
I(2, 2), P (2, 7)
)
,
(
I(2, 7), R21(2)
)
,
(
I(4, 7), R10(1)
)
(
I(5, 1), R21(1)
)
I(9, 7) :
(
I(0, 1), R11(3)
)
,
(
I(1, 7), R30(2)
)
,
(
I(3, 1), R2
∞
(1)
)
,
(
I(3, 2), P (1, 7)
)
,
(
I(3, 7), R11(2)
)
(
I(5, 7), R30(1)
)
,
(
I(6, 1), R11(1)
)
I(n, 7) :
(
I(n− 9, 1), R
(−n+9) mod 4+1
1 (3)
)
,
(
I(n− 8, 7), R
(−n+11) mod 3+1
0 (2)
)
,
(
I(n− 6, 1), R(−n+10) mod 2+1
∞
(1)
)
(
I(n− 6, 2), P (−n+ 10, 7)
)
,
(
I(n− 6, 7), R
(−n+9) mod 4+1
1 (2)
)
,
(
I(n− 4, 7), R
(−n+11) mod 3+1
0 (1)
)
(
I(n− 3, 1), R
(−n+9) mod 4+1
1 (1)
)
, n > 9
Modules of the form I(n, 8)
Defect: ∂I(n, 8) = 2, for n ≥ 0.
I(0, 8) : −
I(1, 8) :
(
I(0, 1), I(4, 7)
)
,
(
I(0, 2), R21(1)
)
,
(
I(0, 3), P (0, 7)
)
,
(
I(0, 5), P (0, 1)
)
,
(
I(0, 6), R41(1)
)
(
I(0, 7), I(4, 1)
)
I(2, 8) :
(
I(0, 8), R20(1)
)
,
(
I(1, 1), I(5, 7)
)
,
(
I(1, 2), R11(1)
)
,
(
I(1, 6), R31(1)
)
,
(
I(1, 7), I(5, 1)
)
I(3, 8) :
(
I(0, 1), I(8, 7)
)
,
(
I(0, 7), I(8, 1)
)
,
(
I(1, 8), R10(1)
)
,
(
I(2, 1), I(6, 7)
)
,
(
I(2, 2), R41(1)
)
(
I(2, 6), R21(1)
)
,
(
I(2, 7), I(6, 1)
)
I(n, 8) :
(
I(n− 3, 1), I(n+ 5, 7)
)
,
(
I(n− 3, 7), I(n+ 5, 1)
)
,
(
I(n− 2, 8), R
(−n+3) mod 3+1
0 (1)
)
(
I(n− 1, 1), I(n+ 3, 7)
)
,
(
I(n− 1, 2), R
(−n+6) mod 4+1
1 (1)
)
,
(
I(n− 1, 6), R
(−n+4) mod 4+1
1 (1)
)
(
I(n− 1, 7), I(n+ 3, 1)
)
, n > 3
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5.15.3 Schofield pairs associated to regular exceptional modules
The non-homogeneous tube T
∆(E˜7)
1
T
∆(E˜7)
1
1
0 0 0 1 1 1 0
R11(1) 0
0 0 1 1 1 1 1
R21(1) 1
0 1 1 1 0 0 0
R31(1) 0
1 1 1 1 1 0 0
R41(1) 1
0 0 0 1 1 1 0
R11(1)
1
0 0 1 2 2 2 1
R11(2) 1
0 1 2 2 1 1 1
R21(2) 1
1 2 2 2 1 0 0
R31(2) 1
1 1 1 2 2 1 0
R41(2)
1
1 1 2 3 3 2 1
R41(3) 2
0 1 2 3 2 2 1
R11(3) 1
1 2 3 3 2 1 1
R21(3) 2
1 2 2 3 2 1 0
R31(3) 1
1 1 2 3 3 2 1
R41(3)
2
1 2 3 4 3 2 1
R41(4) 2
1 2 3 4 3 2 1
R11(4) 2
1 2 3 4 3 2 1
R21(4) 2
1 2 3 4 3 2 1
R31(4)
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
R11(1) :
(
I(0, 8), P (0, 6)
)
,
(
I(1, 6), P (0, 8)
)
,
(
I(1, 7), P (1, 1)
)
R11(2) :
(
R21(1), R
1
1(1)
)
,
(
I(5, 7), P (0, 7)
)
,
(
I(1, 6), P (1, 6)
)
,
(
I(3, 1), P (2, 1)
)
,
(
I(1, 7), P (4, 7)
)
R21(1) :
(
I(0, 5), P (0, 3)
)
,
(
I(2, 1), P (0, 7)
)
,
(
I(0, 6), P (1, 8)
)
,
(
I(0, 7), P (2, 1)
)
R21(2) :
(
R31(1), R
2
1(1)
)
,
(
I(2, 2), P (0, 2)
)
,
(
I(4, 7), P (1, 7)
)
,
(
I(0, 6), P (2, 6)
)
,
(
I(2, 1), P (3, 1)
)
(
I(0, 7), P (5, 7)
)
R31(1) :
(
I(0, 8), P (0, 2)
)
,
(
I(1, 2), P (0, 8)
)
,
(
I(1, 1), P (1, 7)
)
R31(2) :
(
R41(1), R
3
1(1)
)
,
(
I(5, 1), P (0, 1)
)
,
(
I(1, 2), P (1, 2)
)
,
(
I(3, 7), P (2, 7)
)
,
(
I(1, 1), P (4, 1)
)
R41(1) :
(
I(2, 7), P (0, 1)
)
,
(
I(0, 3), P (0, 5)
)
,
(
I(0, 2), P (1, 8)
)
,
(
I(0, 1), P (2, 7)
)
R41(2) :
(
R11(1), R
4
1(1)
)
,
(
I(2, 6), P (0, 6)
)
,
(
I(4, 1), P (1, 1)
)
,
(
I(0, 2), P (2, 2)
)
,
(
I(2, 7), P (3, 7)
)
(
I(0, 1), P (5, 1)
)
R41(3) :
(
R11(2), R
4
1(1)
)
,
(
R21(1), R
4
1(2)
)
,
(
I(8, 1), P (0, 7)
)
,
(
I(6, 7), P (2, 1)
)
,
(
I(4, 1), P (4, 7)
)
(
I(2, 7), P (6, 1)
)
,
(
I(0, 1), P (8, 7)
)
R11(3) :
(
R21(2), R
1
1(1)
)
,
(
R31(1), R
1
1(2)
)
,
(
I(7, 1), P (1, 7)
)
,
(
I(5, 7), P (3, 1)
)
,
(
I(3, 1), P (5, 7)
)
(
I(1, 7), P (7, 1)
)
R21(3) :
(
R31(2), R
2
1(1)
)
,
(
R41(1), R
2
1(2)
)
,
(
I(8, 7), P (0, 1)
)
,
(
I(6, 1), P (2, 7)
)
,
(
I(4, 7), P (4, 1)
)
(
I(2, 1), P (6, 7)
)
,
(
I(0, 7), P (8, 1)
)
R31(3) :
(
R41(2), R
3
1(1)
)
,
(
R11(1), R
3
1(2)
)
,
(
I(7, 7), P (1, 1)
)
,
(
I(5, 1), P (3, 7)
)
,
(
I(3, 7), P (5, 1)
)
(
I(1, 1), P (7, 7)
)
The non-homogeneous tube T
∆(E˜7)
0
R10(1) :
(
I(2, 1), P (1, 1)
)
,
(
I(2, 7), P (1, 7)
)
,
(
I(0, 8), P (1, 8)
)
R10(2) :
(
R20(1), R
1
0(1)
)
,
(
I(5, 1), P (2, 1)
)
,
(
I(5, 7), P (2, 7)
)
,
(
I(2, 1), P (5, 1)
)
,
(
I(2, 7), P (5, 7)
)
R20(1) :
(
I(1, 6), P (0, 2)
)
,
(
I(1, 2), P (0, 6)
)
,
(
I(1, 1), P (2, 1)
)
,
(
I(1, 7), P (2, 7)
)
R20(2) :
(
R30(1), R
2
0(1)
)
,
(
I(7, 1), P (0, 1)
)
,
(
I(7, 7), P (0, 7)
)
,
(
I(4, 1), P (3, 1)
)
,
(
I(4, 7), P (3, 7)
)
(
I(1, 1), P (6, 1)
)
,
(
I(1, 7), P (6, 7)
)
R30(1) :
(
I(3, 1), P (0, 1)
)
,
(
I(3, 7), P (0, 7)
)
,
(
I(1, 8), P (0, 8)
)
,
(
I(0, 6), P (1, 2)
)
,
(
I(0, 2), P (1, 6)
)
(
I(0, 1), P (3, 1)
)
,
(
I(0, 7), P (3, 7)
)
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T
∆(E˜7)
0
1
0 0 1 1 1 0 0
R10(1) 0
0 1 1 1 1 1 0
R20(1) 1
1 1 1 2 1 1 1
R30(1) 1
0 0 1 1 1 0 0
R10(1)
1
0 1 2 2 2 1 0
R10(2) 1
1 2 2 3 2 2 1
R20(2) 2
1 1 2 3 2 1 1
R30(2)
2
1 2 3 4 3 2 1
R30(3) 2
1 2 3 4 3 2 1
R10(3) 2
1 2 3 4 3 2 1
R20(3) 2
1 2 3 4 3 2 1
R30(3)
3
2 3 4 6 4 3 2
R30(4) 3
1 2 4 5 4 2 1
R10(4) 2
1 3 4 5 4 3 1
R20(4)
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
R30(2) :
(
R10(1), R
3
0(1)
)
,
(
I(6, 1), P (1, 1)
)
,
(
I(6, 7), P (1, 7)
)
,
(
I(3, 1), P (4, 1)
)
,
(
I(3, 7), P (4, 7)
)
(
I(0, 1), P (7, 1)
)
,
(
I(0, 7), P (7, 7)
)
The non-homogeneous tube T
∆(E˜7)
∞
T
∆(E˜7)
∞
1
0 1 1 2 2 1 1
R1
∞
(1) 1
1 1 2 2 1 1 0
R2
∞
(1) 1
0 1 1 2 2 1 1
R1
∞
(1)
2
1 2 3 4 3 2 1
R1
∞
(2) 2
1 2 3 4 3 2 1
R2
∞
(2)
3
2 3 5 6 4 3 1
R2
∞
(3) 3
1 3 4 6 5 3 2
R1
∞
(3) 3
2 3 5 6 4 3 1
R2
∞
(3)
τ−1
τ−1
τ−1
τ−1
τ−1 τ−1
R1
∞
(1) :
(
I(5, 1), P (0, 7)
)
,
(
I(4, 7), P (1, 1)
)
,
(
I(3, 1), P (2, 7)
)
,
(
I(2, 7), P (3, 1)
)
,
(
I(1, 1), P (4, 7)
)
(
I(0, 7), P (5, 1)
)
R2
∞
(1) :
(
I(5, 7), P (0, 1)
)
,
(
I(4, 1), P (1, 7)
)
,
(
I(3, 7), P (2, 1)
)
,
(
I(2, 1), P (3, 7)
)
,
(
I(1, 7), P (4, 1)
)
(
I(0, 1), P (5, 7)
)
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5.16 Schofield pairs for the quiver ∆(E˜8) – δ = 32 4 6 5 4 3 2 1
9

1 // 2 // 3 4oo 5oo 6oo 7oo 8oo
C∆(E˜8) =


1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
1 1 1 1 1 1 1 1 1
0 0 0 1 1 1 1 1 0
0 0 0 0 1 1 1 1 0
0 0 0 0 0 1 1 1 0
0 0 0 0 0 0 1 1 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1


Φ∆(E˜8) =


0 0 −1 1 0 0 0 0 1
1 0 −1 1 0 0 0 0 1
0 1 −1 1 0 0 0 0 1
0 1 −1 0 1 0 0 0 1
0 1 −1 0 0 1 0 0 1
0 1 −1 0 0 0 1 0 1
0 1 −1 0 0 0 0 1 1
0 1 −1 0 0 0 0 0 1
0 1 −1 1 0 0 0 0 0


5.16.1 Schofield pairs associated to preprojective exceptional modules
0
1 1 1 0 0 0 0 0
P(0, 1)
0
0 1 1 0 0 0 0 0
P(0, 2)
0
0 0 1 0 0 0 0 0
P(0, 3)
0
0 0 1 1 0 0 0 0
P(0, 4)
0
0 0 1 1 1 0 0 0
P(0, 5)
0
0 0 1 1 1 1 0 0
P(0, 6)
0
0 0 1 1 1 1 1 0
P(0, 7)
0
0 0 1 1 1 1 1 1
P(0, 8)
1
0 0 1 0 0 0 0 0
P(0, 9)
1
0 0 1 1 0 0 0 0
P(1, 1)
1
1 1 2 1 0 0 0 0
P(1, 2)
1
0 1 2 1 0 0 0 0
P(1, 3)
1
0 1 2 1 1 0 0 0
P(1, 4)
1
0 1 2 1 1 1 0 0
P(1, 5)
1
0 1 2 1 1 1 1 0
P(1, 6)
1
0 1 2 1 1 1 1 1
P(1, 7)
1
0 1 1 0 0 0 0 0
P(1, 8)
0
0 1 1 1 0 0 0 0
P(1, 9)
0
0 1 1 1 1 0 0 0
P(2, 1)
1
0 1 2 2 1 0 0 0
P(2, 2)
1
1 2 3 2 1 0 0 0
P(2, 3)
1
1 2 3 2 1 1 0 0
P(2, 4)
1
1 2 3 2 1 1 1 0
P(2, 5)
1
1 2 3 2 1 1 1 1
P(2, 6)
1
1 2 2 1 0 0 0 0
P(2, 7)
0
1 1 1 1 0 0 0 0
P(2, 8)
1
1 1 2 1 1 0 0 0
P(2, 9)
1
1 1 2 1 1 1 0 0
P(3, 1)
1
1 2 3 2 2 1 0 0
P(3, 2)
2
1 2 4 3 2 1 0 0
P(3, 3)
2
1 2 4 3 2 1 1 0
P(3, 4)
2
1 2 4 3 2 1 1 1
P(3, 5)
2
1 2 3 2 1 0 0 0
P(3, 6)
1
1 1 2 2 1 0 0 0
P(3, 7)
1
0 0 1 1 1 0 0 0
P(3, 8)
1
0 1 2 2 1 1 0 0
P(3, 9)
1
0 1 2 2 1 1 1 0
P(4, 1)
2
1 2 4 3 2 2 1 0
P(4, 2)
2
1 3 5 4 3 2 1 0
P(4, 3)
2
1 3 5 4 3 2 1 1
P(4, 4)
2
1 3 4 3 2 1 0 0
P(4, 5)
1
1 2 3 3 2 1 0 0
P(4, 6)
1
0 1 2 2 2 1 0 0
P(4, 7)
0
0 1 1 1 1 1 0 0
P(4, 8)
1
1 2 3 2 2 1 1 0
P(4, 9)
• • •
• • •
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
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• • •
• • •
1
1 2 3 2 2 1 1 1
P(5, 1)
2
1 3 5 4 3 2 2 1
P(5, 2)
3
2 4 7 5 4 3 2 1
P(5, 3)
3
2 4 6 4 3 2 1 0
P(5, 4)
2
2 3 5 4 3 2 1 0
P(5, 5)
2
1 2 4 3 3 2 1 0
P(5, 6)
1
1 2 3 2 2 2 1 0
P(5, 7)
1
1 1 2 1 1 1 1 0
P(5, 8)
2
1 2 4 3 2 2 1 1
P(5, 9)
2
1 2 3 2 1 1 0 0
P(6, 1)
3
2 4 6 4 3 2 1 1
P(6, 2)
4
2 5 8 6 4 3 2 1
P(6, 3)
3
2 4 7 6 4 3 2 1
P(6, 4)
3
1 3 6 5 4 3 2 1
P(6, 5)
2
1 3 5 4 3 3 2 1
P(6, 6)
2
1 2 4 3 2 2 2 1
P(6, 7)
1
0 1 2 2 1 1 1 1
P(6, 8)
2
1 3 4 3 2 1 1 0
P(6, 9)
1
1 2 3 3 2 1 1 0
P(7, 1)
3
2 4 6 5 3 2 1 0
P(7, 2)
4
3 6 9 7 5 3 2 1
P(7, 3)
4
2 5 8 6 5 3 2 1
P(7, 4)
3
2 5 7 5 4 3 2 1
P(7, 5)
3
2 4 6 4 3 2 2 1
P(7, 6)
2
1 3 4 3 2 1 1 1
P(7, 7)
1
1 2 2 1 1 0 0 0
P(7, 8)
2
2 3 5 4 3 2 1 1
P(7, 9)
2
1 2 4 3 3 2 1 1
P(8, 1)
3
2 4 7 6 5 3 2 1
P(8, 2)
5
3 6 10 8 6 4 2 1
P(8, 3)
4
3 6 9 7 5 4 2 1
P(8, 4)
4
3 5 8 6 4 3 2 1
P(8, 5)
3
2 4 6 5 3 2 1 1
P(8, 6)
2
2 3 4 3 2 1 0 0
P(8, 7)
1
1 1 2 2 1 1 0 0
P(8, 8)
3
1 3 5 4 3 2 1 0
P(8, 9)
2
1 3 4 3 2 2 1 0
P(9, 1)
4
2 5 8 6 5 4 2 1
P(9, 2)
5
3 7 11 9 7 5 3 1
P(9, 3)
5
3 6 10 8 6 4 3 1
P(9, 4)
4
2 5 8 7 5 3 2 1
P(9, 5)
3
2 4 6 5 4 2 1 0
P(9, 6)
2
1 2 4 4 3 2 1 0
P(9, 7)
1
0 1 2 2 2 1 1 0
P(9, 8)
2
2 4 6 5 4 3 2 1
P(9, 9)
• • •
• • •
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
Modules of the form P (n, 1)
Defect: ∂P (n, 1) = −2, for n ≥ 0.
P (0, 1) :
(
I(0, 1), P (0, 2)
)
,
(
I(0, 2), P (0, 3)
)
P (1, 1) :
(
I(0, 9), P (0, 4)
)
,
(
I(4, 8), P (0, 9)
)
P (2, 1) :
(
I(3, 7), P (0, 2)
)
,
(
I(1, 1), P (0, 5)
)
,
(
I(3, 8), P (1, 9)
)
P (3, 1) :
(
R11(1), P (0, 1)
)
,
(
I(5, 8), P (0, 6)
)
,
(
I(8, 8), P (0, 9)
)
,
(
I(2, 7), P (1, 2)
)
,
(
I(0, 1), P (1, 5)
)
(
I(2, 8), P (2, 9)
)
P (4, 1) :
(
R41(1), P (0, 7)
)
,
(
R21(1), P (1, 1)
)
,
(
I(4, 8), P (1, 6)
)
,
(
I(7, 8), P (1, 9)
)
,
(
I(1, 7), P (2, 2)
)
(
I(1, 8), P (3, 9)
)
P (5, 1) :
(
R10(1), P (0, 1)
)
,
(
P (7, 8), P (0, 8)
)
,
(
R51(1), P (1, 7)
)
,
(
R31(1), P (2, 1)
)
,
(
I(3, 8), P (2, 6)
)
(
I(6, 8), P (2, 9)
)
,
(
I(0, 7), P (3, 2)
)
,
(
I(0, 8), P (4, 9)
)
P (6, 1) :
(
R20(1), P (1, 1)
)
,
(
P (8, 8), P (1, 8)
)
,
(
R11(1), P (2, 7)
)
,
(
R41(1), P (3, 1)
)
,
(
I(2, 8), P (3, 6)
)
(
I(5, 8), P (3, 9)
)
P (7, 1) :
(
R41(2), P (0, 7)
)
,
(
R30(1), P (2, 1)
)
,
(
P (9, 8), P (2, 8)
)
,
(
R21(1), P (3, 7)
)
,
(
R51(1), P (4, 1)
)
(
I(1, 8), P (4, 6)
)
,
(
I(4, 8), P (4, 9)
)
P (8, 1) :
(
P (13, 8), P (0, 8)
)
,
(
R51(2), P (1, 7)
)
,
(
R10(1), P (3, 1)
)
,
(
P (10, 8), P (3, 8)
)
,
(
R31(1), P (4, 7)
)
(
R11(1), P (5, 1)
)
,
(
I(0, 8), P (5, 6)
)
,
(
I(3, 8), P (5, 9)
)
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• • •
• • •
2
2 3 5 4 3 2 2 1
P (10, 1)
4
3 6 9 7 5 4 3 1
P (10, 2)
6
4 8 13 10 8 6 4 2
P (10, 3)
5
3 7 11 9 7 5 3 2
P (10, 4)
4
3 6 9 7 6 4 2 1
P (10, 5)
3
2 4 7 6 5 4 2 1
P (10, 6)
2
1 3 5 4 4 3 2 1
P (10, 7)
1
1 2 3 2 2 2 1 1
P (10, 8)
4
2 4 7 5 4 3 2 1
P (10, 9)
3
1 3 5 4 3 2 1 1
P (11, 1)
5
3 6 10 8 6 4 3 2
P (11, 2)
7
4 9 14 11 8 6 4 2
P (11, 3)
6
4 8 12 9 7 5 3 1
P (11, 4)
5
3 6 10 8 6 5 3 1
P (11, 5)
4
2 5 8 6 5 4 3 1
P (11, 6)
3
2 4 6 4 3 3 2 1
P (11, 7)
2
1 2 3 2 1 1 1 0
P (11, 8)
3
2 5 7 6 4 3 2 1
P (11, 9)
2
2 4 5 4 3 2 1 0
P (12, 1)
5
3 7 10 8 6 4 2 1
P (12, 2)
7
5 10 15 12 9 6 4 2
P (12, 3)
6
4 8 13 11 8 6 4 2
P (12, 4)
5
3 7 11 9 7 5 4 2
P (12, 5)
4
3 6 9 7 5 4 3 2
P (12, 6)
3
2 4 6 5 3 2 2 1
P (12, 7)
1
1 2 3 3 2 1 1 1
P (12, 8)
4
3 5 8 6 5 3 2 1
P (12, 9)
3
2 3 6 5 4 3 2 1
P (13, 1)
5
4 7 11 9 7 5 3 1
P (13, 2)
8
5 10 16 13 10 7 4 2
P (13, 3)
7
4 9 14 11 9 6 4 2
P (13, 4)
6
4 8 12 9 7 5 3 2
P (13, 5)
5
3 6 9 7 5 3 2 1
P (13, 6)
3
2 4 6 5 4 2 1 1
P (13, 7)
2
1 2 3 2 2 1 0 0
P (13, 8)
4
2 5 8 7 5 4 2 1
P (13, 9)
3
1 4 6 5 4 3 2 1
P (14, 1)
6
3 7 12 10 8 6 4 2
P (14, 2)
8
5 11 17 14 11 8 5 2
P (14, 3)
7
5 10 15 12 9 7 4 2
P (14, 4)
6
4 8 12 10 7 5 3 1
P (14, 5)
4
3 6 9 8 6 4 2 1
P (14, 6)
3
2 4 6 5 4 3 1 0
P (14, 7)
1
1 2 3 3 2 2 1 0
P (14, 8)
4
3 6 9 7 6 4 3 1
P (14, 9)
• • •
• • •
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
P (9, 1) :
(
P (14, 8), P (1, 8)
)
,
(
R11(2), P (2, 7)
)
,
(
R20(1), P (4, 1)
)
,
(
P (11, 8), P (4, 8)
)
,
(
R41(1), P (5, 7)
)
(
R21(1), P (6, 1)
)
,
(
I(2, 8), P (6, 9)
)
P (10, 1) :
(
P (17, 8), P (0, 8)
)
,
(
P (15, 8), P (2, 8)
)
,
(
R21(2), P (3, 7)
)
,
(
R30(1), P (5, 1)
)
,
(
P (12, 8), P (5, 8)
)
(
R51(1), P (6, 7)
)
,
(
R31(1), P (7, 1)
)
,
(
I(1, 8), P (7, 9)
)
P (11, 1) :
(
P (18, 8), P (1, 8)
)
,
(
P (16, 8), P (3, 8)
)
,
(
R31(2), P (4, 7)
)
,
(
R10(1), P (6, 1)
)
,
(
P (13, 8), P (6, 8)
)
(
R11(1), P (7, 7)
)
,
(
R41(1), P (8, 1)
)
,
(
I(0, 8), P (8, 9)
)
P (12, 1) :
(
P (19, 8), P (2, 8)
)
,
(
P (17, 8), P (4, 8)
)
,
(
R41(2), P (5, 7)
)
,
(
R20(1), P (7, 1)
)
,
(
P (14, 8), P (7, 8)
)
(
R21(1), P (8, 7)
)
,
(
R51(1), P (9, 1)
)
P (13, 1) :
(
P (23, 8), P (0, 8)
)
,
(
P (20, 8), P (3, 8)
)
,
(
P (18, 8), P (5, 8)
)
,
(
R51(2), P (6, 7)
)
,
(
R30(1), P (8, 1)
)
(
P (15, 8), P (8, 8)
)
,
(
R31(1), P (9, 7)
)
,
(
R11(1), P (10, 1)
)
P (n, 1) :
(
P (n+ 10, 8), P (n− 13, 8)
)
,
(
P (n+ 7, 8), P (n− 10, 8)
)
,
(
P (n+ 5, 8), P (n− 8, 8)
)
(
R
(n−9) mod 5+1
1 (2), P (n− 7, 7)
)
,
(
R
(n−11) mod 3+1
0 (1), P (n− 5, 1)
)
,
(
P (n+ 2, 8), P (n− 5, 8)
)
(
R
(n−11) mod 5+1
1 (1), P (n− 4, 7)
)
,
(
R
(n−13) mod 5+1
1 (1), P (n− 3, 1)
)
, n > 13
Modules of the form P (n, 2)
Defect: ∂P (n, 2) = −4, for n ≥ 0.
P (0, 2) :
(
I(1, 1), P (0, 3)
)
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• • •
• • •
3
3 5 7 5 4 3 2 1
P (15, 1)
6
4 9 13 10 8 6 4 2
P (15, 2)
9
6 12 19 15 12 9 6 3
P (15, 3)
8
5 10 16 13 10 7 5 2
P (15, 4)
6
4 8 13 11 9 6 4 2
P (15, 5)
5
3 6 10 8 7 5 3 1
P (15, 6)
3
2 4 7 6 5 4 3 1
P (15, 7)
2
1 2 4 3 3 2 2 1
P (15, 8)
5
3 6 10 8 6 5 3 2
P (15, 9)
4
2 4 7 6 4 3 2 1
P (16, 1)
7
5 9 14 11 8 6 4 2
P (16, 2)
10
6 13 20 16 12 9 6 3
P (16, 3)
8
5 11 17 14 11 8 5 3
P (16, 4)
7
4 9 14 11 9 7 4 2
P (16, 5)
5
3 7 11 9 7 6 4 2
P (16, 6)
4
2 5 8 6 5 4 3 2
P (16, 7)
2
1 3 4 3 2 2 1 1
P (16, 8)
5
3 7 10 8 6 4 3 1
P (16, 9)
3
2 5 7 6 5 3 2 1
P (17, 1)
7
4 9 14 12 9 6 4 2
P (17, 2)
10
7 14 21 17 13 9 6 3
P (17, 3)
9
6 12 18 14 11 8 5 2
P (17, 4)
7
5 10 15 12 9 7 5 2
P (17, 5)
6
4 8 12 9 7 5 4 2
P (17, 6)
4
3 6 8 6 4 3 2 1
P (17, 7)
2
2 3 4 3 2 1 1 0
P (17, 8)
5
4 7 11 9 7 5 3 2
P (17, 9)
4
3 5 8 6 5 4 2 1
P (18, 1)
7
5 10 15 12 10 7 4 2
P (18, 2)
11
7 14 22 18 14 10 6 3
P (18, 3)
9
6 12 19 16 12 9 6 3
P (18, 4)
8
5 10 16 13 10 7 5 3
P (18, 5)
6
4 8 12 10 7 5 3 2
P (18, 6)
4
3 5 8 7 5 3 2 1
P (18, 7)
2
1 2 4 4 3 2 1 1
P (18, 8)
6
3 7 11 9 7 5 3 1
P (18, 9)
4
2 5 8 7 5 4 3 1
P (19, 1)
8
5 10 16 13 10 8 5 2
P (19, 2)
11
7 15 23 19 15 11 7 3
P (19, 3)
10
6 13 20 16 13 9 6 3
P (19, 4)
8
5 11 16 13 10 7 4 2
P (19, 5)
6
4 8 12 10 8 5 3 1
P (19, 6)
4
2 5 8 7 6 4 2 1
P (19, 7)
2
1 3 4 3 3 2 1 0
P (19, 8)
5
4 8 12 10 8 6 4 2
P (19, 9)
• • •
• • •
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
P (1, 2) :
(
P (1, 1), P (0, 1)
)
,
(
I(5, 8), P (0, 4)
)
,
(
P (2, 8), P (0, 9)
)
,
(
I(0, 1), P (1, 3)
)
P (2, 2) :
(
R41(1), P (0, 5)
)
,
(
P (2, 1), P (1, 1)
)
,
(
I(4, 8), P (1, 4)
)
,
(
P (3, 8), P (1, 9)
)
P (3, 2) :
(
P (4, 7), P (0, 1)
)
,
(
P (7, 8), P (0, 6)
)
,
(
R51(1), P (1, 5)
)
,
(
P (3, 1), P (2, 1)
)
,
(
I(3, 8), P (2, 4)
)
(
P (4, 8), P (2, 9)
)
P (4, 2) :
(
P (6, 1), P (0, 7)
)
,
(
P (5, 7), P (1, 1)
)
,
(
P (8, 8), P (1, 6)
)
,
(
R11(1), P (2, 5)
)
,
(
P (4, 1), P (3, 1)
)
(
I(2, 8), P (3, 4)
)
,
(
P (5, 8), P (3, 9)
)
P (5, 2) :
(
P (6, 9), P (0, 8)
)
,
(
P (7, 1), P (1, 7)
)
,
(
P (6, 7), P (2, 1)
)
,
(
P (9, 8), P (2, 6)
)
,
(
R21(1), P (3, 5)
)
(
P (5, 1), P (4, 1)
)
,
(
I(1, 8), P (4, 4)
)
,
(
P (6, 8), P (4, 9)
)
P (6, 2) :
(
P (7, 9), P (1, 8)
)
,
(
P (8, 1), P (2, 7)
)
,
(
P (7, 7), P (3, 1)
)
,
(
P (10, 8), P (3, 6)
)
,
(
R31(1), P (4, 5)
)
(
P (6, 1), P (5, 1)
)
,
(
I(0, 8), P (5, 4)
)
,
(
P (7, 8), P (5, 9)
)
P (7, 2) :
(
P (8, 9), P (2, 8)
)
,
(
P (9, 1), P (3, 7)
)
,
(
P (8, 7), P (4, 1)
)
,
(
P (11, 8), P (4, 6)
)
,
(
R41(1), P (5, 5)
)
(
P (7, 1), P (6, 1)
)
,
(
P (8, 8), P (6, 9)
)
P (8, 2) :
(
P (9, 6), P (0, 8)
)
,
(
P (9, 9), P (3, 8)
)
,
(
P (10, 1), P (4, 7)
)
,
(
P (9, 7), P (5, 1)
)
,
(
P (12, 8), P (5, 6)
)
(
R51(1), P (6, 5)
)
,
(
P (8, 1), P (7, 1)
)
,
(
P (9, 8), P (7, 9)
)
P (n, 2) :
(
P (n+ 1, 6), P (n− 8, 8)
)
,
(
P (n+ 1, 9), P (n− 5, 8)
)
,
(
P (n+ 2, 1), P (n− 4, 7)
)
(
P (n+ 1, 7), P (n− 3, 1)
)
,
(
P (n+ 4, 8), P (n− 3, 6)
)
,
(
R
(n−4) mod 5+1
1 (1), P (n− 2, 5)
)
(
P (n, 1), P (n− 1, 1)
)
,
(
P (n+ 1, 8), P (n− 1, 9)
)
, n > 8
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• • •
• • •
4
3 6 9 7 6 4 3 2
P (20, 1)
8
5 11 17 14 11 8 6 3
P (20, 2)
12
8 16 25 20 16 12 8 4
P (20, 3)
10
7 14 21 17 13 10 6 3
P (20, 4)
8
6 11 17 14 11 8 5 2
P (20, 5)
6
4 8 13 11 9 7 4 2
P (20, 6)
4
3 6 9 7 6 5 3 1
P (20, 7)
2
2 3 5 4 3 3 2 1
P (20, 8)
7
4 8 13 10 8 6 4 2
P (20, 9)
5
3 6 9 7 5 4 2 1
P (21, 1)
9
6 12 18 14 11 8 5 3
P (21, 2)
13
8 17 26 21 16 12 8 4
P (21, 3)
11
7 14 22 18 14 10 7 3
P (21, 4)
9
5 11 18 15 12 9 6 3
P (21, 5)
7
4 9 14 11 9 7 5 2
P (21, 6)
5
3 6 10 8 6 5 4 2
P (21, 7)
3
1 3 5 4 3 2 2 1
P (21, 8)
6
4 9 13 11 8 6 4 2
P (21, 9)
4
3 6 9 8 6 4 3 1
P (22, 1)
9
6 12 18 15 11 8 5 2
P (22, 2)
13
9 18 27 22 17 12 8 4
P (22, 3)
11
7 15 23 19 15 11 7 4
P (22, 4)
9
6 13 19 15 12 9 6 3
P (22, 5)
7
5 10 15 12 9 7 5 3
P (22, 6)
5
3 7 10 8 6 4 3 2
P (22, 7)
2
2 4 5 4 3 2 1 1
P (22, 8)
7
5 9 14 11 9 6 4 2
P (22, 9)
5
3 6 10 8 7 5 3 2
P (23, 1)
9
6 12 19 16 13 9 6 3
P (23, 2)
14
9 18 28 23 18 13 8 4
P (23, 3)
12
8 16 24 19 15 11 7 3
P (23, 4)
10
7 13 20 16 12 9 6 3
P (23, 5)
8
5 10 15 12 9 6 4 2
P (23, 6)
5
4 7 10 8 6 4 2 1
P (23, 7)
3
2 3 5 4 3 2 1 0
P (23, 8)
7
4 9 14 12 9 7 4 2
P (23, 9)
5
3 7 10 8 6 5 3 1
P (24, 1)
10
6 13 20 16 13 10 6 3
P (24, 2)
14
9 19 29 24 19 14 9 4
P (24, 3)
12
8 16 25 21 16 12 8 4
P (24, 4)
10
6 13 20 17 13 9 6 3
P (24, 5)
7
5 10 15 13 10 7 4 2
P (24, 6)
5
3 6 10 9 7 5 3 1
P (24, 7)
2
1 3 5 5 4 3 2 1
P (24, 8)
7
5 10 15 12 10 7 5 2
P (24, 9)
• • •
• • •
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
Modules of the form P (n, 3)
Defect: ∂P (n, 3) = −6, for n ≥ 0.
P (0, 3) : −
P (1, 3) :
(
P (1, 1), P (0, 2)
)
,
(
P (1, 8), P (0, 4)
)
,
(
P (1, 9), P (0, 9)
)
P (2, 3) :
(
P (2, 2), P (0, 1)
)
,
(
P (2, 7), P (0, 5)
)
,
(
P (2, 1), P (1, 2)
)
,
(
P (2, 8), P (1, 4)
)
,
(
P (2, 9), P (1, 9)
)
P (3, 3) :
(
P (3, 6), P (0, 6)
)
,
(
P (3, 2), P (1, 1)
)
,
(
P (3, 7), P (1, 5)
)
,
(
P (3, 1), P (2, 2)
)
,
(
P (3, 8), P (2, 4)
)
(
P (3, 9), P (2, 9)
)
P (4, 3) :
(
P (4, 5), P (0, 7)
)
,
(
P (4, 6), P (1, 6)
)
,
(
P (4, 2), P (2, 1)
)
,
(
P (4, 7), P (2, 5)
)
,
(
P (4, 1), P (3, 2)
)
(
P (4, 8), P (3, 4)
)
,
(
P (4, 9), P (3, 9)
)
P (5, 3) :
(
P (5, 4), P (0, 8)
)
,
(
P (5, 5), P (1, 7)
)
,
(
P (5, 6), P (2, 6)
)
,
(
P (5, 2), P (3, 1)
)
,
(
P (5, 7), P (3, 5)
)
(
P (5, 1), P (4, 2)
)
,
(
P (5, 8), P (4, 4)
)
,
(
P (5, 9), P (4, 9)
)
P (n, 3) :
(
P (n, 4), P (n− 5, 8)
)
,
(
P (n, 5), P (n− 4, 7)
)
,
(
P (n, 6), P (n− 3, 6)
)
(
P (n, 2), P (n− 2, 1)
)
,
(
P (n, 7), P (n− 2, 5)
)
,
(
P (n, 1), P (n− 1, 2)
)
(
P (n, 8), P (n− 1, 4)
)
,
(
P (n, 9), P (n− 1, 9)
)
, n > 5
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Modules of the form P (n, 4)
Defect: ∂P (n, 4) = −5, for n ≥ 0.
P (0, 4) :
(
I(4, 8), P (0, 3)
)
P (1, 4) :
(
P (3, 8), P (0, 2)
)
,
(
P (1, 8), P (0, 5)
)
,
(
P (2, 1), P (0, 9)
)
,
(
I(3, 8), P (1, 3)
)
P (2, 4) :
(
P (3, 9), P (0, 1)
)
,
(
P (2, 7), P (0, 6)
)
,
(
P (4, 8), P (1, 2)
)
,
(
P (2, 8), P (1, 5)
)
,
(
P (3, 1), P (1, 9)
)
(
I(2, 8), P (2, 3)
)
P (3, 4) :
(
P (3, 6), P (0, 7)
)
,
(
P (4, 9), P (1, 1)
)
,
(
P (3, 7), P (1, 6)
)
,
(
P (5, 8), P (2, 2)
)
,
(
P (3, 8), P (2, 5)
)
(
P (4, 1), P (2, 9)
)
,
(
I(1, 8), P (3, 3)
)
P (4, 4) :
(
P (4, 5), P (0, 8)
)
,
(
P (4, 6), P (1, 7)
)
,
(
P (5, 9), P (2, 1)
)
,
(
P (4, 7), P (2, 6)
)
,
(
P (6, 8), P (3, 2)
)
(
P (4, 8), P (3, 5)
)
,
(
P (5, 1), P (3, 9)
)
,
(
I(0, 8), P (4, 3)
)
P (5, 4) :
(
P (5, 5), P (1, 8)
)
,
(
P (5, 6), P (2, 7)
)
,
(
P (6, 9), P (3, 1)
)
,
(
P (5, 7), P (3, 6)
)
,
(
P (7, 8), P (4, 2)
)
(
P (5, 8), P (4, 5)
)
,
(
P (6, 1), P (4, 9)
)
P (6, 4) :
(
P (7, 2), P (0, 8)
)
,
(
P (6, 5), P (2, 8)
)
,
(
P (6, 6), P (3, 7)
)
,
(
P (7, 9), P (4, 1)
)
,
(
P (6, 7), P (4, 6)
)
(
P (8, 8), P (5, 2)
)
,
(
P (6, 8), P (5, 5)
)
,
(
P (7, 1), P (5, 9)
)
P (n, 4) :
(
P (n+ 1, 2), P (n− 6, 8)
)
,
(
P (n, 5), P (n− 4, 8)
)
,
(
P (n, 6), P (n− 3, 7)
)
(
P (n+ 1, 9), P (n− 2, 1)
)
,
(
P (n, 7), P (n− 2, 6)
)
,
(
P (n+ 2, 8), P (n− 1, 2)
)
(
P (n, 8), P (n− 1, 5)
)
,
(
P (n+ 1, 1), P (n− 1, 9)
)
, n > 6
Modules of the form P (n, 5)
Defect: ∂P (n, 5) = −4, for n ≥ 0.
P (0, 5) :
(
I(3, 7), P (0, 3)
)
,
(
I(3, 8), P (0, 4)
)
P (1, 5) :
(
R11(1), P (0, 2)
)
,
(
P (1, 8), P (0, 6)
)
,
(
P (4, 8), P (0, 9)
)
,
(
I(2, 7), P (1, 3)
)
,
(
I(2, 8), P (1, 4)
)
P (2, 5) :
(
P (4, 1), P (0, 1)
)
,
(
P (2, 7), P (0, 7)
)
,
(
R21(1), P (1, 2)
)
,
(
P (2, 8), P (1, 6)
)
,
(
P (5, 8), P (1, 9)
)
(
I(1, 7), P (2, 3)
)
,
(
I(1, 8), P (2, 4)
)
P (3, 5) :
(
P (3, 6), P (0, 8)
)
,
(
P (5, 1), P (1, 1)
)
,
(
P (3, 7), P (1, 7)
)
,
(
R31(1), P (2, 2)
)
,
(
P (3, 8), P (2, 6)
)
(
P (6, 8), P (2, 9)
)
,
(
I(0, 7), P (3, 3)
)
,
(
I(0, 8), P (3, 4)
)
P (4, 5) :
(
P (4, 6), P (1, 8)
)
,
(
P (6, 1), P (2, 1)
)
,
(
P (4, 7), P (2, 7)
)
,
(
R41(1), P (3, 2)
)
,
(
P (4, 8), P (3, 6)
)
(
P (7, 8), P (3, 9)
)
P (5, 5) :
(
P (8, 7), P (0, 7)
)
,
(
P (5, 6), P (2, 8)
)
,
(
P (7, 1), P (3, 1)
)
,
(
P (5, 7), P (3, 7)
)
,
(
R51(1), P (4, 2)
)
(
P (5, 8), P (4, 6)
)
,
(
P (8, 8), P (4, 9)
)
P (6, 5) :
(
P (8, 9), P (0, 8)
)
,
(
P (9, 7), P (1, 7)
)
,
(
P (6, 6), P (3, 8)
)
,
(
P (8, 1), P (4, 1)
)
,
(
P (6, 7), P (4, 7)
)
(
R11(1), P (5, 2)
)
,
(
P (6, 8), P (5, 6)
)
,
(
P (9, 8), P (5, 9)
)
P (n, 5) :
(
P (n+ 2, 9), P (n− 6, 8)
)
,
(
P (n+ 3, 7), P (n− 5, 7)
)
,
(
P (n, 6), P (n− 3, 8)
)
(
P (n+ 2, 1), P (n− 2, 1)
)
,
(
P (n, 7), P (n− 2, 7)
)
,
(
R
(n−6) mod 5+1
1 (1), P (n− 1, 2)
)
(
P (n, 8), P (n− 1, 6)
)
,
(
P (n+ 3, 8), P (n− 1, 9)
)
, n > 6
Modules of the form P (n, 6)
Defect: ∂P (n, 6) = −3, for n ≥ 0.
P (0, 6) :
(
I(2, 6), P (0, 3)
)
,
(
I(2, 7), P (0, 4)
)
,
(
I(2, 8), P (0, 5)
)
97
P (1, 6) :
(
I(7, 8), P (0, 2)
)
,
(
P (1, 8), P (0, 7)
)
,
(
R21(1), P (0, 9)
)
,
(
I(1, 6), P (1, 3)
)
,
(
I(1, 7), P (1, 4)
)
(
I(1, 8), P (1, 5)
)
P (2, 6) :
(
P (6, 8), P (0, 1)
)
,
(
P (2, 7), P (0, 8)
)
,
(
I(6, 8), P (1, 2)
)
,
(
P (2, 8), P (1, 7)
)
,
(
R31(1), P (1, 9)
)
(
I(0, 6), P (2, 3)
)
,
(
I(0, 7), P (2, 4)
)
,
(
I(0, 8), P (2, 5)
)
P (3, 6) :
(
P (7, 8), P (1, 1)
)
,
(
P (3, 7), P (1, 8)
)
,
(
I(5, 8), P (2, 2)
)
,
(
P (3, 8), P (2, 7)
)
,
(
R41(1), P (2, 9)
)
P (4, 6) :
(
R41(2), P (0, 6)
)
,
(
P (8, 8), P (2, 1)
)
,
(
P (4, 7), P (2, 8)
)
,
(
I(4, 8), P (3, 2)
)
,
(
P (4, 8), P (3, 7)
)
(
R51(1), P (3, 9)
)
P (5, 6) :
(
P (13, 8), P (0, 7)
)
,
(
R51(2), P (1, 6)
)
,
(
P (9, 8), P (3, 1)
)
,
(
P (5, 7), P (3, 8)
)
,
(
I(3, 8), P (4, 2)
)
(
P (5, 8), P (4, 7)
)
,
(
R11(1), P (4, 9)
)
P (6, 6) :
(
P (9, 1), P (0, 8)
)
,
(
P (14, 8), P (1, 7)
)
,
(
R11(2), P (2, 6)
)
,
(
P (10, 8), P (4, 1)
)
,
(
P (6, 7), P (4, 8)
)
(
I(2, 8), P (5, 2)
)
,
(
P (6, 8), P (5, 7)
)
,
(
R21(1), P (5, 9)
)
P (7, 6) :
(
P (10, 1), P (1, 8)
)
,
(
P (15, 8), P (2, 7)
)
,
(
R21(2), P (3, 6)
)
,
(
P (11, 8), P (5, 1)
)
,
(
P (7, 7), P (5, 8)
)
(
I(1, 8), P (6, 2)
)
,
(
P (7, 8), P (6, 7)
)
,
(
R31(1), P (6, 9)
)
P (8, 6) :
(
P (11, 1), P (2, 8)
)
,
(
P (16, 8), P (3, 7)
)
,
(
R31(2), P (4, 6)
)
,
(
P (12, 8), P (6, 1)
)
,
(
P (8, 7), P (6, 8)
)
(
I(0, 8), P (7, 2)
)
,
(
P (8, 8), P (7, 7)
)
,
(
R41(1), P (7, 9)
)
P (9, 6) :
(
P (12, 1), P (3, 8)
)
,
(
P (17, 8), P (4, 7)
)
,
(
R41(2), P (5, 6)
)
,
(
P (13, 8), P (7, 1)
)
,
(
P (9, 7), P (7, 8)
)
(
P (9, 8), P (8, 7)
)
,
(
R51(1), P (8, 9)
)
P (10, 6) :
(
P (14, 7), P (0, 8)
)
,
(
P (13, 1), P (4, 8)
)
,
(
P (18, 8), P (5, 7)
)
,
(
R51(2), P (6, 6)
)
,
(
P (14, 8), P (8, 1)
)
(
P (10, 7), P (8, 8)
)
,
(
P (10, 8), P (9, 7)
)
,
(
R11(1), P (9, 9)
)
P (n, 6) :
(
P (n+ 4, 7), P (n− 10, 8)
)
,
(
P (n+ 3, 1), P (n− 6, 8)
)
,
(
P (n+ 8, 8), P (n− 5, 7)
)
(
R
(n−6) mod 5+1
1 (2), P (n− 4, 6)
)
,
(
P (n+ 4, 8), P (n− 2, 1)
)
,
(
P (n, 7), P (n− 2, 8)
)
(
P (n, 8), P (n− 1, 7)
)
,
(
R
(n−10) mod 5+1
1 (1), P (n− 1, 9)
)
, n > 10
Modules of the form P (n, 7)
Defect: ∂P (n, 7) = −2, for n ≥ 0.
P (0, 7) :
(
I(1, 5), P (0, 3)
)
,
(
I(1, 6), P (0, 4)
)
,
(
I(1, 7), P (0, 5)
)
,
(
I(1, 8), P (0, 6)
)
P (1, 7) :
(
I(2, 1), P (0, 2)
)
,
(
P (1, 8), P (0, 8)
)
,
(
I(6, 8), P (0, 9)
)
,
(
I(0, 5), P (1, 3)
)
,
(
I(0, 6), P (1, 4)
)
(
I(0, 7), P (1, 5)
)
,
(
I(0, 8), P (1, 6)
)
P (2, 7) :
(
R41(1), P (0, 1)
)
,
(
I(1, 1), P (1, 2)
)
,
(
P (2, 8), P (1, 8)
)
,
(
I(5, 8), P (1, 9)
)
P (3, 7) :
(
I(4, 7), P (0, 5)
)
,
(
R51(1), P (1, 1)
)
,
(
I(0, 1), P (2, 2)
)
,
(
P (3, 8), P (2, 8)
)
,
(
I(4, 8), P (2, 9)
)
P (4, 7) :
(
I(9, 8), P (0, 6)
)
,
(
I(3, 7), P (1, 5)
)
,
(
R11(1), P (2, 1)
)
,
(
P (4, 8), P (3, 8)
)
,
(
I(3, 8), P (3, 9)
)
P (5, 7) :
(
R11(2), P (0, 1)
)
,
(
R20(1), P (0, 7)
)
,
(
I(8, 8), P (1, 6)
)
,
(
I(2, 7), P (2, 5)
)
,
(
R21(1), P (3, 1)
)
(
P (5, 8), P (4, 8)
)
,
(
I(2, 8), P (4, 9)
)
P (6, 7) :
(
P (11, 8), P (0, 8)
)
,
(
R21(2), P (1, 1)
)
,
(
R30(1), P (1, 7)
)
,
(
I(7, 8), P (2, 6)
)
,
(
I(1, 7), P (3, 5)
)
(
R31(1), P (4, 1)
)
,
(
P (6, 8), P (5, 8)
)
,
(
I(1, 8), P (5, 9)
)
P (7, 7) :
(
P (12, 8), P (1, 8)
)
,
(
R31(2), P (2, 1)
)
,
(
R10(1), P (2, 7)
)
,
(
I(6, 8), P (3, 6)
)
,
(
I(0, 7), P (4, 5)
)
(
R41(1), P (5, 1)
)
,
(
P (7, 8), P (6, 8)
)
,
(
I(0, 8), P (6, 9)
)
P (8, 7) :
(
P (13, 8), P (2, 8)
)
,
(
R41(2), P (3, 1)
)
,
(
R20(1), P (3, 7)
)
,
(
I(5, 8), P (4, 6)
)
,
(
R51(1), P (6, 1)
)
(
P (8, 8), P (7, 8)
)
P (9, 7) :
(
R41(3), P (0, 7)
)
,
(
P (14, 8), P (3, 8)
)
,
(
R51(2), P (4, 1)
)
,
(
R30(1), P (4, 7)
)
,
(
I(4, 8), P (5, 6)
)
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(
R11(1), P (7, 1)
)
,
(
P (9, 8), P (8, 8)
)
P (10, 7) :
(
P (19, 8), P (0, 8)
)
,
(
R51(3), P (1, 7)
)
,
(
P (15, 8), P (4, 8)
)
,
(
R11(2), P (5, 1)
)
,
(
R10(1), P (5, 7)
)
(
I(3, 8), P (6, 6)
)
,
(
R21(1), P (8, 1)
)
,
(
P (10, 8), P (9, 8)
)
P (11, 7) :
(
P (20, 8), P (1, 8)
)
,
(
R11(3), P (2, 7)
)
,
(
P (16, 8), P (5, 8)
)
,
(
R21(2), P (6, 1)
)
,
(
R20(1), P (6, 7)
)
(
I(2, 8), P (7, 6)
)
,
(
R31(1), P (9, 1)
)
,
(
P (11, 8), P (10, 8)
)
P (12, 7) :
(
P (21, 8), P (2, 8)
)
,
(
R21(3), P (3, 7)
)
,
(
P (17, 8), P (6, 8)
)
,
(
R31(2), P (7, 1)
)
,
(
R30(1), P (7, 7)
)
(
I(1, 8), P (8, 6)
)
,
(
R41(1), P (10, 1)
)
,
(
P (12, 8), P (11, 8)
)
P (13, 7) :
(
P (22, 8), P (3, 8)
)
,
(
R31(3), P (4, 7)
)
,
(
P (18, 8), P (7, 8)
)
,
(
R41(2), P (8, 1)
)
,
(
R10(1), P (8, 7)
)
(
I(0, 8), P (9, 6)
)
,
(
R51(1), P (11, 1)
)
,
(
P (13, 8), P (12, 8)
)
P (14, 7) :
(
P (23, 8), P (4, 8)
)
,
(
R41(3), P (5, 7)
)
,
(
P (19, 8), P (8, 8)
)
,
(
R51(2), P (9, 1)
)
,
(
R20(1), P (9, 7)
)
(
R11(1), P (12, 1)
)
,
(
P (14, 8), P (13, 8)
)
P (15, 7) :
(
P (29, 8), P (0, 8)
)
,
(
P (24, 8), P (5, 8)
)
,
(
R51(3), P (6, 7)
)
,
(
P (20, 8), P (9, 8)
)
,
(
R11(2), P (10, 1)
)
(
R30(1), P (10, 7)
)
,
(
R21(1), P (13, 1)
)
,
(
P (15, 8), P (14, 8)
)
P (n, 7) :
(
P (n+ 14, 8), P (n− 15, 8)
)
,
(
P (n+ 9, 8), P (n− 10, 8)
)
,
(
R
(n−11) mod 5+1
1 (3), P (n− 9, 7)
)
(
P (n+ 5, 8), P (n− 6, 8)
)
,
(
R
(n−15) mod 5+1
1 (2), P (n− 5, 1)
)
,
(
R
(n−13) mod 3+1
0 (1), P (n− 5, 7)
)
(
R
(n−14) mod 5+1
1 (1), P (n− 2, 1)
)
,
(
P (n, 8), P (n− 1, 8)
)
, n > 15
Modules of the form P (n, 8)
Defect: ∂P (n, 8) = −1, for n ≥ 0.
P (0, 8) :
(
I(0, 4), P (0, 3)
)
,
(
I(0, 5), P (0, 4)
)
,
(
I(0, 6), P (0, 5)
)
,
(
I(0, 7), P (0, 6)
)
,
(
I(0, 8), P (0, 7)
)
P (1, 8) :
(
I(0, 9), P (0, 2)
)
,
(
I(1, 1), P (0, 9)
)
P (2, 8) :
(
I(4, 8), P (0, 1)
)
,
(
I(0, 2), P (0, 4)
)
,
(
I(0, 1), P (1, 9)
)
P (3, 8) :
(
I(0, 9), P (0, 5)
)
,
(
I(3, 7), P (0, 9)
)
,
(
I(3, 8), P (1, 1)
)
P (4, 8) :
(
I(2, 6), P (0, 2)
)
,
(
I(1, 1), P (0, 6)
)
,
(
I(2, 7), P (1, 9)
)
,
(
I(2, 8), P (2, 1)
)
P (5, 8) :
(
I(7, 8), P (0, 1)
)
,
(
I(5, 8), P (0, 7)
)
,
(
I(3, 1), P (0, 9)
)
,
(
I(1, 6), P (1, 2)
)
,
(
I(0, 1), P (1, 6)
)
(
I(1, 7), P (2, 9)
)
,
(
I(1, 8), P (3, 1)
)
P (6, 8) :
(
R41(1), P (0, 8)
)
,
(
I(6, 8), P (1, 1)
)
,
(
I(4, 8), P (1, 7)
)
,
(
I(2, 1), P (1, 9)
)
,
(
I(0, 6), P (2, 2)
)
(
I(0, 7), P (3, 9)
)
,
(
I(0, 8), P (4, 1)
)
P (7, 8) :
(
I(9, 8), P (0, 1)
)
,
(
R51(1), P (1, 8)
)
,
(
I(5, 8), P (2, 1)
)
,
(
I(3, 8), P (2, 7)
)
,
(
I(1, 1), P (2, 9)
)
P (8, 8) :
(
I(4, 7), P (0, 6)
)
,
(
I(8, 8), P (1, 1)
)
,
(
R11(1), P (2, 8)
)
,
(
I(4, 8), P (3, 1)
)
,
(
I(2, 8), P (3, 7)
)
(
I(0, 1), P (3, 9)
)
P (9, 8) :
(
I(9, 8), P (0, 7)
)
,
(
I(3, 7), P (1, 6)
)
,
(
I(7, 8), P (2, 1)
)
,
(
R21(1), P (3, 8)
)
,
(
I(3, 8), P (4, 1)
)
(
I(1, 8), P (4, 7)
)
P (10, 8) :
(
I(12, 8), P (0, 1)
)
,
(
R20(1), P (0, 8)
)
,
(
I(8, 8), P (1, 7)
)
,
(
I(2, 7), P (2, 6)
)
,
(
I(6, 8), P (3, 1)
)
(
R31(1), P (4, 8)
)
,
(
I(2, 8), P (5, 1)
)
,
(
I(0, 8), P (5, 7)
)
P (11, 8) :
(
I(11, 8), P (1, 1)
)
,
(
R30(1), P (1, 8)
)
,
(
I(7, 8), P (2, 7)
)
,
(
I(1, 7), P (3, 6)
)
,
(
I(5, 8), P (4, 1)
)
(
R41(1), P (5, 8)
)
,
(
I(1, 8), P (6, 1)
)
P (12, 8) :
(
R41(2), P (0, 8)
)
,
(
I(10, 8), P (2, 1)
)
,
(
R10(1), P (2, 8)
)
,
(
I(6, 8), P (3, 7)
)
,
(
I(0, 7), P (4, 6)
)
(
I(4, 8), P (5, 1)
)
,
(
R51(1), P (6, 8)
)
,
(
I(0, 8), P (7, 1)
)
P (13, 8) :
(
R51(2), P (1, 8)
)
,
(
I(9, 8), P (3, 1)
)
,
(
R20(1), P (3, 8)
)
,
(
I(5, 8), P (4, 7)
)
,
(
I(3, 8), P (6, 1)
)
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(
R11(1), P (7, 8)
)
P (14, 8) :
(
I(14, 8), P (0, 7)
)
,
(
R11(2), P (2, 8)
)
,
(
I(8, 8), P (4, 1)
)
,
(
R30(1), P (4, 8)
)
,
(
I(4, 8), P (5, 7)
)
(
I(2, 8), P (7, 1)
)
,
(
R21(1), P (8, 8)
)
P (15, 8) :
(
R1
∞
(1), P (0, 8)
)
,
(
I(13, 8), P (1, 7)
)
,
(
R21(2), P (3, 8)
)
,
(
I(7, 8), P (5, 1)
)
,
(
R10(1), P (5, 8)
)
(
I(3, 8), P (6, 7)
)
,
(
I(1, 8), P (8, 1)
)
,
(
R31(1), P (9, 8)
)
P (16, 8) :
(
R2
∞
(1), P (1, 8)
)
,
(
I(12, 8), P (2, 7)
)
,
(
R31(2), P (4, 8)
)
,
(
I(6, 8), P (6, 1)
)
,
(
R20(1), P (6, 8)
)
(
I(2, 8), P (7, 7)
)
,
(
I(0, 8), P (9, 1)
)
,
(
R41(1), P (10, 8)
)
P (17, 8) :
(
R1
∞
(1), P (2, 8)
)
,
(
I(11, 8), P (3, 7)
)
,
(
R41(2), P (5, 8)
)
,
(
I(5, 8), P (7, 1)
)
,
(
R30(1), P (7, 8)
)
(
I(1, 8), P (8, 7)
)
,
(
R51(1), P (11, 8)
)
P (18, 8) :
(
R41(3), P (0, 8)
)
,
(
R2
∞
(1), P (3, 8)
)
,
(
I(10, 8), P (4, 7)
)
,
(
R51(2), P (6, 8)
)
,
(
I(4, 8), P (8, 1)
)
(
R10(1), P (8, 8)
)
,
(
I(0, 8), P (9, 7)
)
,
(
R11(1), P (12, 8)
)
P (19, 8) :
(
R51(3), P (1, 8)
)
,
(
R1
∞
(1), P (4, 8)
)
,
(
I(9, 8), P (5, 7)
)
,
(
R11(2), P (7, 8)
)
,
(
I(3, 8), P (9, 1)
)
(
R20(1), P (9, 8)
)
,
(
R21(1), P (13, 8)
)
P (20, 8) :
(
R20(2), P (0, 8)
)
,
(
R11(3), P (2, 8)
)
,
(
R2
∞
(1), P (5, 8)
)
,
(
I(8, 8), P (6, 7)
)
,
(
R21(2), P (8, 8)
)
(
I(2, 8), P (10, 1)
)
,
(
R30(1), P (10, 8)
)
,
(
R31(1), P (14, 8)
)
P (21, 8) :
(
R30(2), P (1, 8)
)
,
(
R21(3), P (3, 8)
)
,
(
R1
∞
(1), P (6, 8)
)
,
(
I(7, 8), P (7, 7)
)
,
(
R31(2), P (9, 8)
)
(
I(1, 8), P (11, 1)
)
,
(
R10(1), P (11, 8)
)
,
(
R41(1), P (15, 8)
)
P (22, 8) :
(
R10(2), P (2, 8)
)
,
(
R31(3), P (4, 8)
)
,
(
R2
∞
(1), P (7, 8)
)
,
(
I(6, 8), P (8, 7)
)
,
(
R41(2), P (10, 8)
)
(
I(0, 8), P (12, 1)
)
,
(
R20(1), P (12, 8)
)
,
(
R51(1), P (16, 8)
)
P (23, 8) :
(
R20(2), P (3, 8)
)
,
(
R41(3), P (5, 8)
)
,
(
R1
∞
(1), P (8, 8)
)
,
(
I(5, 8), P (9, 7)
)
,
(
R51(2), P (11, 8)
)
(
R30(1), P (13, 8)
)
,
(
R11(1), P (17, 8)
)
P (24, 8) :
(
R41(4), P (0, 8)
)
,
(
R30(2), P (4, 8)
)
,
(
R51(3), P (6, 8)
)
,
(
R2
∞
(1), P (9, 8)
)
,
(
I(4, 8), P (10, 7)
)
(
R11(2), P (12, 8)
)
,
(
R10(1), P (14, 8)
)
,
(
R21(1), P (18, 8)
)
P (n, 8) :
(
R
(n−21) mod 5+1
1 (4), P (n− 24, 8)
)
,
(
R
(n−22) mod 3+1
0 (2), P (n− 20, 8)
)
,
(
R
(n−20) mod 5+1
1 (3), P (n− 18, 8)
)
(
R(n−23) mod 2+1
∞
(1), P (n− 15, 8)
)
,
(
I(−n+ 28, 8), P (n− 14, 7)
)
,
(
R
(n−24) mod 5+1
1 (2), P (n− 12, 8)
)
(
R
(n−24) mod 3+1
0 (1), P (n− 10, 8)
)
,
(
R
(n−23) mod 5+1
1 (1), P (n− 6, 8)
)
, n > 24
Modules of the form P (n, 9)
Defect: ∂P (n, 9) = −3, for n ≥ 0.
P (0, 9) :
(
I(0, 9), P (0, 3)
)
P (1, 9) :
(
I(4, 8), P (0, 2)
)
,
(
I(1, 1), P (0, 4)
)
P (2, 9) :
(
P (3, 8), P (0, 1)
)
,
(
I(5, 8), P (0, 5)
)
,
(
R51(1), P (0, 9)
)
,
(
I(3, 8), P (1, 2)
)
,
(
I(0, 1), P (1, 4)
)
P (3, 9) :
(
R41(1), P (0, 6)
)
,
(
P (4, 8), P (1, 1)
)
,
(
I(4, 8), P (1, 5)
)
,
(
R11(1), P (1, 9)
)
,
(
I(2, 8), P (2, 2)
)
P (4, 9) :
(
P (9, 8), P (0, 1)
)
,
(
P (7, 8), P (0, 7)
)
,
(
R51(1), P (1, 6)
)
,
(
P (5, 8), P (2, 1)
)
,
(
I(3, 8), P (2, 5)
)
(
R21(1), P (2, 9)
)
,
(
I(1, 8), P (3, 2)
)
P (5, 9) :
(
P (6, 1), P (0, 8)
)
,
(
P (10, 8), P (1, 1)
)
,
(
P (8, 8), P (1, 7)
)
,
(
R11(1), P (2, 6)
)
,
(
P (6, 8), P (3, 1)
)
(
I(2, 8), P (3, 5)
)
,
(
R31(1), P (3, 9)
)
,
(
I(0, 8), P (4, 2)
)
P (6, 9) :
(
P (7, 1), P (1, 8)
)
,
(
P (11, 8), P (2, 1)
)
,
(
P (9, 8), P (2, 7)
)
,
(
R21(1), P (3, 6)
)
,
(
P (7, 8), P (4, 1)
)
(
I(1, 8), P (4, 5)
)
,
(
R41(1), P (4, 9)
)
P (7, 9) :
(
P (8, 7), P (0, 8)
)
,
(
P (8, 1), P (2, 8)
)
,
(
P (12, 8), P (3, 1)
)
,
(
P (10, 8), P (3, 7)
)
,
(
R31(1), P (4, 6)
)
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(
P (8, 8), P (5, 1)
)
,
(
I(0, 8), P (5, 5)
)
,
(
R51(1), P (5, 9)
)
P (8, 9) :
(
P (9, 7), P (1, 8)
)
,
(
P (9, 1), P (3, 8)
)
,
(
P (13, 8), P (4, 1)
)
,
(
P (11, 8), P (4, 7)
)
,
(
R41(1), P (5, 6)
)
(
P (9, 8), P (6, 1)
)
,
(
R11(1), P (6, 9)
)
P (9, 9) :
(
P (12, 1), P (0, 8)
)
,
(
P (10, 7), P (2, 8)
)
,
(
P (10, 1), P (4, 8)
)
,
(
P (14, 8), P (5, 1)
)
,
(
P (12, 8), P (5, 7)
)
(
R51(1), P (6, 6)
)
,
(
P (10, 8), P (7, 1)
)
,
(
R21(1), P (7, 9)
)
P (n, 9) :
(
P (n+ 3, 1), P (n− 9, 8)
)
,
(
P (n+ 1, 7), P (n− 7, 8)
)
,
(
P (n+ 1, 1), P (n− 5, 8)
)
(
P (n+ 5, 8), P (n− 4, 1)
)
,
(
P (n+ 3, 8), P (n− 4, 7)
)
,
(
R
(n−5) mod 5+1
1 (1), P (n− 3, 6)
)
(
P (n+ 1, 8), P (n− 2, 1)
)
,
(
R
(n−8) mod 5+1
1 (1), P (n− 2, 9)
)
, n > 9
5.16.2 Schofield pairs associated to preinjective exceptional modules
0
1 0 0 0 0 0 0 0
I(0, 1)
0
1 1 0 0 0 0 0 0
I(0, 2)
1
1 1 1 1 1 1 1 1
I(0, 3)
0
0 0 0 1 1 1 1 1
I(0, 4)
0
0 0 0 0 1 1 1 1
I(0, 5)
0
0 0 0 0 0 1 1 1
I(0, 6)
0
0 0 0 0 0 0 1 1
I(0, 7)
0
0 0 0 0 0 0 0 1
I(0, 8)
1
0 0 0 0 0 0 0 0
I(0, 9)
0
0 1 0 0 0 0 0 0
I(1, 1)
1
0 1 1 1 1 1 1 1
I(1, 2)
1
1 2 2 2 2 2 2 1
I(1, 3)
1
1 1 1 1 1 1 1 0
I(1, 4)
0
0 0 0 1 1 1 1 0
I(1, 5)
0
0 0 0 0 1 1 1 0
I(1, 6)
0
0 0 0 0 0 1 1 0
I(1, 7)
0
0 0 0 0 0 0 1 0
I(1, 8)
0
1 1 1 1 1 1 1 1
I(1, 9)
1
0 0 1 1 1 1 1 1
I(2, 1)
1
1 1 2 2 2 2 2 1
I(2, 2)
2
1 2 3 3 3 3 2 1
I(2, 3)
1
1 2 2 2 2 2 1 1
I(2, 4)
1
1 1 1 1 1 1 0 0
I(2, 5)
0
0 0 0 1 1 1 0 0
I(2, 6)
0
0 0 0 0 1 1 0 0
I(2, 7)
0
0 0 0 0 0 1 0 0
I(2, 8)
1
0 1 1 1 1 1 1 0
I(2, 9)
0
1 1 1 1 1 1 1 0
I(3, 1)
1
1 2 2 2 2 2 1 0
I(3, 2)
2
2 3 4 4 4 3 2 1
I(3, 3)
2
1 2 3 3 3 2 2 1
I(3, 4)
1
1 2 2 2 2 1 1 1
I(3, 5)
1
1 1 1 1 1 0 0 0
I(3, 6)
0
0 0 0 1 1 0 0 0
I(3, 7)
0
0 0 0 0 1 0 0 0
I(3, 8)
1
1 1 2 2 2 2 1 1
I(3, 9)
1
0 1 1 1 1 1 0 0
I(4, 1)
2
1 2 3 3 3 2 1 1
I(4, 2)
3
2 4 5 5 4 3 2 1
I(4, 3)
2
2 3 4 4 3 3 2 1
I(4, 4)
2
1 2 3 3 2 2 2 1
I(4, 5)
1
1 2 2 2 1 1 1 1
I(4, 6)
1
1 1 1 1 0 0 0 0
I(4, 7)
0
0 0 0 1 0 0 0 0
I(4, 8)
1
1 2 2 2 2 1 1 0
I(4, 9)
• • •
• • •
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
Modules of the form I(n, 1)
Defect: ∂I(n, 1) = 2, for n ≥ 0.
I(0, 1) : −
I(1, 1) : −
I(2, 1) :
(
I(0, 4), P (0, 9)
)
,
(
I(0, 5), P (1, 1)
)
,
(
I(0, 6), P (3, 8)
)
,
(
I(0, 7), R11(1)
)
,
(
I(0, 8), I(7, 8)
)
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1
1 1 2 2 2 1 1 1
I(5, 1)
2
2 3 4 4 3 2 2 1
I(5, 2)
4
3 5 7 6 5 4 3 2
I(5, 3)
3
2 4 5 4 4 3 2 1
I(5, 4)
2
2 3 4 3 3 3 2 1
I(5, 5)
2
1 2 3 2 2 2 2 1
I(5, 6)
1
1 2 2 1 1 1 1 1
I(5, 7)
1
1 1 1 0 0 0 0 0
I(5, 8)
2
1 2 3 3 2 2 1 1
I(5, 9)
1
1 2 2 2 1 1 1 0
I(6, 1)
3
2 4 5 4 3 3 2 1
I(6, 2)
4
3 6 8 7 6 5 4 2
I(6, 3)
3
2 4 6 6 5 4 3 2
I(6, 4)
2
1 3 4 4 4 3 2 1
I(6, 5)
1
1 2 3 3 3 3 2 1
I(6, 6)
1
0 1 2 2 2 2 2 1
I(6, 7)
0
0 1 1 1 1 1 1 1
I(6, 8)
2
2 3 4 3 3 2 2 1
I(6, 9)
2
1 2 3 2 2 2 1 1
I(7, 1)
3
2 4 6 5 5 4 3 2
I(7, 2)
5
3 6 9 8 7 6 4 2
I(7, 3)
4
3 5 7 6 5 4 3 1
I(7, 4)
3
2 3 5 5 4 3 2 1
I(7, 5)
2
1 2 3 3 3 2 1 0
I(7, 6)
1
1 1 2 2 2 2 1 0
I(7, 7)
1
0 0 1 1 1 1 1 0
I(7, 8)
2
1 3 4 4 3 3 2 1
I(7, 9)
1
1 2 3 3 3 2 2 1
I(8, 1)
3
2 4 6 6 5 4 3 1
I(8, 2)
5
4 7 10 9 8 6 4 2
I(8, 3)
4
3 6 8 7 6 5 3 2
I(8, 4)
3
3 5 6 5 4 3 2 1
I(8, 5)
2
2 3 4 4 3 2 1 1
I(8, 6)
1
1 2 2 2 2 1 0 0
I(8, 7)
0
1 1 1 1 1 1 0 0
I(8, 8)
3
2 3 5 4 4 3 2 1
I(8, 9)
2
1 2 3 3 2 2 1 0
I(9, 1)
4
3 5 7 6 5 4 2 1
I(9, 2)
6
4 8 11 10 8 6 4 2
I(9, 3)
5
3 6 9 8 7 5 4 2
I(9, 4)
4
2 5 7 6 5 4 3 2
I(9, 5)
3
2 4 5 4 3 2 2 1
I(9, 6)
2
1 2 3 3 2 1 1 1
I(9, 7)
1
0 1 1 1 1 0 0 0
I(9, 8)
2
2 4 5 5 4 3 2 1
I(9, 9)
• • •
• • •
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
(
I(0, 9), P (0, 8)
)
I(3, 1) :
(
I(0, 1), R21(1)
)
,
(
I(0, 2), P (0, 7)
)
,
(
I(1, 5), P (0, 1)
)
,
(
I(1, 6), P (2, 8)
)
,
(
I(1, 7), R51(1)
)
(
I(1, 8), I(8, 8)
)
I(4, 1) :
(
I(0, 9), P (4, 8)
)
,
(
I(1, 1), R11(1)
)
,
(
I(2, 6), P (1, 8)
)
,
(
I(2, 7), R41(1)
)
,
(
I(2, 8), I(9, 8)
)
I(5, 1) :
(
I(0, 1), R10(1)
)
,
(
I(0, 7), R51(2)
)
,
(
I(0, 8), I(13, 8)
)
,
(
I(1, 9), P (3, 8)
)
,
(
I(2, 1), R51(1)
)
(
I(3, 6), P (0, 8)
)
,
(
I(3, 7), R31(1)
)
,
(
I(3, 8), I(10, 8)
)
I(6, 1) :
(
I(1, 1), R30(1)
)
,
(
I(1, 7), R41(2)
)
,
(
I(1, 8), I(14, 8)
)
,
(
I(2, 9), P (2, 8)
)
,
(
I(3, 1), R41(1)
)
(
I(4, 7), R21(1)
)
,
(
I(4, 8), I(11, 8)
)
I(7, 1) :
(
I(0, 8), I(17, 8)
)
,
(
I(2, 1), R20(1)
)
,
(
I(2, 7), R31(2)
)
,
(
I(2, 8), I(15, 8)
)
,
(
I(3, 9), P (1, 8)
)
(
I(4, 1), R31(1)
)
,
(
I(5, 7), R11(1)
)
,
(
I(5, 8), I(12, 8)
)
I(8, 1) :
(
I(1, 8), I(18, 8)
)
,
(
I(3, 1), R10(1)
)
,
(
I(3, 7), R21(2)
)
,
(
I(3, 8), I(16, 8)
)
,
(
I(4, 9), P (0, 8)
)
(
I(5, 1), R21(1)
)
,
(
I(6, 7), R51(1)
)
,
(
I(6, 8), I(13, 8)
)
I(9, 1) :
(
I(2, 8), I(19, 8)
)
,
(
I(4, 1), R30(1)
)
,
(
I(4, 7), R11(2)
)
,
(
I(4, 8), I(17, 8)
)
,
(
I(6, 1), R11(1)
)
(
I(7, 7), R41(1)
)
,
(
I(7, 8), I(14, 8)
)
I(10, 1) :
(
I(0, 8), I(23, 8)
)
,
(
I(3, 8), I(20, 8)
)
,
(
I(5, 1), R20(1)
)
,
(
I(5, 7), R51(2)
)
,
(
I(5, 8), I(18, 8)
)
(
I(7, 1), R51(1)
)
,
(
I(8, 7), R31(1)
)
,
(
I(8, 8), I(15, 8)
)
I(n, 1) :
(
I(n− 10, 8), I(n+ 13, 8)
)
,
(
I(n− 7, 8), I(n+ 10, 8)
)
,
(
I(n− 5, 1), R
(−n+11) mod 3+1
0 (1)
)
(
I(n− 5, 7), R
(−n+14) mod 5+1
1 (2)
)
,
(
I(n− 5, 8), I(n+ 8, 8)
)
,
(
I(n− 3, 1), R
(−n+14) mod 5+1
1 (1)
)
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2
2 3 4 3 3 2 1 1
I(10, 1)
4
3 6 8 7 6 4 3 2
I(10, 2)
7
5 9 13 11 9 7 5 3
I(10, 3)
5
4 7 10 9 7 6 4 2
I(10, 4)
4
3 5 8 7 6 5 4 2
I(10, 5)
3
2 4 6 5 4 4 3 2
I(10, 6)
2
2 3 4 3 2 2 2 1
I(10, 7)
1
1 1 2 2 1 1 1 1
I(10, 8)
4
2 4 6 5 4 3 2 1
I(10, 9)
2
1 3 4 4 3 2 2 1
I(11, 1)
5
3 6 9 8 6 5 4 2
I(11, 2)
7
5 10 14 12 10 8 6 3
I(11, 3)
6
4 8 11 9 8 6 4 2
I(11, 4)
4
3 6 8 7 6 5 3 1
I(11, 5)
3
2 4 6 5 5 4 3 1
I(11, 6)
2
1 3 4 3 3 3 2 1
I(11, 7)
1
1 2 2 1 1 1 1 0
I(11, 8)
3
3 5 7 6 5 4 3 2
I(11, 9)
3
2 3 5 4 3 3 2 1
I(12, 1)
5
4 7 10 8 7 6 4 2
I(12, 2)
8
5 10 15 13 11 9 6 3
I(12, 3)
6
4 8 12 11 9 7 5 3
I(12, 4)
5
3 6 9 8 7 5 3 2
I(12, 5)
3
2 4 6 6 5 4 2 1
I(12, 6)
2
1 2 4 4 4 3 2 1
I(12, 7)
1
0 1 2 2 2 2 1 1
I(12, 8)
4
2 5 7 6 5 4 3 1
I(12, 9)
2
2 4 5 4 4 3 2 1
I(13, 1)
5
3 7 10 9 8 6 4 2
I(13, 2)
8
6 11 16 14 12 9 6 3
I(13, 3)
7
5 9 13 11 9 7 5 2
I(13, 4)
5
4 7 10 9 7 5 4 2
I(13, 5)
4
3 5 7 6 5 3 2 1
I(13, 6)
2
2 3 4 4 3 2 1 0
I(13, 7)
1
1 1 2 2 2 1 1 0
I(13, 8)
4
3 5 8 7 6 5 3 2
I(13, 9)
3
1 3 5 5 4 3 2 1
I(14, 1)
6
4 7 11 10 8 6 4 2
I(14, 2)
9
6 12 17 15 12 9 6 3
I(14, 3)
7
5 10 14 12 10 8 5 3
I(14, 4)
6
4 8 11 9 7 6 4 2
I(14, 5)
4
3 6 8 7 5 4 3 2
I(14, 6)
3
2 4 5 4 3 2 1 1
I(14, 7)
1
1 2 2 2 1 1 0 0
I(14, 8)
4
3 6 8 7 6 4 3 1
I(14, 9)
• • •
• • •
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
(
I(n− 2, 7), R
(−n+12) mod 5+1
1 (1)
)
,
(
I(n− 2, 8), I(n+ 5, 8)
)
, n > 10
Modules of the form I(n, 2)
Defect: ∂I(n, 2) = 4, for n ≥ 0.
I(0, 2) :
(
I(0, 1), I(1, 1)
)
I(1, 2) :
(
I(0, 4), P (1, 8)
)
,
(
I(0, 5), R41(1)
)
,
(
I(0, 6), I(9, 8)
)
,
(
I(0, 7), I(4, 1)
)
,
(
I(0, 8), I(2, 9)
)
(
I(0, 9), I(6, 8)
)
,
(
I(1, 1), I(2, 1)
)
I(2, 2) :
(
I(0, 1), I(6, 7)
)
,
(
I(1, 4), P (0, 8)
)
,
(
I(1, 5), R31(1)
)
,
(
I(1, 6), I(10, 8)
)
,
(
I(1, 7), I(5, 1)
)
(
I(1, 8), I(3, 9)
)
,
(
I(1, 9), I(7, 8)
)
,
(
I(2, 1), I(3, 1)
)
I(3, 2) :
(
I(1, 1), I(7, 7)
)
,
(
I(2, 5), R21(1)
)
,
(
I(2, 6), I(11, 8)
)
,
(
I(2, 7), I(6, 1)
)
,
(
I(2, 8), I(4, 9)
)
(
I(2, 9), I(8, 8)
)
,
(
I(3, 1), I(4, 1)
)
I(4, 2) :
(
I(0, 8), I(7, 6)
)
,
(
I(2, 1), I(8, 7)
)
,
(
I(3, 5), R11(1)
)
,
(
I(3, 6), I(12, 8)
)
,
(
I(3, 7), I(7, 1)
)
(
I(3, 8), I(5, 9)
)
,
(
I(3, 9), I(9, 8)
)
,
(
I(4, 1), I(5, 1)
)
I(n, 2) :
(
I(n− 4, 8), I(n+ 3, 6)
)
,
(
I(n− 2, 1), I(n+ 4, 7)
)
,
(
I(n− 1, 5), R
(−n+4) mod 5+1
1 (1)
)
(
I(n− 1, 6), I(n+ 8, 8)
)
,
(
I(n− 1, 7), I(n+ 3, 1)
)
,
(
I(n− 1, 8), I(n+ 1, 9)
)
(
I(n− 1, 9), I(n+ 5, 8)
)
,
(
I(n, 1), I(n+ 1, 1)
)
, n > 4
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3
3 4 6 5 4 3 2 1
I(15, 1)
6
5 9 12 10 8 6 4 2
I(15, 2)
10
7 13 19 16 13 10 7 4
I(15, 3)
8
5 10 15 13 11 8 6 3
I(15, 4)
6
4 8 12 10 9 7 5 3
I(15, 5)
5
3 6 9 7 6 5 4 2
I(15, 6)
3
2 4 6 5 4 3 3 2
I(15, 7)
2
1 2 3 2 2 1 1 1
I(15, 8)
5
3 6 9 8 6 5 3 2
I(15, 9)
3
2 5 6 5 4 3 2 1
I(16, 1)
7
4 9 13 11 9 7 5 3
I(16, 2)
10
7 14 20 17 14 11 8 4
I(16, 3)
8
6 11 16 14 11 9 6 3
I(16, 4)
6
4 8 12 11 9 7 5 2
I(16, 5)
4
3 6 9 8 7 6 4 2
I(16, 6)
3
2 4 6 5 4 4 3 1
I(16, 7)
1
1 2 3 3 2 2 2 1
I(16, 8)
5
4 7 10 8 7 5 4 2
I(16, 9)
4
2 4 7 6 5 4 3 2
I(17, 1)
7
5 9 14 12 10 8 6 3
I(17, 2)
11
7 14 21 18 15 12 8 4
I(17, 3)
9
6 12 17 14 12 9 6 3
I(17, 4)
7
5 9 13 11 9 7 4 2
I(17, 5)
5
3 6 9 8 7 5 3 1
I(17, 6)
3
2 4 6 5 5 4 2 1
I(17, 7)
2
1 2 3 2 2 2 1 0
I(17, 8)
5
3 7 10 9 7 6 4 2
I(17, 9)
3
3 5 7 6 5 4 3 1
I(18, 1)
7
5 10 14 12 10 8 5 2
I(18, 2)
11
8 15 22 19 16 12 8 4
I(18, 3)
9
6 12 18 16 13 10 7 4
I(18, 4)
7
5 10 14 12 10 7 5 3
I(18, 5)
5
4 7 10 9 7 5 3 2
I(18, 6)
3
2 4 6 6 5 3 2 1
I(18, 7)
1
1 2 3 3 3 2 1 1
I(18, 8)
6
4 7 11 9 8 6 4 2
I(18, 9)
4
2 5 7 6 5 4 2 1
I(19, 1)
8
5 10 15 13 11 8 5 3
I(19, 2)
12
8 16 23 20 16 12 8 4
I(19, 3)
10
7 13 19 16 13 10 7 3
I(19, 4)
8
5 10 15 13 10 8 6 3
I(19, 5)
6
4 8 11 9 7 5 4 2
I(19, 6)
4
3 5 7 6 4 3 2 1
I(19, 7)
2
1 2 3 3 2 1 1 0
I(19, 8)
5
4 8 11 10 8 6 4 2
I(19, 9)
• • •
• • •
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
Modules of the form I(n, 3)
Defect: ∂I(n, 3) = 6, for n ≥ 0.
I(0, 3) :
(
I(0, 1), I(1, 2)
)
,
(
I(0, 2), I(2, 1)
)
,
(
I(0, 4), I(5, 8)
)
,
(
I(0, 5), I(4, 7)
)
,
(
I(0, 6), I(3, 6)
)
(
I(0, 7), I(2, 5)
)
,
(
I(0, 8), I(1, 4)
)
,
(
I(0, 9), I(1, 9)
)
I(n, 3) :
(
I(n, 1), I(n+ 1, 2)
)
,
(
I(n, 2), I(n+ 2, 1)
)
,
(
I(n, 4), I(n+ 5, 8)
)
(
I(n, 5), I(n+ 4, 7)
)
,
(
I(n, 6), I(n+ 3, 6)
)
,
(
I(n, 7), I(n+ 2, 5)
)
(
I(n, 8), I(n+ 1, 4)
)
,
(
I(n, 9), I(n+ 1, 9)
)
, n > 0
Modules of the form I(n, 4)
Defect: ∂I(n, 4) = 5, for n ≥ 0.
I(0, 4) :
(
I(0, 5), I(4, 8)
)
,
(
I(0, 6), I(3, 7)
)
,
(
I(0, 7), I(2, 6)
)
,
(
I(0, 8), I(1, 5)
)
I(1, 4) :
(
I(0, 1), I(2, 9)
)
,
(
I(0, 2), I(7, 8)
)
,
(
I(0, 9), I(3, 1)
)
,
(
I(1, 5), I(5, 8)
)
,
(
I(1, 6), I(4, 7)
)
(
I(1, 7), I(3, 6)
)
,
(
I(1, 8), I(2, 5)
)
I(2, 4) :
(
I(0, 8), I(3, 2)
)
,
(
I(1, 1), I(3, 9)
)
,
(
I(1, 2), I(8, 8)
)
,
(
I(1, 9), I(4, 1)
)
,
(
I(2, 5), I(6, 8)
)
(
I(2, 6), I(5, 7)
)
,
(
I(2, 7), I(4, 6)
)
,
(
I(2, 8), I(3, 5)
)
I(n, 4) :
(
I(n− 2, 8), I(n+ 1, 2)
)
,
(
I(n− 1, 1), I(n+ 1, 9)
)
,
(
I(n− 1, 2), I(n+ 6, 8)
)
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• • •
• • •
4
3 5 8 7 6 4 3 2
I(20, 1)
8
6 11 16 14 11 8 6 3
I(20, 2)
13
9 17 25 21 17 13 9 5
I(20, 3)
10
7 14 20 17 14 11 7 4
I(20, 4)
8
6 11 16 13 11 9 6 3
I(20, 5)
6
4 8 12 10 8 7 5 3
I(20, 6)
4
3 6 8 6 5 4 3 2
I(20, 7)
2
2 3 4 3 2 2 1 1
I(20, 8)
7
4 8 12 10 8 6 4 2
I(20, 9)
4
3 6 8 7 5 4 3 1
I(21, 1)
9
6 12 17 14 11 9 6 3
I(21, 2)
13
9 18 26 22 18 14 10 5
I(21, 3)
11
7 14 21 18 15 11 8 4
I(21, 4)
8
5 11 16 14 12 9 6 3
I(21, 5)
6
4 8 12 10 9 7 5 2
I(21, 6)
4
2 5 8 7 6 5 4 2
I(21, 7)
2
1 3 4 3 3 2 2 1
I(21, 8)
6
5 9 13 11 9 7 5 3
I(21, 9)
5
3 6 9 7 6 5 3 2
I(22, 1)
9
6 12 18 15 13 10 7 4
I(22, 2)
14
9 18 27 23 19 15 10 5
I(22, 3)
11
8 15 22 19 15 12 8 4
I(22, 4)
9
6 11 17 15 12 9 6 3
I(22, 5)
6
4 8 12 11 9 7 4 2
I(22, 6)
4
3 5 8 7 6 5 3 1
I(22, 7)
2
1 2 4 4 3 3 2 1
I(22, 8)
7
4 9 13 11 9 7 5 2
I(22, 9)
4
3 6 9 8 7 5 4 2
I(23, 1)
9
6 12 18 16 13 10 7 3
I(23, 2)
14
10 19 28 24 20 15 10 5
I(23, 3)
12
8 16 23 19 16 12 8 4
I(23, 4)
9
7 13 18 15 12 9 6 3
I(23, 5)
7
5 9 13 11 9 6 4 2
I(23, 6)
4
3 6 8 7 6 4 2 1
I(23, 7)
2
2 3 4 3 3 2 1 0
I(23, 8)
7
5 9 14 12 10 8 5 3
I(23, 9)
5
3 6 9 8 6 5 3 1
I(24, 1)
10
7 13 19 16 13 10 6 3
I(24, 2)
15
10 20 29 25 20 15 10 5
I(24, 3)
12
8 16 24 21 17 13 9 5
I(24, 4)
10
6 13 19 16 13 10 7 4
I(24, 5)
7
5 10 14 12 9 7 5 3
I(24, 6)
5
3 6 9 8 6 4 3 2
I(24, 7)
2
1 3 4 4 3 2 1 1
I(24, 8)
7
5 10 14 12 10 7 5 2
I(24, 9)
• • •
• • •
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
(
I(n− 1, 9), I(n+ 2, 1)
)
,
(
I(n, 5), I(n+ 4, 8)
)
,
(
I(n, 6), I(n+ 3, 7)
)
(
I(n, 7), I(n+ 2, 6)
)
,
(
I(n, 8), I(n+ 1, 5)
)
, n > 2
Modules of the form I(n, 5)
Defect: ∂I(n, 5) = 4, for n ≥ 0.
I(0, 5) :
(
I(0, 6), I(3, 8)
)
,
(
I(0, 7), I(2, 7)
)
,
(
I(0, 8), I(1, 6)
)
I(1, 5) :
(
I(1, 6), I(4, 8)
)
,
(
I(1, 7), I(3, 7)
)
,
(
I(1, 8), I(2, 6)
)
I(2, 5) :
(
I(0, 1), I(4, 1)
)
,
(
I(0, 2), R11(1)
)
,
(
I(0, 9), I(8, 8)
)
,
(
I(2, 6), I(5, 8)
)
,
(
I(2, 7), I(4, 7)
)
(
I(2, 8), I(3, 6)
)
I(3, 5) :
(
I(0, 7), I(8, 7)
)
,
(
I(0, 8), I(4, 9)
)
,
(
I(1, 1), I(5, 1)
)
,
(
I(1, 2), R51(1)
)
,
(
I(1, 9), I(9, 8)
)
(
I(3, 6), I(6, 8)
)
,
(
I(3, 7), I(5, 7)
)
,
(
I(3, 8), I(4, 6)
)
I(n, 5) :
(
I(n− 3, 7), I(n+ 5, 7)
)
,
(
I(n− 3, 8), I(n+ 1, 9)
)
,
(
I(n− 2, 1), I(n+ 2, 1)
)
(
I(n− 2, 2), R
(−n+7) mod 5+1
1 (1)
)
,
(
I(n− 2, 9), I(n+ 6, 8)
)
,
(
I(n, 6), I(n+ 3, 8)
)
(
I(n, 7), I(n+ 2, 7)
)
,
(
I(n, 8), I(n+ 1, 6)
)
, n > 3
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Modules of the form I(n, 6)
Defect: ∂I(n, 6) = 3, for n ≥ 0.
I(0, 6) :
(
I(0, 7), I(2, 8)
)
,
(
I(0, 8), I(1, 7)
)
I(1, 6) :
(
I(1, 7), I(3, 8)
)
,
(
I(1, 8), I(2, 7)
)
I(2, 6) :
(
I(2, 7), I(4, 8)
)
,
(
I(2, 8), I(3, 7)
)
I(3, 6) :
(
I(0, 1), I(9, 8)
)
,
(
I(0, 2), P (3, 8)
)
,
(
I(0, 9), R51(1)
)
,
(
I(3, 7), I(5, 8)
)
,
(
I(3, 8), I(4, 7)
)
I(4, 6) :
(
I(0, 6), R41(2)
)
,
(
I(0, 7), I(14, 8)
)
,
(
I(0, 8), I(6, 1)
)
,
(
I(1, 1), I(10, 8)
)
,
(
I(1, 2), P (2, 8)
)
(
I(1, 9), R41(1)
)
,
(
I(4, 7), I(6, 8)
)
,
(
I(4, 8), I(5, 7)
)
I(5, 6) :
(
I(1, 6), R31(2)
)
,
(
I(1, 7), I(15, 8)
)
,
(
I(1, 8), I(7, 1)
)
,
(
I(2, 1), I(11, 8)
)
,
(
I(2, 2), P (1, 8)
)
(
I(2, 9), R31(1)
)
,
(
I(5, 7), I(7, 8)
)
,
(
I(5, 8), I(6, 7)
)
I(6, 6) :
(
I(2, 6), R21(2)
)
,
(
I(2, 7), I(16, 8)
)
,
(
I(2, 8), I(8, 1)
)
,
(
I(3, 1), I(12, 8)
)
,
(
I(3, 2), P (0, 8)
)
(
I(3, 9), R21(1)
)
,
(
I(6, 7), I(8, 8)
)
,
(
I(6, 8), I(7, 7)
)
I(7, 6) :
(
I(3, 6), R11(2)
)
,
(
I(3, 7), I(17, 8)
)
,
(
I(3, 8), I(9, 1)
)
,
(
I(4, 1), I(13, 8)
)
,
(
I(4, 9), R11(1)
)
(
I(7, 7), I(9, 8)
)
,
(
I(7, 8), I(8, 7)
)
I(8, 6) :
(
I(0, 8), I(13, 7)
)
,
(
I(4, 6), R51(2)
)
,
(
I(4, 7), I(18, 8)
)
,
(
I(4, 8), I(10, 1)
)
,
(
I(5, 1), I(14, 8)
)
(
I(5, 9), R51(1)
)
,
(
I(8, 7), I(10, 8)
)
,
(
I(8, 8), I(9, 7)
)
I(n, 6) :
(
I(n− 8, 8), I(n+ 5, 7)
)
,
(
I(n− 4, 6), R
(−n+12) mod 5+1
1 (2)
)
,
(
I(n− 4, 7), I(n+ 10, 8)
)
(
I(n− 4, 8), I(n+ 2, 1)
)
,
(
I(n− 3, 1), I(n+ 6, 8)
)
,
(
I(n− 3, 9), R
(−n+12) mod 5+1
1 (1)
)
(
I(n, 7), I(n+ 2, 8)
)
,
(
I(n, 8), I(n+ 1, 7)
)
, n > 8
Modules of the form I(n, 7)
Defect: ∂I(n, 7) = 2, for n ≥ 0.
I(0, 7) :
(
I(0, 8), I(1, 8)
)
I(1, 7) :
(
I(1, 8), I(2, 8)
)
I(2, 7) :
(
I(2, 8), I(3, 8)
)
I(3, 7) :
(
I(3, 8), I(4, 8)
)
I(4, 7) :
(
I(0, 1), R41(1)
)
,
(
I(0, 2), P (1, 1)
)
,
(
I(0, 9), P (2, 8)
)
,
(
I(4, 8), I(5, 8)
)
I(5, 7) :
(
I(0, 5), P (2, 7)
)
,
(
I(0, 6), P (7, 8)
)
,
(
I(0, 7), R20(1)
)
,
(
I(0, 8), I(11, 8)
)
,
(
I(1, 1), R31(1)
)
(
I(1, 2), P (0, 1)
)
,
(
I(1, 9), P (1, 8)
)
,
(
I(5, 8), I(6, 8)
)
I(6, 7) :
(
I(1, 5), P (1, 7)
)
,
(
I(1, 6), P (6, 8)
)
,
(
I(1, 7), R10(1)
)
,
(
I(1, 8), I(12, 8)
)
,
(
I(2, 1), R21(1)
)
(
I(2, 9), P (0, 8)
)
,
(
I(6, 8), I(7, 8)
)
I(7, 7) :
(
I(0, 1), R11(2)
)
,
(
I(2, 5), P (0, 7)
)
,
(
I(2, 6), P (5, 8)
)
,
(
I(2, 7), R30(1)
)
,
(
I(2, 8), I(13, 8)
)
(
I(3, 1), R11(1)
)
,
(
I(7, 8), I(8, 8)
)
I(8, 7) :
(
I(1, 1), R51(2)
)
,
(
I(3, 6), P (4, 8)
)
,
(
I(3, 7), R20(1)
)
,
(
I(3, 8), I(14, 8)
)
,
(
I(4, 1), R51(1)
)
(
I(8, 8), I(9, 8)
)
I(9, 7) :
(
I(0, 7), R41(3)
)
,
(
I(0, 8), I(19, 8)
)
,
(
I(2, 1), R41(2)
)
,
(
I(4, 6), P (3, 8)
)
,
(
I(4, 7), R10(1)
)
(
I(4, 8), I(15, 8)
)
,
(
I(5, 1), R41(1)
)
,
(
I(9, 8), I(10, 8)
)
I(10, 7) :
(
I(1, 7), R31(3)
)
,
(
I(1, 8), I(20, 8)
)
,
(
I(3, 1), R31(2)
)
,
(
I(5, 6), P (2, 8)
)
,
(
I(5, 7), R30(1)
)
(
I(5, 8), I(16, 8)
)
,
(
I(6, 1), R31(1)
)
,
(
I(10, 8), I(11, 8)
)
I(11, 7) :
(
I(2, 7), R21(3)
)
,
(
I(2, 8), I(21, 8)
)
,
(
I(4, 1), R21(2)
)
,
(
I(6, 6), P (1, 8)
)
,
(
I(6, 7), R20(1)
)
106
(
I(6, 8), I(17, 8)
)
,
(
I(7, 1), R21(1)
)
,
(
I(11, 8), I(12, 8)
)
I(12, 7) :
(
I(3, 7), R11(3)
)
,
(
I(3, 8), I(22, 8)
)
,
(
I(5, 1), R11(2)
)
,
(
I(7, 6), P (0, 8)
)
,
(
I(7, 7), R10(1)
)
(
I(7, 8), I(18, 8)
)
,
(
I(8, 1), R11(1)
)
,
(
I(12, 8), I(13, 8)
)
I(13, 7) :
(
I(4, 7), R51(3)
)
,
(
I(4, 8), I(23, 8)
)
,
(
I(6, 1), R51(2)
)
,
(
I(8, 7), R30(1)
)
,
(
I(8, 8), I(19, 8)
)
(
I(9, 1), R51(1)
)
,
(
I(13, 8), I(14, 8)
)
I(14, 7) :
(
I(0, 8), I(29, 8)
)
,
(
I(5, 7), R41(3)
)
,
(
I(5, 8), I(24, 8)
)
,
(
I(7, 1), R41(2)
)
,
(
I(9, 7), R20(1)
)
(
I(9, 8), I(20, 8)
)
,
(
I(10, 1), R41(1)
)
,
(
I(14, 8), I(15, 8)
)
I(n, 7) :
(
I(n− 14, 8), I(n+ 15, 8)
)
,
(
I(n− 9, 7), R
(−n+17) mod 5+1
1 (3)
)
,
(
I(n− 9, 8), I(n+ 10, 8)
)
(
I(n− 7, 1), R
(−n+17) mod 5+1
1 (2)
)
,
(
I(n− 5, 7), R
(−n+15) mod 3+1
0 (1)
)
,
(
I(n− 5, 8), I(n+ 6, 8)
)
(
I(n− 4, 1), R
(−n+17) mod 5+1
1 (1)
)
,
(
I(n, 8), I(n+ 1, 8)
)
, n > 14
Modules of the form I(n, 8)
Defect: ∂I(n, 8) = 1, for n ≥ 0.
I(0, 8) : −
I(1, 8) : −
I(2, 8) : −
I(3, 8) : −
I(4, 8) : −
I(5, 8) :
(
I(0, 1), P (1, 8)
)
,
(
I(0, 2), P (0, 9)
)
,
(
I(0, 9), P (0, 1)
)
I(6, 8) :
(
I(0, 4), P (0, 2)
)
,
(
I(0, 5), P (1, 9)
)
,
(
I(0, 6), P (2, 1)
)
,
(
I(0, 7), P (4, 8)
)
,
(
I(0, 8), R21(1)
)
(
I(1, 1), P (0, 8)
)
I(7, 8) :
(
I(0, 9), P (0, 7)
)
,
(
I(1, 5), P (0, 9)
)
,
(
I(1, 6), P (1, 1)
)
,
(
I(1, 7), P (3, 8)
)
,
(
I(1, 8), R11(1)
)
I(8, 8) :
(
I(0, 1), P (4, 8)
)
,
(
I(0, 2), P (0, 6)
)
,
(
I(2, 6), P (0, 1)
)
,
(
I(2, 7), P (2, 8)
)
,
(
I(2, 8), R51(1)
)
I(9, 8) :
(
I(0, 9), P (2, 1)
)
,
(
I(1, 1), P (3, 8)
)
,
(
I(3, 7), P (1, 8)
)
,
(
I(3, 8), R41(1)
)
I(10, 8) :
(
I(0, 1), P (6, 8)
)
,
(
I(0, 6), P (3, 7)
)
,
(
I(0, 7), P (8, 8)
)
,
(
I(0, 8), R30(1)
)
,
(
I(1, 9), P (1, 1)
)
(
I(2, 1), P (2, 8)
)
,
(
I(4, 7), P (0, 8)
)
,
(
I(4, 8), R31(1)
)
I(11, 8) :
(
I(1, 1), P (5, 8)
)
,
(
I(1, 6), P (2, 7)
)
,
(
I(1, 7), P (7, 8)
)
,
(
I(1, 8), R20(1)
)
,
(
I(2, 9), P (0, 1)
)
(
I(3, 1), P (1, 8)
)
,
(
I(5, 8), R21(1)
)
I(12, 8) :
(
I(0, 8), R11(2)
)
,
(
I(2, 1), P (4, 8)
)
,
(
I(2, 6), P (1, 7)
)
,
(
I(2, 7), P (6, 8)
)
,
(
I(2, 8), R10(1)
)
(
I(4, 1), P (0, 8)
)
,
(
I(6, 8), R11(1)
)
I(13, 8) :
(
I(0, 1), P (9, 8)
)
,
(
I(1, 8), R51(2)
)
,
(
I(3, 1), P (3, 8)
)
,
(
I(3, 6), P (0, 7)
)
,
(
I(3, 7), P (5, 8)
)
(
I(3, 8), R30(1)
)
,
(
I(7, 8), R51(1)
)
I(14, 8) :
(
I(1, 1), P (8, 8)
)
,
(
I(2, 8), R41(2)
)
,
(
I(4, 1), P (2, 8)
)
,
(
I(4, 7), P (4, 8)
)
,
(
I(4, 8), R20(1)
)
(
I(8, 8), R41(1)
)
I(15, 8) :
(
I(0, 7), P (13, 8)
)
,
(
I(0, 8), R1
∞
(1)
)
,
(
I(2, 1), P (7, 8)
)
,
(
I(3, 8), R31(2)
)
,
(
I(5, 1), P (1, 8)
)
(
I(5, 7), P (3, 8)
)
,
(
I(5, 8), R10(1)
)
,
(
I(9, 8), R31(1)
)
I(16, 8) :
(
I(1, 7), P (12, 8)
)
,
(
I(1, 8), R2
∞
(1)
)
,
(
I(3, 1), P (6, 8)
)
,
(
I(4, 8), R21(2)
)
,
(
I(6, 1), P (0, 8)
)
(
I(6, 7), P (2, 8)
)
,
(
I(6, 8), R30(1)
)
,
(
I(10, 8), R21(1)
)
I(17, 8) :
(
I(2, 7), P (11, 8)
)
,
(
I(2, 8), R1
∞
(1)
)
,
(
I(4, 1), P (5, 8)
)
,
(
I(5, 8), R11(2)
)
,
(
I(7, 7), P (1, 8)
)
(
I(7, 8), R20(1)
)
,
(
I(11, 8), R11(1)
)
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I(18, 8) :
(
I(0, 8), R51(3)
)
,
(
I(3, 7), P (10, 8)
)
,
(
I(3, 8), R2
∞
(1)
)
,
(
I(5, 1), P (4, 8)
)
,
(
I(6, 8), R51(2)
)
(
I(8, 7), P (0, 8)
)
,
(
I(8, 8), R10(1)
)
,
(
I(12, 8), R51(1)
)
I(19, 8) :
(
I(1, 8), R41(3)
)
,
(
I(4, 7), P (9, 8)
)
,
(
I(4, 8), R1
∞
(1)
)
,
(
I(6, 1), P (3, 8)
)
,
(
I(7, 8), R41(2)
)
(
I(9, 8), R30(1)
)
,
(
I(13, 8), R41(1)
)
I(20, 8) :
(
I(0, 8), R20(2)
)
,
(
I(2, 8), R31(3)
)
,
(
I(5, 7), P (8, 8)
)
,
(
I(5, 8), R2
∞
(1)
)
,
(
I(7, 1), P (2, 8)
)
(
I(8, 8), R31(2)
)
,
(
I(10, 8), R20(1)
)
,
(
I(14, 8), R31(1)
)
I(21, 8) :
(
I(1, 8), R10(2)
)
,
(
I(3, 8), R21(3)
)
,
(
I(6, 7), P (7, 8)
)
,
(
I(6, 8), R1
∞
(1)
)
,
(
I(8, 1), P (1, 8)
)
(
I(9, 8), R21(2)
)
,
(
I(11, 8), R10(1)
)
,
(
I(15, 8), R21(1)
)
I(22, 8) :
(
I(2, 8), R30(2)
)
,
(
I(4, 8), R11(3)
)
,
(
I(7, 7), P (6, 8)
)
,
(
I(7, 8), R2
∞
(1)
)
,
(
I(9, 1), P (0, 8)
)
(
I(10, 8), R11(2)
)
,
(
I(12, 8), R30(1)
)
,
(
I(16, 8), R11(1)
)
I(23, 8) :
(
I(3, 8), R20(2)
)
,
(
I(5, 8), R51(3)
)
,
(
I(8, 7), P (5, 8)
)
,
(
I(8, 8), R1
∞
(1)
)
,
(
I(11, 8), R51(2)
)
(
I(13, 8), R20(1)
)
,
(
I(17, 8), R51(1)
)
I(24, 8) :
(
I(0, 8), R41(4)
)
,
(
I(4, 8), R10(2)
)
,
(
I(6, 8), R41(3)
)
,
(
I(9, 7), P (4, 8)
)
,
(
I(9, 8), R2
∞
(1)
)
(
I(12, 8), R41(2)
)
,
(
I(14, 8), R10(1)
)
,
(
I(18, 8), R41(1)
)
I(n, 8) :
(
I(n− 24, 8), R
(−n+27) mod 5+1
1 (4)
)
,
(
I(n− 20, 8), R
(−n+24) mod 3+1
0 (2)
)
,
(
I(n− 18, 8), R
(−n+27) mod 5+1
1 (3)
)
(
I(n− 15, 7), P (−n+ 28, 8)
)
,
(
I(n− 15, 8), R(−n+25) mod 2+1
∞
(1)
)
,
(
I(n− 12, 8), R
(−n+27) mod 5+1
1 (2)
)
(
I(n− 10, 8), R
(−n+24) mod 3+1
0 (1)
)
,
(
I(n− 6, 8), R
(−n+27) mod 5+1
1 (1)
)
, n > 24
Modules of the form I(n, 9)
Defect: ∂I(n, 9) = 3, for n ≥ 0.
I(0, 9) : −
I(1, 9) :
(
I(0, 1), I(6, 8)
)
,
(
I(0, 2), P (0, 8)
)
,
(
I(0, 4), P (0, 1)
)
,
(
I(0, 5), P (2, 8)
)
,
(
I(0, 6), R51(1)
)
(
I(0, 7), I(8, 8)
)
,
(
I(0, 8), I(3, 1)
)
I(2, 9) :
(
I(0, 9), R21(1)
)
,
(
I(1, 1), I(7, 8)
)
,
(
I(1, 5), P (1, 8)
)
,
(
I(1, 6), R41(1)
)
,
(
I(1, 7), I(9, 8)
)
(
I(1, 8), I(4, 1)
)
I(3, 9) :
(
I(0, 1), I(12, 8)
)
,
(
I(0, 8), I(7, 7)
)
,
(
I(1, 9), R11(1)
)
,
(
I(2, 1), I(8, 8)
)
,
(
I(2, 5), P (0, 8)
)
(
I(2, 6), R31(1)
)
,
(
I(2, 7), I(10, 8)
)
,
(
I(2, 8), I(5, 1)
)
I(4, 9) :
(
I(1, 1), I(13, 8)
)
,
(
I(1, 8), I(8, 7)
)
,
(
I(2, 9), R51(1)
)
,
(
I(3, 1), I(9, 8)
)
,
(
I(3, 6), R21(1)
)
(
I(3, 7), I(11, 8)
)
,
(
I(3, 8), I(6, 1)
)
I(5, 9) :
(
I(0, 8), I(9, 1)
)
,
(
I(2, 1), I(14, 8)
)
,
(
I(2, 8), I(9, 7)
)
,
(
I(3, 9), R41(1)
)
,
(
I(4, 1), I(10, 8)
)
(
I(4, 6), R11(1)
)
,
(
I(4, 7), I(12, 8)
)
,
(
I(4, 8), I(7, 1)
)
I(n, 9) :
(
I(n− 5, 8), I(n+ 4, 1)
)
,
(
I(n− 3, 1), I(n+ 9, 8)
)
,
(
I(n− 3, 8), I(n+ 4, 7)
)
(
I(n− 2, 9), R
(−n+8) mod 5+1
1 (1)
)
,
(
I(n− 1, 1), I(n+ 5, 8)
)
,
(
I(n− 1, 6), R
(−n+5) mod 5+1
1 (1)
)
(
I(n− 1, 7), I(n+ 7, 8)
)
,
(
I(n− 1, 8), I(n+ 2, 1)
)
, n > 5
5.16.3 Schofield pairs associated to regular exceptional modules
The non-homogeneous tube T
∆(E˜8)
1
R11(1) :
(
I(0, 9), P (0, 6)
)
,
(
I(2, 6), P (0, 9)
)
,
(
I(2, 7), P (1, 1)
)
,
(
I(2, 8), P (3, 8)
)
R11(2) :
(
R21(1), R
1
1(1)
)
,
(
I(4, 1), P (0, 7)
)
,
(
I(2, 6), P (1, 6)
)
,
(
I(2, 7), P (4, 1)
)
,
(
I(7, 8), P (4, 8)
)
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T
∆(E˜8)
1
1
0 0 1 1 1 1 0 0
R11(1) 0
0 1 1 1 1 1 1 0
R21(1) 1
1 1 2 1 1 1 1 1
R31(1) 1
0 1 1 1 0 0 0 0
R41(1) 0
1 1 1 1 1 0 0 0
R51(1) 1
0 0 1 1 1 1 0 0
R11(1)
1
0 1 2 2 2 2 1 0
R11(2) 1
1 2 3 2 2 2 2 1
R21(2) 2
1 2 3 2 1 1 1 1
R31(2) 1
1 2 2 2 1 0 0 0
R41(2) 1
1 1 2 2 2 1 0 0
R51(2)
1
1 2 3 3 3 2 1 0
R51(3) 2
1 2 4 3 3 3 2 1
R11(3) 2
1 3 4 3 2 2 2 1
R21(3) 2
2 3 4 3 2 1 1 1
R31(3) 2
1 2 3 3 2 1 0 0
R41(3) 1
1 2 3 3 3 2 1 0
R51(3)
2
2 3 5 4 4 3 2 1
R51(4) 3
1 3 5 4 3 3 2 1
R11(4) 2
2 4 5 4 3 2 2 1
R21(4) 3
2 3 5 4 3 2 1 1
R31(4) 2
1 3 4 4 3 2 1 0
R41(4)
3
2 4 6 5 4 3 2 1
R41(5) 3
2 4 6 5 4 3 2 1
R51(5) 3
2 4 6 5 4 3 2 1
R11(5) 3
2 4 6 5 4 3 2 1
R21(5) 3
2 4 6 5 4 3 2 1
R31(5) 3
2 4 6 5 4 3 2 1
R41(5)
4
2 5 7 6 4 3 2 1
R41(6) 3
3 5 7 6 5 3 2 1
R51(6) 4
2 4 7 6 5 4 2 1
R11(6) 3
2 5 7 6 5 4 3 1
R21(6) 4
3 5 8 6 5 4 3 2
R31(6)
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
(
I(2, 8), P (9, 8)
)
R21(1) :
(
I(1, 5), P (0, 2)
)
,
(
I(1, 1), P (0, 7)
)
,
(
I(1, 6), P (1, 9)
)
,
(
I(1, 7), P (2, 1)
)
,
(
I(1, 8), P (4, 8)
)
R21(2) :
(
R31(1), R
2
1(1)
)
,
(
I(6, 7), P (0, 1)
)
,
(
I(11, 8), P (0, 8)
)
,
(
I(3, 1), P (1, 7)
)
,
(
I(1, 6), P (2, 6)
)
(
I(1, 7), P (5, 1)
)
,
(
I(6, 8), P (5, 8)
)
,
(
I(1, 8), P (10, 8)
)
R31(1) :
(
I(2, 1), P (0, 1)
)
,
(
I(5, 8), P (0, 8)
)
,
(
I(1, 9), P (0, 9)
)
,
(
I(0, 5), P (1, 2)
)
,
(
I(0, 1), P (1, 7)
)
(
I(0, 6), P (2, 9)
)
,
(
I(0, 7), P (3, 1)
)
,
(
I(0, 8), P (5, 8)
)
R31(2) :
(
R41(1), R
3
1(1)
)
,
(
I(5, 7), P (1, 1)
)
,
(
I(10, 8), P (1, 8)
)
,
(
I(2, 1), P (2, 7)
)
,
(
I(0, 6), P (3, 6)
)
(
I(0, 7), P (6, 1)
)
,
(
I(5, 8), P (6, 8)
)
,
(
I(0, 8), P (11, 8)
)
R41(1) :
(
I(1, 1), P (1, 1)
)
,
(
I(4, 8), P (1, 8)
)
,
(
I(0, 9), P (1, 9)
)
R41(2) :
(
R51(1), R
4
1(1)
)
,
(
I(4, 7), P (2, 1)
)
,
(
I(9, 8), P (2, 8)
)
,
(
I(1, 1), P (3, 7)
)
,
(
I(4, 8), P (7, 8)
)
R51(1) :
(
I(3, 7), P (0, 1)
)
,
(
I(0, 2), P (0, 5)
)
,
(
I(0, 1), P (2, 1)
)
,
(
I(3, 8), P (2, 8)
)
R51(2) :
(
R11(1), R
5
1(1)
)
,
(
I(3, 6), P (0, 6)
)
,
(
I(3, 7), P (3, 1)
)
,
(
I(8, 8), P (3, 8)
)
,
(
I(0, 1), P (4, 7)
)
(
I(3, 8), P (8, 8)
)
R51(3) :
(
R11(2), R
5
1(1)
)
,
(
R21(1), R
5
1(2)
)
,
(
I(8, 7), P (0, 7)
)
,
(
I(13, 8), P (4, 8)
)
,
(
I(3, 7), P (5, 7)
)
(
I(8, 8), P (9, 8)
)
,
(
I(3, 8), P (14, 8)
)
R51(4) :
(
R11(3), R
5
1(1)
)
,
(
R21(2), R
5
1(2)
)
,
(
R31(1), R
5
1(3)
)
,
(
I(23, 8), P (0, 8)
)
,
(
I(18, 8), P (5, 8)
)
(
I(13, 8), P (10, 8)
)
,
(
I(8, 8), P (15, 8)
)
,
(
I(3, 8), P (20, 8)
)
R11(3) :
(
R21(2), R
1
1(1)
)
,
(
R31(1), R
1
1(2)
)
,
(
I(17, 8), P (0, 8)
)
,
(
I(7, 7), P (1, 7)
)
,
(
I(12, 8), P (5, 8)
)
(
I(2, 7), P (6, 7)
)
,
(
I(7, 8), P (10, 8)
)
,
(
I(2, 8), P (15, 8)
)
R11(4) :
(
R21(3), R
1
1(1)
)
,
(
R31(2), R
1
1(2)
)
,
(
R41(1), R
1
1(3)
)
,
(
I(22, 8), P (1, 8)
)
,
(
I(17, 8), P (6, 8)
)
(
I(12, 8), P (11, 8)
)
,
(
I(7, 8), P (16, 8)
)
,
(
I(2, 8), P (21, 8)
)
R21(3) :
(
R31(2), R
2
1(1)
)
,
(
R41(1), R
2
1(2)
)
,
(
I(16, 8), P (1, 8)
)
,
(
I(6, 7), P (2, 7)
)
,
(
I(11, 8), P (6, 8)
)
(
I(1, 7), P (7, 7)
)
,
(
I(6, 8), P (11, 8)
)
,
(
I(1, 8), P (16, 8)
)
R21(4) :
(
R31(3), R
2
1(1)
)
,
(
R41(2), R
2
1(2)
)
,
(
R51(1), R
2
1(3)
)
,
(
I(21, 8), P (2, 8)
)
,
(
I(16, 8), P (7, 8)
)
(
I(11, 8), P (12, 8)
)
,
(
I(6, 8), P (17, 8)
)
,
(
I(1, 8), P (22, 8)
)
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R31(3) :
(
R41(2), R
3
1(1)
)
,
(
R51(1), R
3
1(2)
)
,
(
I(15, 8), P (2, 8)
)
,
(
I(5, 7), P (3, 7)
)
,
(
I(10, 8), P (7, 8)
)
(
I(0, 7), P (8, 7)
)
,
(
I(5, 8), P (12, 8)
)
,
(
I(0, 8), P (17, 8)
)
R31(4) :
(
R41(3), R
3
1(1)
)
,
(
R51(2), R
3
1(2)
)
,
(
R11(1), R
3
1(3)
)
,
(
I(20, 8), P (3, 8)
)
,
(
I(15, 8), P (8, 8)
)
(
I(10, 8), P (13, 8)
)
,
(
I(5, 8), P (18, 8)
)
,
(
I(0, 8), P (23, 8)
)
R41(3) :
(
R51(2), R
4
1(1)
)
,
(
R11(1), R
4
1(2)
)
,
(
I(14, 8), P (3, 8)
)
,
(
I(4, 7), P (4, 7)
)
,
(
I(9, 8), P (8, 8)
)
(
I(4, 8), P (13, 8)
)
R41(4) :
(
R51(3), R
4
1(1)
)
,
(
R11(2), R
4
1(2)
)
,
(
R21(1), R
4
1(3)
)
,
(
I(19, 8), P (4, 8)
)
,
(
I(14, 8), P (9, 8)
)
(
I(9, 8), P (14, 8)
)
,
(
I(4, 8), P (19, 8)
)
The non-homogeneous tube T
∆(E˜8)
0
T
∆(E˜8)
0
1
0 1 2 2 2 1 1 1
R10(1) 1
1 2 2 1 1 1 0 0
R20(1) 1
1 1 2 2 1 1 1 0
R30(1) 1
0 1 2 2 2 1 1 1
R10(1)
2
1 3 4 3 3 2 1 1
R10(2) 2
2 3 4 3 2 2 1 0
R20(2) 2
1 2 4 4 3 2 2 1
R30(2)
3
2 4 6 5 4 3 2 1
R30(3) 3
2 4 6 5 4 3 2 1
R10(3) 3
2 4 6 5 4 3 2 1
R20(3) 3
2 4 6 5 4 3 2 1
R30(3)
4
3 5 8 7 5 4 3 1
R30(4) 4
2 5 8 7 6 4 3 2
R10(4) 4
3 6 8 6 5 4 2 1
R20(4)
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
R10(1) :
(
I(9, 8), P (0, 8)
)
,
(
I(3, 7), P (1, 7)
)
,
(
I(2, 1), P (2, 1)
)
,
(
I(6, 8), P (3, 8)
)
,
(
I(0, 7), P (4, 7)
)
(
I(3, 8), P (6, 8)
)
,
(
I(0, 8), P (9, 8)
)
R10(2) :
(
R20(1), R
1
0(1)
)
,
(
I(18, 8), P (1, 8)
)
,
(
I(15, 8), P (4, 8)
)
,
(
I(12, 8), P (7, 8)
)
,
(
I(9, 8), P (10, 8)
)
(
I(6, 8), P (13, 8)
)
,
(
I(3, 8), P (16, 8)
)
,
(
I(0, 8), P (19, 8)
)
R20(1) :
(
I(4, 1), P (0, 1)
)
,
(
I(8, 8), P (1, 8)
)
,
(
I(2, 7), P (2, 7)
)
,
(
I(1, 1), P (3, 1)
)
,
(
I(5, 8), P (4, 8)
)
(
I(2, 8), P (7, 8)
)
R20(2) :
(
R30(1), R
2
0(1)
)
,
(
I(17, 8), P (2, 8)
)
,
(
I(14, 8), P (5, 8)
)
,
(
I(11, 8), P (8, 8)
)
,
(
I(8, 8), P (11, 8)
)
(
I(5, 8), P (14, 8)
)
,
(
I(2, 8), P (17, 8)
)
R30(1) :
(
I(4, 7), P (0, 7)
)
,
(
I(3, 1), P (1, 1)
)
,
(
I(7, 8), P (2, 8)
)
,
(
I(1, 7), P (3, 7)
)
,
(
I(0, 1), P (4, 1)
)
(
I(4, 8), P (5, 8)
)
,
(
I(1, 8), P (8, 8)
)
R30(2) :
(
R10(1), R
3
0(1)
)
,
(
I(19, 8), P (0, 8)
)
,
(
I(16, 8), P (3, 8)
)
,
(
I(13, 8), P (6, 8)
)
,
(
I(10, 8), P (9, 8)
)
(
I(7, 8), P (12, 8)
)
,
(
I(4, 8), P (15, 8)
)
,
(
I(1, 8), P (18, 8)
)
The non-homogeneous tube T
∆(E˜8)
∞
R1
∞
(1) :
(
I(13, 8), P (1, 8)
)
,
(
I(11, 8), P (3, 8)
)
,
(
I(9, 8), P (5, 8)
)
,
(
I(7, 8), P (7, 8)
)
,
(
I(5, 8), P (9, 8)
)
(
I(3, 8), P (11, 8)
)
,
(
I(1, 8), P (13, 8)
)
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T
∆(E˜8)
∞
2
1 2 3 2 2 1 1 0
R1
∞
(1) 1
1 2 3 3 2 2 1 1
R2
∞
(1) 2
1 2 3 2 2 1 1 0
R1
∞
(1)
3
2 4 6 5 4 3 2 1
R1
∞
(2) 3
2 4 6 5 4 3 2 1
R2
∞
(2)
4
3 6 9 8 6 5 3 2
R2
∞
(3) 5
3 6 9 7 6 4 3 1
R1
∞
(3) 4
3 6 9 8 6 5 3 2
R2
∞
(3)
τ−1
τ−1
τ−1
τ−1
τ−1 τ−1
R2
∞
(1) :
(
I(14, 8), P (0, 8)
)
,
(
I(12, 8), P (2, 8)
)
,
(
I(10, 8), P (4, 8)
)
,
(
I(8, 8), P (6, 8)
)
,
(
I(6, 8), P (8, 8)
)
(
I(4, 8), P (10, 8)
)
,
(
I(2, 8), P (12, 8)
)
,
(
I(0, 8), P (14, 8)
)
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